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Preface 



Our goal in this monograph is to present general existence and uniqueness 
results for quasilinear parabolic equations whose operator is, in divergence form, 
the subdifferential of a Lagrangian which is convex in |Vw| and has linear growth 
as |Vu| 00 . We devote particular attention to the case of the minimizing total 
variation flow for which we study the Neumann, Dirichlet and Cauchy problem 
in together with the main qualitative properties of its evolution. This kind of 
problem appears in different contexts: image processing, faceted crystal growth, 
continuum mechanics, etc. Motivated by the use of the total variation model in 
image restoration^ we started our study of the minimizing total variation (TV) 
flow in collaboration with C. Ballester, by studying the corresponding Neumann 
and Dirichlet problems [13], [14]. Later, in a joint paper with J. I. Diaz [15] we 
studied the asymptotic behaviour of the solutions of these problems. This study 
was continued in [34] where some extinction profiles were identified. In particular, 
this provided some explicit solutions of the denoising problem in image processing. 
The techniques developed for the total variation fiow were extended to cover the 
case of general convex Lagrangians with linear growth rate in the modulus of the 
gradient, providing a general existence and uniqueness result in this case [16], [17]. 
Energy functionals with linear growth appear in different contexts, two clcissical 
examples being the nonparametric area integrand /(^) = + ||^|p, which is 

associated with the time-dependent minimal surface equation, and the Hencky 
model in plasticity. 

Let us summarize the contents of this book. 

Chapter 1 is devoted to the study of the variational approach to image 
restoration based on total variation minimization subject to the constraints given 
by the image acquisition model. We review the model initially introduced by L. 
Rudin, S. Osher and E. Fatemi [175] which had, on one hand, a strong influence 
in the development of variational models in image denoising and restoration, and, 
on the other, pioneered the use of the BV model in image processing. The chapter 
contains the proof of the Chambolle-Lions theorem proving that the constraints 
can be incorporated by means of a Lagrange multiplier, thus justifying the usual 
numerical approach to the problem. Then we interpret the corresponding Euler- 
Lagrange equation in terms of partial differential equations by means of the PDE 
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characterization of the subdifferential of the total variation. This result follows as 
a consequence of the results in [13] and has been presented in [48]. The approach 
we present here is a simple and direct approach to the characterization of the sub- 
differential of positively 1-homogeneous convex functionals of the gradient due to 
F. Alter in his unpublished work [3]. Then we display a few experiments on image 
restoration obtained with this model. The chapter also contains a review of the 
main numerical methods used in the variational approach to image restoration. 
We apologize in advance for any missing work. 

In Chapter 2 we study the Neumann problem for the minimizing total vari- 
ation flow. First we present the main existence and uniqueness results for this 
problem, which are essentially taken from [13]. Due to the homogeneity of the 
operator associated with the problem in for any p > 1 we prove that the semi- 
group solutions are strong solutions. This, combined with the regularity results for 
quasi-minimizers of the perimeter, permits us to prove a regularizing effect on the 
level lines of the solution, a result which also holds for the solution of the restora- 
tion problem. The chapter also contains a proof that solutions of the Neumann 
problem stabilize as ^ ^ oo by converging to the mean value of the initial datum. 

The Cauchy problem for the total variation flow is studied in Chapter 3. The 
purpose of this chapter is to prove existence and uniqueness of entropy solutions 
for initial data in This will enable us to study in later chapters the main 

features of the flow in thus, dismissing the effect of boundary conditions. First, 

we study the flow in In Section 2 we prove uniqueness of entropy solutions 

for initial data in using Kruzhkov’s method of doubling variables. Then 

we prove existence for initial data in We end up with the study of the 

time regularity of solutions. 

Chapter 4 is devoted to a study of the aisymptotic behaviour and qualitative 
properties of the solutions of the total variation flow in R^. We start by describ- 
ing some numerically observed features of the flow, namely that local maxima 
(resp. minima) immediately decrease (resp. increase) and produce flat zones in 
the solution. For that we shall need some radially symmetric explicit solutions of 
the flow. We also note that the length of the level curves of the solutions is a 
decreasing function of time. Our next purpose will be to describe the extinction 
profile (the solution has a finite extinction time) of compactly supported solutions. 
This behaviour is described by a function which is the solution of an eigenvalue 
problem for the operator -div The rest of the chapter is devoted to the 

study of explicit solutions of this eigenvalue problem in the plane. In the radial 
case, positive solutions can be fully characterized. Then we look for characteristic 
functions which are solutions of it. This permits characterization of the bounded 
sets of finite perimeter 0 C R^ for which the function u{t, x) — (1 — 
is an entropy solution of the minimizing total variation flow in R^. As an impor- 
tant by-product of the eigenvalue problem, one can obtain explicit solutions of 
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the Rudin-Osher-Fatemi image denoising model. The results of this chapter have 
been taken from [13], [15], [34]. 

Chapter 5 is concerned with the Dirichlet problem for the total variation flow. 
In this case, the homogeneity of the operator is lost, and the notion of entropy so- 
lution in the sense of Kruzhkov is required to obtain a uniqueness result. Existence 
and time regularity of entropy solutions follow from the usual semigroup theory 
approach. The techniques introduced in this chapter will be the basis for results 
in the next two chapters dealing with more general operators. The presentation of 
this chapter is based on [14]. 

The next two chapters are devoted to a study of the Dirichlet problem for 
quasilinear parabolic equations whose operator is, in divergence form, the subdif- 
ferential of a Lagrangian which is convex and has linear growth in the magnitude of 
the gradient. More precisely, we study the Dirichlet problem in a bounded domain 
ft with boundary datum (p G L^(9ft), for the differential operator —div 8 l{x, Du), 
where a(x,^) = V^/(x,^), / being a convex function of ^ with linear growth as 
11^ II oo. The regularity assumptions we need to impose on the Lagrangian / 
exclude the total variation flow, i.e., the case /(^) — ||^||, which was studied in 
Chapter 5; but we include many examples relevant in applications, like the non- 
parametric area integrand and Hencky plasticity. In Chapter 6 we prove existence 
and uniqueness of strong solutions in L^(ft) using the theory of nonlinear semi- 
groups generated by subdifferential operators. Now, to get the full strength of the 
abstract result derived from semigroup theory, we need to characterize the sub- 
differential of the energy functional associated with the problem. In Chapter 7 
we prove existence and uniqueness of entropy solutions for data in L^(ft). Exis- 
tence follows by means of Crandall-Ligget’s semigroup generation theorem, while 
uniqueness is proved using again Kruzhkov’s method of doubling variables. The 
results of these two chapters are essentially taken from [16] and [17], respectively. 

The book finishes with three appendices in which we outline some of the 
main tools used in the above chapters. In the first one (Appendix A) we present 
without proofs the main results of nonlinear semigroup theory which is the main 
tool used in this text to prove existence of solutions. Due to the linear growth of the 
energy functionals associated with the problems studied in this monograph, the 
natural energy space to study them is the space of functions of bounded variation. 
In Appendix B we outline some of the main points of the theory of functions of 
bounded variation used in the previous chapters. Finally, following G. Anzelloti’s 
paper [25], Appendix C is devoted to the main results about pairings between 
measures and bounded measurable functions, one of the fundamental tools of the 
text. 
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Chapter 1 



Total Variation Based Image 
Restoration 

1.1 Introduction 

1.1.1 The Image Model 

For the purpose of image restoration the process of image formation can be 
modeled in a first approximation by the formula [207] 

Ud = Q{U{k * u) + n}, (1.1) 

where u represents the photonic flux, k is the point spread function of the optical- 
captor joint apparatus, II is a sampling operator, i.e., a Dirac comb supported by 
the centers of the matrix of digital sensors, n represents a random perturbation 
due to photonic or electronic noise, and Q is a uniform quantization operator 
mapping R to a discrete interval of values, typically [0, 255]. 

The point spread function of the optical-captor apparatus. The optical-captor 
system is modeled by a convolution operator whose kernel k is called its point 
spread function. Indeed, both the optical system and the captor can be considered 
as linear and translation invariant systems, and, therefore, each of them is modeled 
by a convolution operator. The convolution kernel k of the joint system formed by 
the optics and the captor is thus the convolution of the point spread functions of 
both separated systems. 

In CCD arrays, each detector is a flux integrator (which counts the number 
of photons arriving to it). Thus, its point spread function is the normalized char- 
acteristic function of a square (supposing that each detector has this geometry) 

[~2> f] ^ ^ 

kdet(x,y) = ^X[_£,|]x[E,£]. 
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Its corresponding Fourier transform, also called the modulated transfer function 
of the system, is then 



MTFdet(6,6) = sinc(p^i)smc(p^ 2 ), 

where 

. , , sin 7TX 

smc(x) = . 

7TX 

We note that we are using the Fourier transform in the form 

/ + 00 

dy. (1.2) 

-OO 

The optical system has essentially two effects on the image: it projects im- 
ages of the objects from the object plane to the image plane and degrades them. 
The degradation of the image due to the optical system makes that a light point 
source loses definition and appears as a blurred (small) region. This effect can 
be explained by the wave nature of light and its diffraction theory. We shall dis- 
card other degradation effects due to imperfections of optical systems such as lens 
aberrations [22] . Thus our main source of degradation will be the diffraction of the 
light when passing through a finite aperture: those systems are called diffraction 
limited systems. 

A light source is called coherent if it emits light with a definite wavelength. 
If the emitted light is a mixture of wavelengths we say that the source is inco- 
herent. Let us also recall that intensity of the light is given by the square of the 
electromagnetic field (a solution of Maxwell’s equations). These two remarks will 
be taken into account to obtain the equations relating the electromagnetic field 
with the intensity field measured by the sensors. 

Since we are assuming that the optical system is linear and translation in- 
variant we know that it can be modeled by a convolution operator. Indeed, if the 
system is linear and translation invariant, it suffices to know the response of the 
system to a light point source located at the origin, which is modeled by a Dirac 
delta function (5, since any other light distribution could be approximated (in a 
weak topology) by superpositions of Dirac functions. The convolution kernel is, 
thus, the result of the system acting on S. 

We assume that the lens is located in an open bounded region A of a plane. 
The point spread function h{x,y) in case of a monocromatic wave is approximately 
given, modulo a phase factor, by the Fourier transform of the characteristic func- 
tion of the lens aperture: 

h{x,y) = {phase) F{XA{Xdi-,Xdi‘), 

where A represents the wavelength of the light and di the distance from the lens to 
the image plane. This formula is obtained from the Maxwell equations using Kir- 
choff’s scalar theory of diffraction and the Fraunhofer assumptions: the diffraction 
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aperture in the screen is small compared to the distances di and R' from the aper- 
ture to the image plane and light source, respectively. For a detailed description 
of the theory of diffraction we refer to [184]. Intuitively, as the light wave arrives, 
each point of the aperture becomes the source of a spherical wave propagating 
to the image plane. After considering the above approximation, in particular that 
di is large compared to the dimensions of the aperture and the image, the point 
spread function h is given by ([184], [63]) 



h{x,y) — -e^^i ^ 

i 



n oo 

XA{Xdix',\diy’)e-^^^^^^'+yy''> dx' dy' (1.3) 

-OO 



where k = ^. 

If we measure the light intensity, i.e., the square of the electromagnetic field, 
and we assume that the system is linear and translation invariant, the formula re- 
lating the light intensity emitted by the object Iq and the light intensity measured 
by the optical system I is 

/ OO rOO 

/ \h{x-xo,y-yo)\‘^Io{M~^xo,M~^yo)dxodyo, (1.4) 

-OO J — OO 



where M is the magnification factor, i.e., the quotient of the distance between 
two points of the image plane and the corresponding points in the scene, which is 
given by 



M = 



di 



-Zo 



zq being the distance between the object plane and the plane of the aperture, 
where the origin of our coordinate system is located. 



We shall write kopt{x, y) = \h{x, y)\^ and we call it the point spread function 
of the optical system. In case of a circular aperture of diameter D and incoherent 
light source centered around a wavelength A, the point spread function kopt is 
given by 

kopt(x) = ( j (1.5) 

where Ji(r) is the Bessel function of first class and order 1, r is the radial distance 
computed in the image plane and 




( 1 . 6 ) 



If the aperture is a square [—a, a] x [— 6 , 6 ], then kopt is given by 



^opt (^1 5 ^2 ) 



\ Xoi / \ X 02 J 



(1.7) 



where xqi = ^, xq 2 = - 55 ^. 
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The point spread function of the joint optical-captor system is the convolution 
of the point spread functions of both systems, i.e., 

^ — ^opt * ^det’ 

In terms of its Fourier transforms, the modulated transforms of the optical system 
and detector, we have 

MTF = MTFoptMTVdet^ 



Noise. We shall describe the typical noise in case oi a CCD array. Light is consti- 
tuted by photons (quanta of light) and those photons are counted by the detector. 
Typically, the sensor registers light intensity by transforming the number of pho- 
tons which arrive to it into an electric charge, counting the electrons which the 
photons take out of the atoms. This is a process of a quantum nature and there- 
fore there are random fluctuations in the number of photons and photoelectrons 
on the photoactive surface of the detector. To this source of noise we have to 
add the thermal fluctuations of the circuits that acquire and process the signal 
from the detector’s photoactive surface. This random thermal noise is usually de- 
scribed by a zero- mean white Gaussian process. The photoelectric fluctuations are 
more complex to describe: for low light levels, photoelectric emission is governed 
by Bose-Einstein statistics, which can be approximated by a Poisson distribution 
whose standard deviation is equal to the square root of the mean; for high light 
levels, the number of photoelectrons emitted (which follows a Poisson distribu- 
tion) can be approximated by a Gaussian distribution which, being the limit of a 
Poisson process, inherits the relation between its standard deviation and its mean 
[22] . In a first approximation this noise is considered as spatially uncorrelated with 
a uniform power spectrum, thus a white noise. Finally, both sources of noise are 
assumed to be independent. 

Taken together, both sources of noise are approximated by a Gaussian white 
noise, which is represented in the basic equation (1.1) by the noise term n. The 
average signal to noise ratio, called the SNR, can be estimated by the quotient 
between the signals average and the square root of the variance of the signal. 

The detailed description of the noise requires a knowledge of the precise 
system of image acquisition. More details in the case of satellite images can be 
found in [172] and references therein. 

The processes of image transmission and register generate other types of 
noise like the loss of some values or a change of the intensity value proportional to 
it. This could be modeled with a term rj in the equation Ud = Q{U{k * ?i) + n} • ry. 

1.1.2 Image Restoration 

We suppose that our image (or data) Ud is a function defined on a bounded 
and piecewise smooth open set D of — typically a rectangle in R^. From 
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our discussion above, generally, the degradation of the image occurs during image 
acquisition and can be modeled by a linear and translation invariant blur and 
additive noise. The equation relating u to Ud can be written as 

Ud = Ku + n, (1.8) 

where K is a convolution operator with impulse response /c, i.e., Ku = and 
n is an additive white noise of standard deviation a. In practice, the noise can be 
considered as Gaussian. 

The problem of recovering u from Ud is ill posed. First, the blurring operator 
need not be invertible. Second, if the inverse operator K~^ exists, applying it to 
both sides of (1.8) we obtain 

K-^Ud = u + K~^n. (1.9) 

Writing K~^n in the Fourier domain, we have 




where / denotes the Fourier transform of / and denotes the inverse Fourier 
transform. From this equation, we see that the noise might blow up at the fre- 
quencies for which k vanishes or becomes small. 

Several methods have been proposed to recover u. Most of them can be clas- 
sified as regularization methods which may take into account statistical properties 
(Wiener filters), information theoretic properties ([91]), a priori geometric mod- 
els ([175]) or the functional analytic behaviour of the image given in terms of its 
wavelet coefficients ([105], [104]). 

In case we know nothing about the noise we can set up the restoration prob- 
lem as a least squares minimization. In this case we consider u and Ud to be 
deterministic. Then, to obtain the estimate of u from (1.8), we minimize the cri- 
terion 

J{u) =11 Ku — Ud II2 

which (assuming that K^K is invertible) gives an estimate of u in terms of the 
pseudo-inverse of Ud, i.e., 

u+ = {K^K)-^K^Ud, 

where K^ is the adjoint of K. This is the linear algebraic approach to restoration. 
As it is well known [22] this estimate of u amplifies the noise due to the ill- 
conditioning of the operator K. 

The typical strategy to solve this ill-conditioning is regularization. Then the 
solution of (1.8) is estimated by minimizing a functional 



Jx{u) =11 Ku - Ud \\l +7 II Qu II2, 



( 1 . 10 ) 
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which yields the estimate 



= (K^K + yQ*Q)-^K*Ud, ( 1 . 11 ) 

Q being a regularization operator. Observe that to obtain we have to solve 
a system of linear equations. The role of Q is, on one hand, to move the small 
eigenvalues of K away from zero while leaving the large eigenvalues unchanged, 
and, on the other hand, to incorporate the a priori (smoothness) knowledge that 
we have on u. 

If we treat u and n as random vectors and we select Q = Rj, with Rf 

and Rn the image and noise covariance matrices, then (1.11) corresponds to the 
parametric Wiener filter [63]. When A = 1 this corresponds to the Wiener filter 
that minimizes the mean square error between the original and restored images. 

The first regularization method consisted in choosing between all possible 
solutions of (1.9) the one which minimized the Sobolev (semi) norm of u 

I \Du\‘^ dx, 

J D 

which corresponds to the case Qu — Vu. Then the solution of (1.10) given by 
(1.11) in the Fourier domain is given by 



k 

U = Ud> 

|/cl2+477r2|^|2 

From the above formula we see that high frequencies of (hence, the noise) are 
attenuated by the smoothness constraint. This was an important step, but the re- 
sults were not satisfactory, mainly due to the inability of the previous functional to 
resolve discontinuities (edges) and oscillatory textured patterns. The smoothness 
constraint is too restrictive. Indeed, functions in cannot have disconti- 

nuities along rectifiable curves. These observations motivated the introduction of 
total variation in image restoration models by L. Rudin, S. Osher and E. Fatemi 
in their seminal work [175]. The a priori hypothesis is that functions of bounded 
variation (the BV model) [10], [110], [209]) are a reasonable functional model for 
many problems in image processing, in particular, for restoration problems ([173], 
[175]). Typically, functions of bounded variation have discontinuities along rectifi- 
able curves, being continuous in some sense (in the measure theoretic sense) away 
from discontinuities. The discontinuities could be identified with edges. The ability 
of this functional to describe textures is less clear; some textures can be recovered, 
but up to a certain scale of oscillation. An interesting experimental discussion of 
the adequacy of the .BF-model to describe real images can be seen in [5], [126]. 

On the basis of the BV -model, Rudin-Osher-Fatemi [175] proposed to solve 
the following constrained minimization problem: 
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lul dx 



Minimize / ift 

with / Ku — / Ud, / \Ku — Ud^ dx = (j^\D\. 
J D J D J D 



( 1 . 12 ) 



The first constraint corresponds to the assumption that the noise has zero mean, 
and the second that its standard deviation is a. The constraints are a way to 
incorporate the image acquisition model given in terms of equation (1.8). Under 
some assumptions on Ud ((773) in Section 1.2), the constraint 



X' 



\Ku - Udp dx = cr‘^\D\ 



is equivalent to the constraint 



(1.13) 



/ \Ku — Ud\‘^ dx < a‘^\D\^ 

J D 

which amounts to saying that cf is an upper bound of the standard deviation of 
n ([64]). Moreover, assuming that Kl = I (assumption {H2) in Section 1.2), the 
constraint Ku = Jj^Ud is automatically satisfied [64]. 

In practice, the above problem (1.12) is solved via the following unconstrained 
minimization problem: 



Minimize / \Du\dx-{-X / \Ku-Ud\^dx (1-14) 

J D J D 

for some Lagrange multiplier A. The constraint has been introduced as a penal- 
ization term. The regularization parameter A controls the trade-off between the 
goodness of fit of the constraint and the smoothness term given by the total vari- 
ation. In this formulation, a methodology is required for a correct choice of A. In 
[175], Rudin-Osher-Fatemi used the gradient projection method of Rosen ([171]) 
which leads to the gradient descent PDE associated to the problem (1.14) and 
updated A so that the constraint (1.13) is satisfied. The analysis of such an al- 
gorithm was initiated in [146]. The most successful analysis of the connections 
between (1.12) and (1.14) was given by A. Chambolle and RL. Lions in [64]. In- 
deed, they proved that both problems are equivalent for some positive value of the 
Lagrange multiplier A. We shall reproduce their analysis in Section 1.2. 

A different approach was taken in [186], [187], and [185], where the regular- 
ization parameter is scale and space adaptative. Indeed, the parameter A is taken 
to be X dependent and is written in front of the total variation term 
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For edge dependent adaptive restoration, X(x) was taken essentially as propor- 
tional to : where Ue is an estimated version of the restored image obtained 

by a previous total variation restoration [185]. A similar functional in form, but 
not in purpose, has been used in [155] to control the ringing when extrapolating 
the spectrum of the image. 

To solve (1.14) one formally computes the Euler-Lagrange equation and 
solves it with Neumann boundary conditions, which amounts to a reflection of 
the image across the boundary of D. We shall compute in Section 1.3 the dif- 
ferential equation satisfied by the minimum of (1.14). Many numerical methods 
have been proposed to solve this equation in practice, e.g., [175], [64], [201, 202], 
[71, 72], [108] (see also [162] for an interesting analysis of the features of most 
numerical methods, explaining in particular the staircasing effect). Some of them 
are explicit and based on gradient descent with constant or variable time step and 
some of them are implicit. We shall briefly review them in Sections 1.4 and 1.5. 

Chapters 2 and 4 can be understood as an analysis of the gradient descent 
flow corresponding to the functional 




i.e., the evolution problem 

In |0,oo[xD, (1.15) 

with u{0,x) = uq{x), X E D under the Neumann boundary conditions or in the 
whole space. The explicit solutions computed in Chapter 4, which include explicit 
solutions of the denoising problem, together with the qualitative properties of the 
flow give some information on the behaviour of (1.15) when minimizing the total 
variation. In particular, its behaviour is in contrast with the behaviour of the 
solutions of the mean curvature motion which also diminishes the total variation 
of its solutions. 



1.2 Equivalence between Constrained and 
Unconstrained Restoration 



As we already mentioned in the introduction to this section, L. Rudin, 
S. Osher and E. Fatemi [175] proposed to solve the restoration problem by mini- 
mizing the total variation under constraints: 



Minimize J \Du\ dx 

f Ku= [ Ud, [ 



with 



\Ku — Ud\'^ dx = cr^|n|, 



(1.16) 
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ft being the image domain. The first constraint corresponds to the assumption 
that the noise has zero mean and the second that its standard deviation is a. 

In practice, the above problem is solved via the following unconstrained min- 
imization problem: 

Minimize f \Du\dx-\-^ j \Ku — Ud\^dx (1-17) 

Jo. 2 

for some Lagrange multiplier A > 0. A. Chambolle and P.L. Lions [64] proved 
that, under some assumptions on AT, there is a particular value of the Lagrange 
multiplier for which both problems are equivalent. Let us give the proof of their 
result. 

First we need to state some assumptions on the data of the problem. For 
simplicity we shall only consider the case AT = 2, and assume that is a Lipschitz 
domain in R^. Recall that in that case BV{fl) C L‘^{ft). To simplify our notation 
we shall assume that 

Our set of assumptions is: 

(HI) K is a continuous and linear operator in L‘^{ft). 

(H2) K1 = 1. 

(H3) Ud- [ Ud >0-^. 

Typically K is a convolution operator and assumption {HI) is satisfied. As- 
sumption (H2) expresses the fact that the optical system preserves the light energy. 
According to (773), the data Ud has variance greater than Implicit in the treat- 
ment will be the fact that n is an oscillatory function which represents a white 
noise added to the clean image. We assume that n has zero mean and variance <j^. 

Theorem 1.1. Assume that (771,772,773) hold. Assume that Ud G X, where X 
is the closure of K {BY {ft)). Then (1.16) has a solution u G BV{ft), and Ku 
is unique. Moreover, problem (1.16) is equivalent to (1.17) for a unique (if a < 
\\ud — S^'^dW) ctnd nonnegative Lagrange multiplier A. If K is injective, then the 
solution of both problems is unique. 

Before going into the proof, we shall observe that we may assume that Ud = 
0. Indeed, if Ud = Ud~ Ud, then, due to the assumption (772), we have that 

u is a solution of (1.16) (resp. (1.17)) 
u = u — f^u is a solution of (1.16) (resp. (1.17)) with uj instead of Ud^ 
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Thus, in the rest of the subsection we assume that = 0. 

Let us define the functional ^ (— oo,-foo] by 

Y \\Du\\ [^ueBV{n), 

$(u) = < ” (1.18) 

^+00 line L‘^{n)\BV{n). 

Proof. Let Un be a minimizing sequence for (1.16). As \\Du\\ + llXu ||2 is equiv- 
alent to the BV-norm, by Poincare inequality ([209]), {un} is bounded in BV{Q>). 
Thus we can assume that Un converges weakly in L‘^{Q) to u (strongly in 
for all p < 2), and Dun converges weakly as a measure to Du. Since X is a linear 
continuous map in L^(17), Kun converges weakly in L‘^{Q) to Ku. We have 

^{u) < liminf^(un), 

n^oo 

/ Ku = lim / Kun = 0, 

Jn n^oo 

\\Ku-Ud \\2 < lim ||/Cw„ - Ud|l 2 . 

n— >-oo 

Consider now the function f{t) — \\tKu — Ud \\2 t e [0, Ij. As /(t) is a continuous 
function, /(I) < a and /(O) > cr, there exists some t G [0, 1] such that f{t) = a. 
The function u' = tu satisfies f^u' = 0 and \\Ku' — Ud \\2 = o-. If t = 0, we have 
\WdW 2 — O'. In that case we may take u — 0 as the solution to our problem. Now 
it is easy to check that if t G (0, 1), then 

^{u') = t^{u) < ^{u) < lim inf ^(rin)^ 

n^oo 

unless Du — 0. This contradicts the fact that liminf^_^oo ^(^n) is the infimum of 
our problem, unless Du = 0, in which case u = 0 is a solution and \\udW 2 = o. 
Hence we may assume that t = 1 and \\Ku — Ud \\2 = o. 

Observe that, if we drop the constraint 




(1.19) 



then the above proof shows that for any a < \\udW 2 we can find a minimizer u of 
H satisfying \\Ku — Ud \\2 = o. Moreover we necessarily have that 



min \\K{u + c) - Udh = o = \\Ku - Udh- (1.20) 

c^lR 



Indeed, if for some c G M we have \\K{u c) — Ud \\2 < \\Ku ~ Ud\\ = o, then the 
function g{t) = \\tK{u + c) — Ud \\2 is continuous and satisfies g{l) < a, g{0) > 0. 
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Then there exists some t E [0, 1) such that g(t) — a. Let v = t(u-\-c). By definition 
\\Kv — Ud \\2 — and we also have 

== t^{u + c) = t^{u) < ^(iZ) 

which is a contradiction implying that (1.20) must hold, unless ^{u) = 0. If ^{u) = 
0, then ^ ^ is a constant. Then, using {H2) we have a = \\Ku-UdW 2 = ||/^-'^d|| 2 - 

Thus 

= [ Ud+ f = 

Jo. Jn Jn Jn 

which implies that ^ = 0. Notice that in this case (1.20) holds. In any case, (1.20) 
holds. Since c = 0 is a minimum of the function q{c) = \\K{u c) ~ Ud\\ 2 ^ then 
gf'(O) = 0, which implies that 

(i^l, Ku - Ud) = 0. 



Therefore, assumption {H2) automatically ensures that the minimizer u satisfies 
(1.19). Thus we may forget about the constraint (1.19). 

Since we are assuming (iL3), using f{t) we prove that the minimum of $ 
in the set {u : \\Ku — Ud \\2 ^ cr} is reached for some u with \\Ku — Ud \\2 = 
that satisfies (1.19). Therefore, the problem (1.16) is equivalent to the constrained 
minimization problem 



Minimize 
with 



f \\Du\\ dx 
Jn 

/ \Ku — Udl"^ dx < <T^|n|, 

Jn 



( 1 . 21 ) 



in which the constraint is convex. 



Now, we can prove the uniqueness of Ku. If both u and v are solutions of 
(1.16), then Ku — Kv. Actually, we have <I»(^^) < ^(^(u) -\-^{v)) = min ^ and 
II -^(^^) ~ '^d \\2 ^ cr, with equality if and only if Ku = Kv. To prove this last 
assertion, notice that if \\K{^^) — Ud \\2 = cr, then 



^{Ku - Ud) + - '^d) 



-{Ku-Ud) 



+ 



-{Kv-Ud) 



and the equality holds in the triangle inequality, which implies that ^{Ku — Ud) 
and ^{Ku-Ud) must be colinear. Having the same norm, then Ku-Ud = Kv-Ud 
and, therefore, Ku = Kv. Now, observe that we cannot have \\K{'^^^) — Ud\\2 < 

If that would be the case, we would define g{t) = \\tK{^^) - Ud \\2 and arguing as 
above we deduce either that there is some t E [0, 1) for which has an energy 
below the infimum of (1.21), which is a contradiction (and thus Ku = Kv holds), 
or w = = 0, in which case also Ku — Kv. 

To continue with the proof, we need the following result. □ 
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Proposition 1.2. If u is a solution of (1.12), then there is some A > 0 such that 

-\K\Ku - Ud) G d^u). (1.22) 

Before proving it, let us recall the following result whose proof can be found 
in [58], Corollary 2.11. 

Proposition 1.3. Suppose that (p and are two convex, lower semi- continuous and 
proper functions defined on a Hilbert space. If D {(f) fl Int{D{xjj)) ^ 0, then 

d{if + 'i/j) = dif d'lp. 

Proof of Proposition 1.2. Denote by B the closed unit ball of L^(fl). Set 

{ +00 if u ^ Ud aB ^ \\u - Udh > o- 

(1.23) 

+0 if u e Ud~\- crB ^ \\u — Ud \\2 < 

^ and G are convex lower semi-continuous functions and problem (1.21) is equiva- 
lent to minimizing ^{u)-\-G{Ku). We have D{^) = {u : ^(ia) < oo } = BV{Q ) and 
D{G) = {u : G{u) < oo} = Ud-\-o-B, and, as we assumed that Ud G K{D{^)), there 
exists u G D{^) with \\Ku - Ud\\ < f . Observe that u G D{^) fl Int(D(G o K)), 
and, therefore, by Proposition 1.3, we have for all u 

di^VGo K){u) = d^u) + d{G o K){u). 

Moreover, as G is continuous at Ku, we have for all u, 

d{GoK){u) = K^dG{Ku) 

with dG{u) = {0} if ||?i— ^ and dG{u) = {\{u—Ud) : A > 0} if ||i/— = o- 
([109], Proposition 5.7). In particular, 

a(^ + G O K){u) = d^u) + K^dG{Ku). 

If is a solution of (1.16) and thus of (1.21), then 0 G d{^ + G o K){u). As any 
solution of (1.16) satisfies \\Ku — Ud \\2 = this shows that 

3A > 0,0 G a^(u) + XK\Ku - Ud) 3A > 0, -XK\Ku - Ud) G 9^(u). □ 

Note that the last result implies that for this A > 0, u is a minimizer of the 
convex functional ^(n) + ^\\Ku — Ud \\2 which is the functional corresponding to 
problem (1.17). Conversely, a minimizer u of this functional is obviously a solution 
of (1.16) for the particular value a — \\Ku — Ud^ 2 ' This establishes the equivalence 
between problems (1.16) (with 0 < <j < — ^dlh) and (1.17) (with A > 0). The 

only assertion of Theorem 1.1 remaining to be proved is that the correspondence 
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between a and A is unique as soon as This will be the content 

of Lemma 1.4. 

First of all observe that when A > 0, problem (1.17) has a solution G 

BV(Q) which is unique as soon as K is injective. Notice that the solutions of 
(1.17) for A > 0 satisfy the constraint (1.19). Thus as A ^ 0, converges to a 
solution of (1.17) for A = 0 that satisfies (1.19). Thus, for A = 0 we need to add 
explicitly the condition (1.19), otherwise any constant would be a solution of the 
problem. 

Because of the strict convexity in Ku of the term \\Ku — Ud\\ 2 ^ if is straight- 
forward to check that Ku^ is unique, even if is not. This implies that the 
function a(A) = \\Ku^ — is well defined. The behaviour of (j(A) is described 
in the following lemma. 

Lemma 1.4. The function <j(A) is a nondecreasing and continuous function. It 
maps [0, oo) onto (0, \\ud - Jq Ud\\ 2 ]- Moreover, there exits A > 0 such that a{\) is 
strictly decreasing over [A, -hoo), and cr(A) = \\ud — Ud \\2 ifO<X<\. 

For convenience, we shall prove it at the end of the next section. With it, the 
proof of Theorem 1.1 is concluded. 



1.3 The Partial Differential Equation Satisfied by the 
Minimum of (1.17) 

Our task will be to give a sense to (1.22) as a partial differential equation, 
describing the subdifferential of $ in a distributional sense. To be precise we should 
not say distributional sense since the test functions will be functions in BV{D). 
The proof of Proposition 1.10 can be found in [13], [14], [48], [79], [198]. We shall 
give a simple approach to the characterization of which is due to F. Alter [3]. 

Let be a normed space, and let E* be its dual space. Let ^ ^ [0, cx)] 

be any function. Let us define ^ : E* — > [0, oo] by 

=sup|^|^ : ye (1.24) 

with the convention that ^ = 0, ^ = 0. Note that ^(x*) > 0, for any x* e E*. 
Note also that the supremum is attained on the set o^y e E* such that (x*, > 0. 

Note also that we have the following Cauchy-Schwartz inequality 

(x\y) < ^(x*)^(y) if ^{y) > 0. 

The following lemma is a simple consequence of the above definition. 
Lemma 1.5. Let ^i, ^2 E ^ [0, oo]. // < ^ 2 ; ^2 ^ • 
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Proposition 1.6. If ^ is convex, lower semi- continuous and positive homogeneous 
of degree I, then ^\E = 

Proof. Since < ^{y*) for any x e E, y* e E*, we also have that < 

for any x E E, y* e E*. This implies that ^(x) < ^(x) for any x E E. 
Assume that there is some x E E and 6 > 0 such that '^(x) + c < ^(x), hence, 

in particular, ^(x) >0 and ^(x) < oo. Using Hahn-Banach’s theorem, there is a 
linear form y* E E* separating x from the closed convex set C := {z E E : "It (z) < 

^(x) + e}. Since 0 G C we may even assume that {y*,x) = 1 and {y*,z) < a < 1 
for any z E C. Note that, from the definition of we have 

> .J—. (1.25) 

Let us prove that ^{y*) < — . For that it will be sufficient to prove that 



^(x) + € 



(1.26) 



for any z E E such that {y*,z) > 0. Let z E E, (y*,z) > 0. If ^( 2 :) = 00 , then 
(1.26) holds. If ^( 2 ) = 0, then also ^(tz) = 0 for any ^ > 0. Hence tz E C for 
all t > 0, and we have that 0 < {y*,tz) < 1 for all t > 0. Thus {y*,z) = 0, and, 
therefore, (1.26) holds. Finally, assume that 0 < ^^( 2 :) < 00 . Let ^ > 0 be such 

that "If{tz) = ^(x) -h e. Using that tz E C, we have 



{y\z) ^ (y\tz) ^ 1 

^( 2 :) "It{tz) ^(x)+6 



Both (1.25) and (1.26) give a contradiction. We conclude that ^(x) = ^(x) for 
any x E E. □ 

Lemma 1.7. Assume that ^ is convex, lower semi- continuous and positive homo- 
geneous of degree 1. Ifu E D{d"^) and v* E 9^(n), then {v*,u) — ^{u). 

Proof. Indeed, if v* E d'h{u), then 

(t;*,x — u) < ^(x) — ^(u), for all x E E. 

To obtain the result it suffices to take x = 0 and x = 2it in the above inequality. □ 

Theorem 1.8. Assume that ^ is convex, lower semi- continuous and positive homo- 
geneous of degree 1. Then v* E 9^(w) if and only z/^(v*) < 1 and == ^(ia) 

(hence, ^(^’*) = 1 if'^{u) >0^. 
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Proof. When {v*,u) = ^(u), condition v* G d"^{u) may be written as (v*^x) < 
^(x) for all X G -E, which is equivalent to ^(f*) < 1. □ 

Let be a bounded domain in with Lipschitz boundary. Let us consider 
the space (see Appendix C) 

X{Q) 2 :={zeL^{n,R^) : div(z) G . 

Let us define, for v G 

= inf {|| z Woo : z e A(fl) 2 , v = -div( 2 ;) in P'(fi), [z^ u] = 0} ^ (1-27) 

where u denotes the outward unit normal to dD and [z, u] is the trace of the normal 
component of z (see Appendix C). 

Observe that ^ is convex, lower semi-continuous and positive homogeneous 
of degree 1. Moreover, it is easy to see that, if ^{v) < oo, the infimum in (1.27) is 
attained, i.e., there is some z G X{D )2 such that v — — div(z) in P'(fl), [z^iy] = 0 
and ^{v) = W^Woo- 

Proposition 1.9. We have that ^ 

Proof. Let v G L‘^{D). If ^(u) = oo, then we have l>(t’) < ^(v). Thus, we may 
assume that ^(v) < oo. Let 2 G X{Q .)2 be such that v = — div( 2 :) and [z,iy] = 0. 
Then 



/ vudx = / ( 2 ;, Du) <1 

Jn Jn 



^u) 



for a\\uGBV{n)nL^{n). 



Taking supremums in u we obtain ^{v) <|| 2 ||oo- Now, taking infimums in 2 , we 
obtain !>(?;) < "^{v). 

To prove the opposite inequality, let us denote 



£> = {div(2) : 2 G 



Then 



/ 



uv dx 



sup T- , , 



> sup 



/ 

Jn 



uv dx 



> sup 



/ 

Jn 



uv dx 



vED ^{v) v^D,"^{v)<oo ^(^v) 

— / udiv( 2 ) dx 

Jq 



> sup 

zec^ {n,R^) 



> ^{u). 



Thus, ^ < This implies that and, using Proposition 1.6, we obtain that 

< l>. □ 
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Proposition 1.10. Let u,v e u G BY {ft). The following assertions are 

equivalent: 



(a) V G d^{u), 

(b) we have 



/ vudx — 

Jq 

3z G X{ft) 2 , \\z\\oo < 1, such that v — —diy{z) in V'{ft), 



and 



[z, I/] = 0 on dCt. 



(c) (1.29) and (1.30) hold and 



f {z,Du) = [ \\Du\\. 
Jn Jn 



(1.28) 

(1.29) 

(1.30) 



(1.31) 



Proof. By Theorem 1.8, we have that v G d^{u) if and only if l>(u) < 1 and 
J^vudx = ^{u). Since ^ the equivalence of (a) and (6) follows from the 

definition of ^ and the observation following it. If (b) holds, integrating by parts 
in (1.28) and using (1.30) we obtain (1.31). The converse implication follows in 

the same way. □ 

Thus, according to the above results, the equation v = — div must 

be understood in the following sense: there exists a vector field 2 G X{ft )2 with 
Iklloo < 1, such that V = — div(^;) in P'(fl), satisfying (1.31). The boundary 
condition will be written in the form [z, z/] = 0 in dfl. Hence the minimum u of 
(1.17) is a solution of 

{ -div ( + XK^{Ku -Ud) = 0 in 0, 

VI^«I7 (1.32) 

[z, u] =0 on dft. 

Proof of Lemma 1.4. Let A > > 0. We have 

[ \\Du^\\ + hKu^-u,f< [ \\Du^\\ + hKu^-u,f (1.33) 

and 

[ \\Du^\\ + f^WKu^ - Udf < [ ||D«^|| + - Udf. (1.34) 

Jn ^ Jn ^ 

Combining both inequalities, we get 

{X-n)a{Xf<{X-n)a{nf 
and this shows that <j(-) is not increasing. 
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Notice that = f^Ud and (j(0) = \\ud — Let us observe that 

<j(A) ^ 0+ as A ^ oc. Indeed, by the first assertion of Theorem 1.1, for any 
a G (0, problem (1.16) has a solution ix which satisfies (1.22) for 

some A > 0, and, therefore, xx is a minimizer of (1.17). In other words, a{\) — a. 
This proves that cr(A) ^ 0+ as A ^ oo. Notice that the continuity of <j(A) also 
follows. 



To prove that cr(-) is strictly decreasing, assume on the contrary that there 
exist A < /X such that <j(A) = cr(/x). Equations (1.33) and (1.34) show this time 
that 4>(xx^) = $(xx^) and, in fact, that is a solution of (1.17) for any A' G [A,/x]. 
This means that 

VA' e [A, n], -X'K* [Ku^ - Ud) e (1.35) 

or in other words, satisfies the equation 

VA'€[A,//], -div + A'/^q/rn^ - nd) = 0, (1.36) 

and the Neumann boundary conditions. Multiplying (1.36) by and integrating 
by parts, we deduce that 

VA'g[A,/x], [ \\Du^\\^-X'{Ku^ -Ud,Ku^) (1.37) 

Jn 

which implies that /^||Drx^|| = 0 and, therefore, Hence cr(A) = 

\\ud - /nWd||2. 

We have established that if u is a solution of (1.17) for both A and ju, A < 
/X, then 4>(xx) = 0. The consequence of this fact is that cr(A) has to be strictly 
decreasing, except possibly on [0,A] for some A > 0, where it takes the value 



Let us finally observe that it is possible to have A > 0 in the last lemma. 
Indeed, as in Lemma 3.3, 0 is a solution of (1.17) if and only if there exists a vector 
field ^ G L^(fI,E^) with ||^||oo 1 such that 

— div(^) + XK^Ud = 0. 

Let V := {div(0 : ^ G L°^(Q,R2), ||^||^ < i}. Then, A may be defined as 

A = max{A : XK^Ud G F}. 

Now, let / be any smooth function defined on dfl and let v be the solution of 

Ax; = K^Ud in 0, 

(1.38) 

V = f in dD. 

If K^Ud G L^(0) with p > 2, then v G VT^’^(fi) C C^{Q). Consequently we obtain 

1 
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1.4 Algorithm and Numerical Experiments 

1.4.1 Description of the Numericcd Algorithm 

Let US describe the algorithm we have used in our numerical experiments. 
In the continuous domain we assume that the image u is defined on the square 
ft = [0, 1] X [0, 1] and the restoration functional is 

Minimize^^ 5 y(Q) [ \\Du\\ dx ^ [ \Ku - Ud\^ dx, (1.39) 

Jn ^ Jn 

where the convolution kernel K and the data Ud are known. The corresponding 
Euler-Lagrange equation is (1.32). Since the total variation is not differentiable 
at 0, we need to approximate it by a differentiable functional. The usual approxi- 
mation of the energy functional (1.39) is 

Minimize f dx + ^ / \Ku - Udf dx, e > 0, (1-40) 

Jn 2 Jq 

whose associated Euler-Lagrange equation is 



+ \Du\^ 



-h XK^{Ku — Ud) =0 in n, 



— , = • u = 0 on dfl. 

[ ^€2 + IDwP 

For later use, let us denote the energy in (1.40) by E^{u). We note that the nondif- 
ferentiability at 0 of the total variation term is at the origin of the staircasing effect 
(ramps are transformed in stairs) which is visible in the numerical experiments 
performed with (1.39) ([162]). 

To proceed with the discrete numerical algorithm, we assume that we have 
an image u defined on {0, 1, ..., — 1} x {0, 1, ..., N — 1}. We replace the gradient 

by a discrete approximation: we shall use the notation 

V+’+u = (V+w, V+w), = (V+i/, V~u), 



V ’+ti = (V^u,V+u), V ’ w == (V^ w, Vj, u) 



where 



Vy = u{i,j + 1) - VyU{i,j) = u{i,j) - u{i,j - 1). 

In principle, we could use any of the approximations 



^ y/e2 -h lV±’±i/(i, j)|2 + - ^ \Ku{i,j)-Ud{i,j)?, 
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but we observe that using only one of the approximations produces some artifacts 
due to the interaction of the approximation with the data, in particular, with the 
noise. Thus the best is either to use alternatively all of them, or to use the discrete 
functional 



Ee(u) - 






N-1 



\Ku(i,j)-Ud(i,j)\^. (1.42) 

i,j=0 



Note that the dual operators to V“’+, are, respectively, the 

operators div~’~, div”’"^, div”^’~, div”^’"*”. Applying the gradient descent method, 
to minimize (1.42) we iteratively actualize the solution using the equation 



,,n+l 



= u^-\- 



At ^ 

4 A-/q;,/3=+,— 






y'e2_,.|V°,/3„n|2 



AtXK*(Ku" -Ud), 



(1.43) 

where denotes the dual operator of In practice, it is very important 

to guarantee that the energy decreases along the evolution, i.e., that 






(1.44) 



For that we have to control the time increment At. Indeed, as in [155], at each 
iteration, we only accept At if (1.44) holds. We have the possibility to choose At 
so that the energy has the largest decrease in the direction of the energy gradient. 
If VE^(u) denotes the energy gradient which is given in the right-hand side of 
(1.43), then At can be chosen as a solution of 



minE,(u^ -sVE,(u^)). 

s>0 



(1.45) 



In practice one observes that long term decreasing of the energy is favored not by 
the optimal choice of At but by choosing a constant value of At and decreasing 
it when (1.44) is not satisfied ([155]). Many authors have proposed and studied 
numerical methods to minimize (1.39) [175], [64], [201, 202], [71, 72], [108], [152], 
some of them being implicit methods. Indeed, for this problem, implicit methods 
are accurate and well founded to obtain convergence to the solution, but are time 
consuming. That reason caused us to choose an explicit method to solve (1.39). 

In case that we want to compute the parameter A which satisfies the con- 
straint (1.13) we may use Uzawa’s method [80] in order to update the parameter 
A. The algorithm is: 



(i) Initially, take A > 0 small enough so that 

Q(u^) ■■= -Udf > (1.46) 



(ii) For each value A > 0, we solve iteratively (1.43), until we reach the asymp- 
totic state u^. 
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(iii) Recompute A = max(A + p{Q(u^) — (with p > 0 small enough) and 

iterate (ii) and (iii) until A does not change significantly. 

Observe that A will be increased (the constraint is enforced) if the empirical 
value Q{u^) is above the expected value and decreased (the constraint is re- 
laxed) if it is below. For a detailed study of the problem of computing the value 
of the Lagrange multiplier A satisfying (1.13) we refer to [200]. 



1.4.2 Description of the Data and Experiments 

In case of satellite SPOT images, the operator K is well approximated by a 
convolution kernel k, called the impulse response of the system. Let us recall the 
form of k in case of satellite SPOT images. The Fourier transform k of k, called the 
modulated transfer function (MTF), is the product of three MTFs corresponding to 
the imperfection of the optics, the imperfection and the size of the CCD detectors, 
and the motion of the satellite [172]. 

For simplicity, we shall consider a model of degradations which corresponds to 
the satellite SPOT 5. The Fourier transform of the impulse response k is supported 
on [— |, |]. The convolution kernel is given by 



= e-2Td«|-27,l.l ( 

V 27 t ^ J \ 2TTr] J 



/ sm(7rQ \ 

W? J’ 



(1.47) 



?7 G |], where 75 = 1.505, 7 ,^ = 1.412. Observe that the kernel vanishes only 
at the boundary of the Fourier domain, hence K is injective. The case of other 
models corresponding to kernels which vanish at intermediate frequencies was also 
considered in [108], [48]. 

We have assumed that the noise is a white Gaussian noise of standard devi- 
ation a. Following [172], the signal to noise ratio, or SNR, can be approximated 
by the quotient between the average of the signal and the standard deviation of 
the signal for the average luminance 



Average 

a 

Thus a = • In practice, for SPOT images, the values of SNR = 50, 100 are 

realistic and give rise to the same difficulty as the real noise. 

The restored images will be compared to a reference image. The blurred im- 
ages have been created artificially from an airplane image. But, in order to take 
into account all the degradations suffered by the images, including aliasing, the 
airplane image is over-sampled with respect to the blurred observed image. Con- 
sequently, the restored image cannot be directly compared to the sharp airplane 
image, since they have not the same scale of sampling. Thus, the reference image 




1.4. Algorithm and Numerical Experiments 



21 



is constructed from the over-sampled airplane image by convolving it with a pro- 
late function followed by a sub-sampling [172, 108]. The reference image has an 
optimal resolution without aliasing and is the best we can hope to obtain from 
the degraded ones. The degraded images are constructed following the models 
described above. Figure 1.1 displays the reference image. Figure 1.2 displays the 
degraded image constructed using the convolution kernel of model (1.47) and a 
noise of standard deviation <7 = 1, which corresponds to an SNR = 50. 

Figure 1.3 displays the result of restoring Figure 1.2 using (1.43) with A 
computed automatically. Figure 1.4 displays some details of it. We may conclude 
that total variation based image restoration is able to recover a good estimate of 
the original uncorrupted image, at least for Gaussian noise. The results for the 
restoration problem show that the method is able to recover the edges of the image, 
and also some small details but has more difficulties to recover some oscillating 
patterns, as textures, and has the inconvenience of somewhat enhancing the noise 
when the parameter is chosen so that texture is not eliminated. 




Figure 1.1: Reference satellite image. 
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4 , 






Figure 1.2: Degraded image using the convolution kernel of model (1.47) and white 
noise of standard deviation a — 1. 
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Figure 1.3: Restoration of the degraded image of Fig. 1.2 
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Figure 1.4: Four different zoomed details of the restored image of Fig. 1.3. Top left, 
textured area, top right, more flat zone. Bottom left, detail of the road, bottom 
right, detail of another textured zone. 
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1.5 Review of Numerical Methods 

Total variation image restoration was initially proposed by L. Rudin, S. Osher 
and E. Fatemi in their seminal paper [175]. The authors proposed to choose from 
all functions satisfying the constraints given by the image acquisition model the 
one which minimizes total variation. They used a steepest descent method to solve 
(1.41). The Lagrange multiplier A was updated at each iteration using the gradient- 
projection method of Rosen [171]. The mathematical analysis of this method was 
pursued in [146], which, remains unpublished. 

The introduction of total variation as a smoothness constraint was motivated 
by the choice of BV functions as the underlying functional model for images. The 
question of which is the right functional space to describe images has motivated 
much research [5], [126], [9], [151], [153], [159]. From a practical point of view, 
the answer may depend on the application. Thus, BE-functions have been used 
in image denoising and restoration [175], [153], [82], [81], segmentation and edge 
detection [87], [86] (see also [158], [156]), and inspired many other applications 
(see the references). Upper semi-continuous functions constitute the right function 
lattice to develop mathematical morphology [180, 181]. The use of Besov spaces is 
common in image compression [92], [65], [81], [102, 103, 104, 105, 106, 107], [151], 
[153], 

Since the steepest descent method used in our experiments hais a linear con- 
vergence rate (see [161]) many authors have proposed different algorithms to solve 
(1.32). Our purpose in this section is to review their work. 

C.R. Vogel and M.E. Oman proposed a lagged diffusivity fixed point iteration 
to solve (1.32) in case of the denoising problem [201] or in the general restoration 
problem [202, 203, 204]. For that they use the approximating functional (1.40) 
whose Euler Lagrange equation is (1.41). Writing 

L(u)v = -div ( — ) , 



we may write (1.41) as 



\K\Ku - Ud) + L(u)u = 0 (1.48) 

supplemented with Neumann boundary conditions. Then Vogel and Oman propose 
to solve (1.48) by means of the fixed point iteration 

[K*K + \h{v!^)]vr+'^ =K*Ud, m = 0,l,.... (1.49) 

A 

In practice one starts with — Ud- This system is solved using a preconditioned 
conjugate gradient method PGC and it is described in detail in [202, 203, 204, 205]. 
Even if the rate of convergence is linear, the authors have found it to be quite rapid 
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in practice [202, 203, 204]. The analysis of the convergence of this numerical scheme 
for the denoising problem was studied in [100] proving that the algorithm is locally 
convergent with a linear rate of convergence. The lagged diffusivity method can 
be viewed as a special case of the half quadratic regularization of D. Geman and 

G. Reynolds [116] and the ARTUR scheme of Gharbonnier, Blanc- Feraud, Aubert 
and Barlaud [77] and in this more general context there exist several proofs of its 
convergence [116, 77, 64, 70]. Again, in the case of the denoising problem, a Newton 
type method was proposed in [201] which had the inconvenience of having a small 
domain of convergence when e is small. This was later improved by T.F. Chan, 

H. M. Zhou and R.H. Ghan in [67] by using a continuation method for choosing 
e. A theoretical analysis of the existence, uniqueness and stability under several 
perturbations of solutions of (1.17) was given in [1]. A full account of some of the 
numerical approaches to total variation regularization, including methods to select 
the parameter A, can be found in the book [200]. 

To improve the rate of convergence T. Ghan, G. Golub and P. Mulet proposed 
a linearization of (1.41) based on a dual variable [71, 72, 68]. The idea is to 
introduce 

Du 

We = — ; — = 

T \Du\‘^ 

as a new variable and replace (1.41) by the following system of equations in the 
{u,w) variables: 

—diY We XK^{Ku — Ud) = 0 in (7, 

< Wey/e‘^ + \Du\^ - Du = 0 in O, (1.50) 

We ' = 0 on dH. 



This system of equations can be obtained if we write the dual problem, and the so- 
lution for both problems, primal and dual, is given by (1.50). Indeed, for simplicity, 
let us consider the case where e = 0 and write w instead of wq. If 



^{u^w) 



/ udiv( 

Jn 



w') + ■ 



dxdy, 



then 



— / {Ku — Ud)^ dxdy = mmmin^{u^w), 

u 2 u 

where V — {w G ^2(0) :||u;||oo<l}.By using arguments of convex programming 
[109] we have 



min min $(n, re?) = 4>(u*,u;*) = mmmin^{u,w) 

u wGV wEV u 

and w* is the solution of the dual problem 



sup ^(u^), 

w£V 



(1.51) 
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where 

= min ^(u,w). 

u 

The solution (u*, rt;*) of (1.51) is given by the solution of (1.50) ([71]). The authors 
solve (1.50) using an approximate Newton’s method [71, 72, 68] and show that it 
is quadratically convergent. 

Let us mention the efforts by Strong and Chan to define scale dependent total 
variation denoising [185], [186], [187] which is directed to find a relation between 
the size of the objects and the scale of regularization. To construct an effective 
method for 2D images they proposed a model 

/ X{x)\\Du\\-\- / \u-Ud\^dx, 

J vl J Vi 

where \{x) was taken essentially as proportional to and Uq is an esti- 

mated version of the restored image obtained by a previous total variation restora- 
tion [185]. 

In [116] D. Geman and G. Reynolds proposed to minimize the functional 

J{u) = + ^(v+u(i, j))] + \\\Ku-ua ||^ (1.52) 

id 

where the function Lp : [0,oo) — > R was chosen such that (p{Vi) is concave, 
(^(0) = — 1, and limt^+oo — 0- These conditions allow us to reconstruct sharp 
transitions between distinct regions of the image. Moreover to minimize (1.52) the 
authors proposed a half-quadratic regularization method [116, 117]. According to 
the authors [116, 117], the basic idea is to introduce a new objective function 
which, although defined over a extended domain, has the same minimum in u as 
J and can be manipulated with linear algebraic methods. For that, the authors 
constructed a function xp defined on an interval (0, M] such that 

(f{t) = inf + ^('^^)) > 0, (1.53) 

Q<w<M 

which permitted definition of a functional of the form 

J*{U,b,,by)= 

X] [¥’*(V+w(i,i),6x(i,j)) +</5*(V+u(i,j),6y(i,i))] +X\\Ku-Ud \\l, 

ij 

where — wt^ + ^(^), which satisfies 

J{u) = inf J*{ujbxjby). 

{bx iby) 

In [77] P. Charbonnier, L. Blanc-Feraud, G. Aubert and M. Barlaud studied the 
conditions that Lp must satisfy to have an edge preserving regularization method. 
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Moreover, under some assumptions on ip (classified as basic assumptions: (a) 
p{t) > 0 > 0, with p{0) = 0, (6) p{t) = p{—t), (c) p is continuously 

differentiable, (d) p'{t) > 0 Vt > 0, and edge preservation assumptions : (e) 
is continuous and strictly decreasing on [0,oo), (/) limt_^+oo = 0, (5) 

limi^o+ = M, 0 < M < oo) the authors proved that ip could be written in 
the form (1.53) with ip ■ (0, M] — > [0, oo) being a strictly convex and decreasing 
function. This implies that J* is convex in the b variables when u is fixed and the 
authors proved that the minimum is explicitly given by 






2V+(i,j) 



and by{i,j) 



y'(v^(bi)) 

2V+(f,i) 



Then the algorithm consists in iteratively computing until convergence 



(6^+\6”+i) = argmin(;,^_i,^) 

n"+i=argmin„J*(«, 5^+1, 6^+1), 

starting with = 0. The above algorithm can also be applied to functions p 
which are nonconvex, e.g., p{s) = p{s) = log(l + 5^), but its convergence is 
only proved when p is convex [77]. The book by G. Aubert and P. Kornprobst [28] 
contains a full account of this method together with other interesting applications 
of BV functions to image processing, in particular, to optical flow computation or 
sequence segmentation. Other related references are [50], [190], [78], [176]. 

A. Chambolle and P.L. Lions studied in [64] the equivalence between the 
constrained problem (1-16) and the unconstrained one (1-17) and they proved 
Theorem 1.1. Moreover, they also studied the convergence of the relaxation algo- 
rithm introduced in [77] and inspired by the work of Geman and Reynolds [116]. 
Let us describe in detail the algorithm when applied to total variation. Let 





1 2 
TTX 

2e 


if |o:| < e. 




$e(x) := < 




if e < |x| < j, 


(1.54) 






if > 7, 




and consider the problem 








Mimmize„givi.2(o) / $<;(|Vu|) + 

Jq 


^ / lu-Udl^dx. 


(1.55) 



Gonsider the functional 
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where u G and v G L^(0), e < v < -. Starting from any and (for 

instance = 1)^ we construct iteratively 



= argmin,<^<i£;(7/^+\v) = e V 



1 



1 

A 

6 



The sequence u'^ converges strongly in L^(fi) and weakly in to the min- 

imum of (1.55) [64]. 



E. Casas, K. Kunisch and C. Pola [62] studied problem (1.17) and its numer- 
ical approximation. They described the subdifferential of $ in the BV space. G. 
Chavent and K. Kunisch [79] studied the minimization problem 



Minimize^i^5y(^)nL2(o) - 





a > 0, /? > 0, and proved existence, uniqueness and stability with respect to per- 
turbations of the data. They also obtained a characterization of the subdifferential 
similar to the one presented here. Let us also mention the interesting numerical 
approach proposed in [136] based in an augmented Lagrangian technique to solve 
the nonsmooth convex minimization problem for the functional 



J (f ^ 

where /r,g > 0. The condition g > 0 is only required for the analysis of the above 
problem in the infinite dimensional case. In the corresponding discrete case, the 
analysis of the convergence of their numerical algorithm covers also the case // = 0, 
which amounts to total variation denoising. In their algorithm, the vector field 2 : 
which represents in Proposition 1.10 is introduced as a Lagrangian or dual 
variable z{x) and the system satisfied by [u, A) is solved. Their numerical method 
is different from the ones described above, an active set strategy based on the 
first-order augmented Lagrangian of the dual variable is employed [136]. A very 
interesting algorithm to solve the denoising problem based on the study of the dual 
problem (which amounts to computing the vector field z described in Proposition 
1.10) has been proposed by A. Chambolle [66]. 

L. Vese [198] studied problem (1.17) (indeed, a more general version with 
^^(^(\Du\) in place of |Ditl with (p convex and ^ c G (0,oo) as r — > 
-hoc) from the theoretical and numerical point of view. She proved existence and 
uniqueness results and gave a characterization of similar to the one given in 
Proposition 1.10. She also studied the convergence of a numerical approximation to 
the solution of (1.17), in which the functional is first regularized and the solution of 
the regularized functional is approximated by half-quadratic regularization [198]. 
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M. Nikolova [162] studied the discrete version of functionals of the form 
(1.52) for smooth and nonsmooth potential functions (f. She proved that to recover 
strongly homogeneous zones in an image which has been corrupted by noise or to 
preserve them in case of small variations of the data, a necessary and sufficient 
condition (modulo some other technical conditions) is that (p is nonsmooth at 0. 

Y. Meyer [153] interpreted the total variation denoising model 

Minimize f dx / \u — Ud\^ dx (1.56) 

Jn 2 Jq 

in the more general context of what he called u T v models. In this context the 
given image Ud is decomposed as the sum of two components u{x) v{x). The 
first component u{x) contains the main geometric structures of the image and it 
models the objects present in it. The second component v{x) contains both the 
textured parts and the noise. In the case of the TV denoising model (1.56), we are 
decomposing Ud{x) as 

“■*(*) = “ ' X‘“'' (l^i) ' 

thus v{x) = ydiv The question arises if this is a reasonable u v model. 

We refer to [153] for a more detailed study of the model in this context (other 
u V V models inspired in Meyer’s work can be found in [199, 166]). Let us finally 
mention the following result which can be found in [153]. 

Theorem 1.11. Let Q = M^. If f E and {u^v) is a minimizer of (1.56), 

then all wavelet coefficients (with respect to an orthonormal wavelet basis) of v 
are less than 1/A. Conversely if a soft thresholding is applied to Ud with threshold 
10/A; then the resulting function uf is a good substitute for being the optimal u. 
Indeed Ud = Ud R, where A || || 2 < C(jO\{ud), C is a positive constant which 

does not depend on A and u}\(ud) denotes the minimum value of (1.56). 

Besides the above references, other extensions and applications of the idea of 
Total Variation have been proposed by many authors: satellite image deblurring 
with spectrum interpolation ([108]), image restoration combining Total Variation 
and wavelets ([149, 150]), edge direction preserving image zooming ([148]), anti- 
ringing deconvolution ([155]), blind deconvolution ([73] and its references), denois- 
ing of color or vector valued images ([51], [52]), variational restoration of non-fiat 
image features ([75], [76], [188], [189], [165]), Total Variation denoising with local 
constraints ([53], [48]), etc. 




Chapter 2 



The Neumann Problem for the 
Total Variation Flow 

2.1 Introduction 

This chapter is devoted to prove existence and uniqueness of solutions for 
the minimizing total variation flow with Neumann boundary conditions, namely 



du _ ( Du \ . . 


dt 


in Q = (0, oo) X iZ, 


du 


dr] ^ 


on S — (0, oo) X 5f2, 


7x(0, x) = Uq{x) 


in X G 0, 



where is a bounded set in with Lipschitz continuous boundary dft and 
Uq € L^{Q). As we saw in the previous chapter, this partial differential equation 
appears when one uses the steepest descent method to minimize the total variation, 
a method introduced by L. Rudin, S. Osher and E. Fatemi ([174], [175]) in the 
context of image denoising and reconstruction. Then solving (2.1) amounts to 
regularizing or, in other words, to Altering the initial datum uq. This Altering 
process has less destructive effect on the edges than Altering with a Gaussian, 
i.e., than solving the heat equation with initial condition uq. In this context the 
given image uq is a function deflned on a bounded, smooth or piecewise smooth 
open subset Q of typically, will be a rectangle in R^. As argued in [7], the 
choice of Neumann boundary conditions is a natural choice in image processing. 
It corresponds to the reflection of the picture across the boundary and has the 
advantage of not imposing any value on the boundary and not creating edges on 
it. When dealing with the deconvolution or reconstruction problem one minimizes 
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the total variation functional^ i.e., the functional 

/ \Du\ (2.2) 

Jn 

under some constraints which model the process of image acquisition, including 
blur and noise ( [146], [174], [175], [71], [72], [64], [201], [202]). 

In this chapter we shall prove existence and uniqueness of solutions of (2.1) 
for initial data in L^(fi). To make precise our notion of solution we need the 
following functional space. By L^(0,T; BF(fi)) we denote the space of weakly 
measurable functions w : [0,T] ^ BV{Q) (i.e., t G [0,T] — > (rc(t), 0) is measurable 
for every cj) G such that ||'^(^)11 < cxd. Observe that, since BV{Q) 

has a separable predual (see Remark B.7), it follows easily that the map t G 
[0,T] ^ ||'^^(^)|| is measurable. We also need the following truncation functions: 
Tk{r) = [k- {k- |r|)+]signo(r). A; > 0, r G M. 

If /i is a (possibly vector valued) Radon measure and / is a Borel function, 
the integration of / with respect to p will be denoted by j fdp. When p is the 
Lebesgue measure, the symbol dx will often be omitted. 

Our concept of solution is the following 

Definition 2.1. A measurable function u : (0, T) x M is a weak solution of (2.1) 
in (0,T) X n if n G C{[0,T], L^{n))nWl^l{0,T-, L\n)), Tk{u) G Lj„(0,T; W(fi)) 
for all k > 0 and there exists G L^((0,T) x Q) with ||2:||oo < 1, = div(^) in 

P'((0,T) X fl) such that 

f {Tk{u{t)) - w)ut{t) dx < [ z{t) ’Vwdx - [ \\DTk{u{t))\\ (2.3) 

Jn Jq Jn 

for every w G W^’^(fl) H and a.e. on [0,T]. 

The main result of this chapter is the following: 

Theorem 2.2. Let uq G L^(fl). Then there exists a unique weak solution of (2.1) 
in (0, T) X fl for every T > 0 such that u{0) = uq. Moreover, ifu{t),u{t) are weak 
solutions corresponding to initial data uq^uq, respectively, then 

II (u(f) -«(<))+ 111 < ||(uo - Wo)"^ 111 and ||w(f) - w(f)||i < ||uo - uo||i, (2.4) 

for all t>0. 

To prove Theorem 2.2 we shall use the techniques of completely accretive 
operators and the Crandall-Liggett semigroup generation theorem (see Apendix 
A). For that, we shall associate a completely accretive operator A to the formal 
differential expression — div(|^^) together with Neumann boundary conditions. 
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Then, using Crandall-Liggett’s semigroup generation theorem we conclude that 
the abstract Cauchy problem in L^(0) 

( du . 

+ Au 3 0 , 

^ (2.5) 

^ u(0) = uo 

has a unique strong solution u G C([0,T], fl {0,T; {Q)) (VT > 0) 

with initial datum u{0) = uq. In Section 2.4 we shall prove that strong solutions 
of (2.5) coincide with weak solutions of (2.1). The chapter finishes with the study 
of the asymptotic behaviour of the solutions of problem (2.1). 



2.2 Strong Solutions in L^(0) 

Consider the energy functional $ : L‘^{Q) (— oo, +oo] defined by 



r 



^u) = { 




Hue BV{n)nL^{n), 



[+00 HueL^{n)\BV{n). 



( 2 . 6 ) 



Since the functional is convex, lower semi-continuous and proper, then is a 
maximal monotone operator with dense domain, generating a contraction semi- 
group in L^(f2) (see Appendix A or [58]). Therefore, we have the following result. 

Theorem 2.3. Let uq e Then there exists a unique strong solution in the 

semigroup sense u of (2.1) in [0,T] for every T > 0, i.e., u e C([0, Tj; L^(R^)) fl 
V^i^;^(0,T;L2(Q)), u{t) e D{d^) a.e. in t e [0,T] and 

—u'{t) G 9$(u(^)) a.e. m i G [0, T]. (2.7) 

Moreover, if u and v are the strong solutions of (2.1) corresponding to the initial 
conditions uq,vo e L‘^{Q,), then 

\\u{t) - v{t )\\2 < ||uo - V 0 W 2 for any t > 0. (2.8) 



The semigroup theory immediately provides us with existence and uniqueness 
results of (2.1) in the semigroup sense. The characterization of given in Chapter 
1, Proposition 1.10 permits us to write Theorem 2.3 in more classical terms. Let 
us describe the characterization of so that we can use test functions in BV{Q,). 
Later we shall extend the existence and uniqueness results to the case of initial 
conditions in L^(fl). 
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Lemma 2.4. The following assertions are equivalent: 

(a) v) e d^; 

(b) 

u G L^{n) n BV{n), V G 

3 z G X(fi)2, ll-^llcxi < Ij such that v — — div(2;) in V{Q,), 

and 

[ [z,Du) = f ||Du||, 

Jn Jn 

[z, u] — 0 on dfl; 



(2.9) 

( 2 . 10 ) 

( 2 . 11 ) 

( 2 . 12 ) 



(c) 

(d) 



(2.9) and (2.10) hold, and 
/ {w — u)vdx< / Z'Vwdx 

Jn Jn 

(2.9) and (2.10) hold, and 

/ {w — u)vdx< / {z,Dw) 
Jn Jn 





(2.13) 



\/weL^{Q)nBV{ny (2.14) 



(e) (2.9) and (2.10) hold, and (2.14) holds with the equality instead of the in- 
equality. 

Proof. The equivalence of (a) and (b) has been proved in Proposition 1.10. To 
obtain (e) from (b) it suffices to multiply both terms of the equation v = — div(z) 
by w — u, for w G 1/^(0) fl BV{Q) and to integrate by parts using Theorem C.9. 
It is clear that (e) implies (d), and (d) implies (c). To prove that (b) follows from 
(d) we choose w = u in (2.14) and we obtain that 

[ \\Du\\ < [ (z,Du) < II^IU / \\Du\\ < [ \\Du\\. 

J n J n J n J n 



To obtain (2.12) we choose w = u±ip in (2.14) with (p G and we obtain 

± vpdx<± z • Dp = — ± / div(z) + di / [z,v]p dl-L^~^ , 

Jn Jn Jn Jon 

which implies (2.12). In order to prove that (c) implies (d), let w G BV{Q)nL‘^{Q). 
Using Theorem B.3 and Lemma C.8 we know that there exists a sequence Wn G 
C^(fl) n BV{fl) n L2(f]) such that 
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2 : • VWn dx = 



{z) Wndx-\- [z, l^]Wji dH^ 



- [ diw{z)wdx-\- f [z^i']wd'H^ f {z,Dw). 

Jn JdQ Jn 



Now, we use Wn as test function in (2.13) and let n ^ 00 to obtain (2.14). 
Definition 2.5. We say that u G C([0,r];L^(fi)) is a strong solution of (2.1) if 
u e (0,T; L\n)) n Lli]0,T[; BVm, 
u{t) = uo, and there exists z G (]0, T[xfl; R^) such that ||z||oo < 1, 

[z{t),u] =0 in dft, a.e. t G [0,T] 



satisfying 



Ut = diY{z) in (]0, T[xfl) 

/ {u{t) - w)ut{t) dx = / {z{t),Dw)~ / 

Jn Jn Jn 



\\Du{t)\\ 



\fw G L^(0) n BV{n), a.e. t G [0,T]. 

Obviously, using Lemma 2.4, a strong solution of (2.1) is a strong solution 
in the sense of semigroups. The converse implication follows along the same lines, 
except for the measurability of z{t,x). To ensure the joint measurability of z one 
takes into account that, by Crandall-Liggett’s theorem (Theorem A. 28), semi- 
group solutions can be approximated by implicit-in-time discretizations of (2.7), 
and one constructs a function z{t,x) G I/°°((0, T) x Cl) satisfying the requirements 
contained in Definition 2.5. We do not give the details of this proof here, since a 
similar argument will be used in Section 2.4 to construct solutions for initial data 
in L^{Cl). We have obtained the following result. 

Theorem 2.6. Let uq G L^(D). Then there exists a unique strong solution u of 
(2.1) in [0,T] X Cl for every T > 0. Moreover, if u and v are the strong solutions 
of (2.1) corresponding to the initial conditions uq,vq G LF‘{CI), then 

\\u{t) - v{t )\\2 < \\uo - V 0 W 2 for any t>0. (2.16) 



2.3 The Semigroup Solution in T{n) 

Let us introduce the following operator A in L^{Cl). Let us define the space 
(see Appendix C) 

X{Cl)i := {z e L^{Cl,R^) : div {z) e L\Cl)} . 
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Definition 2.7. (u,v) G A if and only if u,v E L^(fi), Tk{u) E BV{Cl) for all 
k>0, and there exists z G X(fi)i with ||2:||oo ^ I 7 y = — div( 2 ^) in T)'[Q) such that 



/ {w - Tk{u))v dx < / Z'Vwdx- / \\DTk{u)\\, 
Jq Jn Jn 



for all w e fl L°^{n) and fc > 0. 

Theorem 2.8. The operator A is m-completely accretive in with dense do- 

main. For any uq G L^{Q) the semigroup solution u{t) = e~^^UQ is a strong 
solution of 

du 

— + Au 3 0, u(0) = uq. (2.17) 

dt 

To prove Theorem 2.8 we need to use test functions in BV {Q) H (Q>) . The 

next lemma shows that this is indeed possible. 

Lemma 2.9. We have the following characterization of the operator A: 

{u,v) e A if and only if u,v G Tk{u) G BV{Q) for all k > 0, and there 

exists z G with \\z\\oq < 1, v — — div(z) in V\Q) such that 



[ {w - Tk{u))v dx < [ {z,Dw)~ [ ||ZlTfc(w)||, (2.18) 

Jn Jn Jn 



for all w G BV{Cl) fl L^{Q) and k > 0. 

Moreover, we have that 

(i) f{z,Dn{u))= [ \\DTk{u)\\ for all k > 0, 

Jq Jn 

(ii) / vTk{u)dx= / \\DTk{u)\\ for all k>0, 

Jq Jq 

(hi) f wvdx — I {z,Dw) for all w G BV{Q) fl 
Jq Jq 

Remark 2.10. As a consequence we also have the following characterization of the 
operator A. 

{u,v) ^ A if and only if G T^(fl), Tk{u) G BV{Q>) for all A: > 0, and there 
exists z G X(fl)i with ||2:||oo < 1, v — — div(z) in V'{Q) such that 



f {w -Tk{u))vdx ^ [ {z,Dw - DTk{u)) 
Jq Jq 



yw e BV{n)nL^{n), v/c>o, 



or equivalently 



[ {z,DTk{u))= [ \\DTk{u)l V/c>0, and [z, 
Jq Jq 



= 0 on dfl. 
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Proof. The characterization of A stated in the lemma follows by approximating 
functions in BV{Q) by functions in as in the equivalence (c) (d) in 

Lemma 2.4. 

Now, taking w = Tk{u) in (2.18) we obtain 



0< / {z,DTk{u))- [ \\DTk{i 
Jq Jn 



/ {z,Dn{u)) < llziloo / \\Dn{u)\\ < / \\DTk{u)\\ < / {z,DTu{u)), 
Jo, Jo Jo Jo 

and (i) follows. To prove (ii) we take w = 0 in (2.18) to obtain 



[ \\Dn{u)\\ < [ vTk{u)dx 
Jo Jo 



and then w = 2Tk{u) to obtain, using (i). 



[ vTk{u)dx<2 [ {z,DTk{u))- [ \\DTk{u)\\= [ \\DTk{u)\\. 

Jo Jo Jo Jo 

Consequently, (ii) holds. 

After using (ii) in (2.18) we may write 

/ wvdx < / (z, Dw) 

Jo Jo 

for any w G BV{Q.) H L^{Q). Since the same inequality holds for —w G BV{Q) fl 
we obtain (hi). □ 

Remark 2.11. Recall that we denote by ^(z, Dw^ •) the Radon-Nikodym derivative 
of the measure {z^Dw) with respect to the measure \\Dw\\ (see Appendix C). As 
a consequence of (i) we have that 6{z, DTk{u),x) = 1 a.e. with respect to the 
measure \\DTk{u)\\. In case that z G C(fl,R^), this implies that 



where denotes the density of DTk{u) with respect to \\DTk{u)\\ (see 

Theorem C.14), Heuristically, this amounts to saying that z = When z is 

not continuous we have that 

= l|VT,(n)||-a.e., 

\\BTk{u) II 
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where ||VTfc(u)|| denotes the absolutely continuous part of ||DT/e(ix)|| with respect 
to the Lebesgue measure in (see Theorem C.14). In particular, if u G 
we have that 



z{x) 



Vu 



(x) = 1, ||Vi^l|-a.e. 



Proof of Theorem 2.8. Let (w,u), {u^v) G.4, p G Pq. We have to prove that 

/ p{u — u){v — v) dx > 0. (2.19) 

Jn 

Let z^z e X(fl)i, ||2;||oo < l?PI|oo ^ I5 be such that v = — div( 2 :), v = — div(i) 
and 

[ {w - Tk{u))v dx = [ {z,Dw)~ [ \\DTk{u)\\, (2.20) 

[ (w-Tk{u))vdx= [ iz,Dw)~ [ \\DTk{u)l (2.21) 

for any w G BV{Q,) H L'^(O) and any A: > 0. As observed in the previous remark, 
6{z^ DTk{u),x) = 1 \\DTk{u)\\ — a.e., and, using Corollary C.7, we obtain that 

[ {z,Dn{u))^ [ e{z,Dn{u),x)\\Dn{u)\\= [ \\DTk{u)l 

Jb Jb Jb 

[ {z,Dn{u)) < [ \\Dn{u)\\ 

Jb Jb 

for any Borel set B C Q,. Similarly, 

[ {z,DTk{u))= [ \\DTk{u)l 
J B Jb 

[ {z,DTk{u)) < [ \\DTk{u)\\ 

Jb Jb 

for any Borel set B C fi. It follows that 



[ {z-z,D{Tk{u)-n{u))) 
Jb 



>0 



for any Borel set B C fl. This implies that 

6{z - z,D{Tk{u) - Tk{u)),x) > 0 \\D{Tk{u) - Tk{u))\\-a.e.. 

Since, according to Corollary C.16, we have that 



6{z - z, Dp{Tk{u) - T/e(u)), x) = 6{z - z, D{Tk{u) - Tk{u)),x) 
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a.e. with respect to the measures \\D{Tk{u) - Tk{u))\\ and \\Dp{Tk{u) — Tk{u))\\. 
We conclude that 

9{z - z,Dp{Tk{u) - Tk{u)),x) > 0, \\Dp{n{u) - Tfc(u))||-a.e. (2.22) 

Taking w = Tk{u) p{Tk{u) - Tk{u)) in (2.20) and w = Tk{u) - p{Tk{u) - Tk{u)) 
in (2.21), adding both terms, and using (2.22), we obtain 

[ p{Tk{u) -Tk{u)){v -v)dx = f {z - z,Dp{Tk{u) -Tk{u))) 

Jn Jn 

= [ 9{z- z,Dp{Tk{u) -Tk{u)),x)\\Dp{Tk{u) -Tk{u))\\>0. 

JQ 

The inequality (2.19) follows by letting k ^ oo. Therefore A is completely accre- 
tive. 



Let us prove A is closed in L^(0). Let {un^Vn) G ^ be such that Un u, 
Vn V in L^{Q) as n — > (X). Since {un,Vn) G A, there exists Zn G X(ll)i, 
ll^nlloo ^ 1 with Vn = — div(z,^) in P'(fi) such that 

[ {w -Tk{un))vndx < / z^ ’ V w dx ~ [ \\DTk{Un)\\, (2.23) 

J ^ J ^ J ^ 

for all w G fl L^{Q) and k > 0. Taking u; = 0 in (2.23) we have that 

\\DTk{Un)\\< [ Tk{Un)Vndx < k sup \\Vn\\l^ 

JQ, n 

It follows that Tk{u) G BV{Q). Since ||2:„||oo < 1 we may assume that Zn ^ z in 
the weak* topology of L^(h,R^) with \\z\\oo < 1. Now, letting n ^ oo in (2.23) 
we obtain that 



/ {w — Tk{u))v dx < / z-Vwdx— / \\DTk{z 
J Q J Q J Q 



Hence (li, i?) G .4, and A is closed. 

Let us prove that C A. Having in mind Lemma 2.4 and Remark 2.10, we 
only need to prove that if (u^v) G 9$, then 



[ {z,Dn{u))= [ \\Dn{u)i 

JQ JQ 



for all /c > 0. 



In fact, according to Corollary C.16, we have that 



(2.24) 



9{z, DTk{u),x) = 9{z, Du, x) 
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a.e. with respect to the measures ||DT/e(u)|| and ||i^u||. Now, since 

/ {z,Du)= [ \\Du\\, 

Jq Jn 

we have 9{z^Du,x) — 1 a.e. with respect to the measure ||I^u||. Hence 

/ {z^Dn{u))= [ e{z,Dn{u),x)\\Dn{u)\\= [ \\Dn{u)i 

Since C A, we have that R{I -h A) is dense in L^{Ct). Then by Propo- 
sition A. 42, it follows that A is m-completely accretive in The density of 

the domain follows from the density of the domain of d^. By Crandall-Ligget’s 
theorem, A generates a contraction semigroup in L^{Q) given by the exponential 
formula 

e~^'^uo = lim ( / -f — .A ) uq for any uq e 

n-»-oo y ^ / 

The function u{t) = e~^'^Uo is a mild solution of 

( du . 

— - -h Au 3 0, 

< (2.25) 

, u(0) = Uq. 

To prove that u{t) is a strong solution of (2.25) we shall use the regularizing effect 
due to the homogeneity of the operator A. Let us first observe that 



if (u, v) eA and A > 0, then (Au, v) E A. 

Indeed, let (u,u) eA and let z E X{Q)i with ||z||oo < 1, v 
satisfying 



(2.26) 
-div(z) in V'{Q) 



[ {w - Tk{u))v dx < [ {z,Dw)~ [ \\DTk{u)\\, (2.27) 

JQ Jq Jq 

for all w E BV{ft) fl L"^(fi), and fc > 0. Then, take as test function in (2.27) 
w -h Tfc(u) - T/c(Au) instead of it; E BV{Q,) fl to obtain 

[ {w-Tk{Xu))vdx< [ {z,Dw)~ [ pT;^(Au)||. 

In other words, (Au, v) E A. From (2.26) it follows immediately that 



(7 -h XpA) ^ uo = (7 + pA) 



-1 



-uo 



(2.28) 



for any X^p > 0 and any uq E L^{Q). Iterating (2.28) and taking p = ^ we obtain 



7-h-A 
n 



-Uo 



7 + A- A 
n 



Uo 



(2.29) 
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for any A > 0, n E N and i^o € L^(Q). Writing S(t) = e and letting n ^ oo in 
(2.29) we may write 

S(t) (Iwo) = ls{Xt)uo, (2.30) 

for any A > 0 and any uq G Now, let uq G L^(Q) and u(t) = S{t)uQ. Since 

A is m-completely accretive in u{t) will be a strong solution of (2.25) once 

we know that S{t)uQ G D{A) for all ^ > 0 (Corollary A. 46). From the proof of 
Theorem 4.2 in [44] it is sufficient to prove that, given ^ > 0, for some sequence 
tn i 0, 



’ S{t^tn)uQ - S{t)uoY 



J n=l 



is weakly convergent in L^(f7). 



(2.31) 



Fix t > 0 and let h > 0, A = 1 -f j. Using (2.30) we have that 
S{t + h)uo - S{t)uo — S{Xt)uo - S{t)uo = XS{t) 

= X 

From this, it follows that 
\S{t + h)uQ - 5(^)uo| < A 



-uo 



S{t)uo 



( ^^0 ) - S{t)uo 



+ (A - l)S{t)uQ. 



S{t) - S{t)uo 



+ |A-l||5(i)ixo|. (2.32) 



The complete accretivity of A implies that 



S{t) - S{t)uo < - '^^0, 

S{t)uo < 1 ^ 0 - 

Since u <^v,u,v eM{fl) implies that au <C av, o; > 0, and \u\ <C jt’l, the previous 
relations in turn imply that 



A 



S{t) ( ) - S{t)uo 



<C (A — l)|wo|i 



(2.33) 



(A-l)|5(i)uo|«(A-l)K|. 



Since the set {/ GA^(fi) : / (A — l)|wo|} is convex we deduce from (2.32) and 
(2.33) that 

\S{t + h)uo - S{t)uo\ < 2(A - l)|rio| = 2y |uo|, 



hence. 



\S{t + h)uo- S{t)uo\ 2 
h 



(2.34) 
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Now, using Proposition A. 39 we conclude that 

[ \S{t + h)up - S{t)up\ \ 

I ^ J/i>0 

is weakly compact in L^(0) and (2.31) holds. Notice also that as a consequence of 
(2.34) we obtain 

|«'(i)| < 7 KI. (2.35) 

^ □ 

Remark 2.12. Let us mention another proof of the complete accretivity of A. For 
that we consider the functional F : (— 00 , -\-oo] defined by 

f |Vu| ifuGVF^’H^). 

r(u) = < (2.36) 

^ 4-00 if w G 

Then, using Lemma A. 48 we know that the operator 9 li(Q)F in L^{fl) defined by 
{u^v) G if and only u G v G L^(fi), and 

r{w) > T{u) + {w - u)vdx, \/w G L^(fi) such that {w — u)v G L^{Q) 

Jn 

is completely accretive in L^(fi). Now, the lower semi-continuous envelope of the 
functional F is the functional ^ given by 

f \\Du\\ iiueBV{n), 

<S/{u) = < (2.37) 

^+(X) Hue BV{Q), 

and, using Theorem A. 50, we know that is m-completely accretive in 

L^{Q). Using that A is completely accretive and closed in and Proposition 

A. 42 we obtain that A= 

2.4 Existence and Uniqueness of Weak Solutions 

Lemma 2.13. Let u G C([0, T], L^(Q)) fi W^^^{0,T] {Q)) be the strong solution 

of (2.17) with initial condition u{0) = uq e L^{Q). Let Jk{r) = Tk(s)ds, k > 0. 

Then ^ 

[ Jk{u{t))dxF [ f \\DTk{u{s))\\ds < f Jk{uo)dx (2.38) 

JQ Jo Jq Jn 

for allt>0 and all k > 0. 
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Proof. Since, a.e. on [0,T], {u{t) , -ut{t)) eA, for almost all t G [0,T] there exists 
z{t) G X{Q)i with ||2;(i)||oo < 1 such that Ut{t) = div{z{t)) and 

f {Tk{u{t)) - w)ut{t) dx < f z{t) -Vwdx - f \\DTk{u{t))\\ (2.39) 

t/ 17 «/ 17 17 

for all w G fl and all k > 0. Now set rc = 0 in (2.39) to get 

4 [ Jk{u{t))dx+ f \\DTk{u{t))\\ <0. 

17 *7 17 

Integrating this expression we obtain (2.38). □ 



Lemma 2.14. Let u,v e u G BV{Q) fl z G X{Q)i, with ||2:||oo < 1 

and V = — div(j 2 :). Suppose that 



Then 



[ (w-u)vdx< [ z-Xwdx- [ \\Du\\ \/w e n L^{n). (2.40) 

«/ 17 «/ 17 17 

I [w - Tk{u))v dx < I Z'Vwdx— j \\DTk{u)\\, 

7 i 7 Jn Jn 



(2.41) 



Vu; G n V/c > 0. 



Proof. As in Lemma 2.9, we observe that we may use test functions w G 
n I/^(n) in (2.40). Let Gk{r) — r — Tk{r). If we set w = u in (2.40) 
we have that 

/* r 

(2.42) 



[ {z,Du)= [ ||Dt/||. 
Jn Ju 



Since 



f {z,DTk{u))< [ \\DTk{u)\\, [{z,DGk{u))< [ ||L>Gfc(n)||, 

t/17 i/17 »/17 »/17 

for any /c > 0, and, by Proposition B.17, we have 

\\Du\\ = [ {z,Du)= [ {z,Dn{u) + DGk{u)) 

Jn Jn 

< [ ||Drfe(n)||+ f \\DGk{u)\\= [ \\Du\l 

Jn Jn Jn 

we obtain 

f {z,DTk{u))= [ \\Dn{u)\\, [ {z,DGk{u))= f \\DGkiu)\\. 

Jn Jn Jn Jn 
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Now, set w = (p-hGk(u), (p G C\L^{Q), in (2.40) to obtain 

/ {(p — Tk{u))v dx < / Z'V(pdx-\- / {z,DGk{u))— / \\Du\\ 

Jq Jq Jo, Jo 

- [ z-V<fdx- [ ||£>Tfc(w)|l. 

Jq Jn 



□ 



We shall need the following lemma whose proof is straightforward. 

Lemma 2.15. Let u G C([0,T], L^fl)) n € L°°((0,T) x Q) 

with 1 1 2:] loo < 1 CLTid such that 

Ut = div( 2 :) in P'((0, T) xQ,). 

Then for almost all t G [0,T], 

= div( 2 :(^)) in 

Proof of Theorem 2.2. Let u G C{[0,T], L^{Q)) r\Wl^^{0,T',L^{fl)) be the strong 
solution of (2.17). Let us assume that uq G L^(f)) fl D{A)^ By the complete 
accretivity of A we know that ||?x(t)||oo < l|^o||oo Q^nd taking k > ||uo||oo we 
conclude by using Lemma 2.13 that u G L^(0,T; BV{Q)). Since u{t) is a strong 
solution of (2.17), the set K consisting of those values of te [0,T] for which either 
u is not differentiable at or t is not a Lebesgue point for u', or u' -\-Au ^ 0, is 
a null subset of [0,T]. Then, since u' G L^{0,T; L^{Q)), Lemma A. 8 guarantees 
that for each e > 0 there exists a partition 0 = ^o<^i ^ T < tn 

with the properties: tk ^ K, tk — tk-i < e, for k = 1, . . . ,n and 




\\u'{s) - u'{tk)\\ ds < e. 



If we define as Ue(0) = Uq, u^{t) = u{tk) on ]tk-iAk]i k = l,...,n, then 
Ue-^u in C{0,T',L^{n)). 

Since {u{tk), —u'{tk)) G A, there exists Zk G A(fi)i, with u'{tk) = diY{zk) 
in V'{Q) such that 

/ {u{tk) - w)u'{tk)dx < / Zk'Vwdx- / \\Du{tk)\\ 

Jo Jo Jo 

for all w G n L^{Q). Thus, if we set Ze{t) = Zk and fg(t) = u'{tk) on 

]tk-iAk], k=^l,...,n,we get 




{Ue (t) — w) Ve (t) (p dxdt < 




• S7w dx — 




(p{t) dt 
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for all w G fl L^(f2) and all (p G Co(0,T), p >0. Now, letting e 0“^, 

and applying the Vitali convergence theorem, it follows that there exists 2 G 
l/'^((0,r) X fl) with Halloo < 1 such that Ut = div{z) in P'((0,T) x fl) and 

/ f {u{t) — w) Ut p{t) dxdt < f If Z'Vwdx— f \\Du{t)\\\ p{t) dt 

Jo Jn Jo Un Jn J 

for all w G W^'^{fl) fl L"^{fl) and all p e Cq{ 0,T), p > 0. Since 

{u-w)uteLl^{Q,T-,L\n)), [ z Vwdx- [ \\Du{-)\\ e L\0,T) 

Jn Jq 

it follows that 

/ {u{t) — w) Ut{t) dx < / z{t) 'Vwdx — / ||Du(t)|| 

i/ o r2 J ^ 

for every w G W^^^{fl) fl L"^{fl) and a.e. on [0,T]. Now, using Lemmas 2.14 and 
2.15 we obtain that 

f {Tk{u{t)) - w) ut{t) dx < f z{t) ’Vwdx - f \\DTk{u{t))\\ (2.43) 

«/ o J ^ Jo, 

for every w G fl L^{fl) and a.e. on [0,T]. We have shown that u{t) is a 

weak solution of (2.1). 

Now, let uo G L^{fl) and let uon ^ L^{fl) fl D{A). Let Un,u be the strong 
solutions of (2.17) with initial data respectively. We know that Un con- 

verges to u in C([0, T], Li(fJ)) and u e C([0,r],Li(f^)) ^ Wl^l{0,T; L\n)). By 
Lemma 2.13, we have that 

[ [ \\Dn{un{s))\\ds< [ Jk{uon)dx (2.44) 

Jo Jn Jn 

for all T > 0 and all A: > 0. It follows that Tk{u) G L^(0,T; BV{fl)) for all k > 0. 
By the previous paragraph, there exist Zn G L'^((0,T) x fl) with ||2:n||oo 1 such 

that {un)t = div( 2 ;,^) in P'((0,T) x fl) and 

[ [ {Tk{Un{t)) - W) {Un)t <p{t) dxdt 



^n(^) • p{t) dxdt — 



\\DTk{un{t))\\ip{t) dt 



for all w e n L°°{Q.), all ip € Cq{0,T), > 0 and all A: > 0. Write the 

previous expression in the form 

/ / {Un{t)w - Jk{Un)) <p'(t) dxdt 

y (2-45) 

< [ I Zn{t) ■Vwp{t)dxdt - I I \\DTk{un{t))\\(p{t) dt 
Jo Jn Jo Jn 
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for all w G fl L^(n), all (f G Co(0,T), (/? > 0 and all k > 0. Modulo a 

subsequence, we may assume that Zn ^ z in the weak* topology of I/^((0, T)xQ). 
Now letting n oo in (2.45) we obtain 



) dxdt 



[ [ {u{t)w - Jk{u))(f'{t) 

Jo Jn 

^ f [ z{t) -Vw(p{t)dxdt - f f \\DTk{u{t))\\(p{t) 
Jo Jn Jo Jn 



dt 



for all w G fl all (p G Cq(0,T), (p > 0 and all A: > 0. Integrating 

by parts with respect to t in the left-hand side of the above expression we obtain 

[ [ {Tk{u{t)) - w) ut p){t) dxdt 

Jo Jn 

< [ If Z’Vwdx- [ \\DTk{u{t))\\\ (p{t) dt 

Jo Un Jn J 

for all w G fl all cp e Cq( 0,T), (p > 0 and all k > 0. Since 

(Tk(u)-w)uteLUO,T;L\n)), [ z-Vwdx-\\Dn{u{-))\\eL\0,T) 

Jn 



it follows that 

f {Tk{u{t)) - w)ut{t) dx < [ z{t) -S/wdx - ( \\DTk{u{t))\\ 

Jn Jn Jn 

for all w G fl and all A: > 0, a.e. on [0,T]. Finally observe that 

Ut = div( 2 :) in P'((0, T) x Q) and ||2:||oo < 1- We conclude that u is a weak solution 
of (2.1). 

For further reference, let us observe that, according to Lemma 2.9, we also 

have 



[ {Tk{u{t)) - w)ut{t) dx = [ {z{t),Dw)- [ \\DTk{u{t))\\ (2.46) 

Jn Jn Jn 



for all w G BV{fl) H and all A: > 0, a.e. on [0,T]. 

Let us finally observe that a weak solution of (2.1) is a strong solution of 
(2.17). Let u be a weak solution of (2.1) in (0,T) x fl. Then u G C([0, T], I/^(fl)) fl 
W/jJ((0,T),Li(Q)), ^ L^([0,T], W(fl)) for all A: > 0 and there exists 

2 : G L°^((0,T) X fl) with ||2:||oo — div(^;) in 21'((0,T) x fl) such that 

f (Tk{u{t)) - w)ut{t) dx < f z{t) -Vwdx - f \\DTk{u{t))\\ 

Jn Jn Jn 



(2.47) 
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for every w G fl and a.e. on [0,T]. By Lemma 2.15 we have that 

a.e. on [0,T], Ut{t) = diy{z{t)). Hence a.e. on [0, T], z{t) G X{Q,)i and, since (2.47) 
holds also a.e. on [0, T], we have that a.e. on [0,T] {u{t),-ut{t)) eA, i.e., 

u'{t) 4- Au{t) 3 0 a.e. on [0,T]. 

Therefore u is a strong solution of (2.17). The uniqueness of weak solutions of 
(2.1) follows as a consequence of the uniqueness of strong solutions of (2.17). The 
comparison estimates (2.4) follow from the complete accretivity of A. □ 



2.5 An L^-L°° Regularizing Effect 

Let US first remark that there is no L^-L^ or L^-L? regularizing effect. 
Indeed, v{t,x) = ~ ]|^ solves (2.1) in (0,1) x Bi{0) with initial datum 

i>o(^) = ii^ii^iv /2 ♦ Observe that v{t) G L^{Bi{0)) \ L^(Bi(0)), 0 < ^ < 1. Obviously, 
this solution does not satisfy Neumann boundary conditions but it may be used 
together with a comparison principle to build up a solution u{t,x) of (2.1) which 
is in L^{Q) \ Indeed, given A > 1, let u{t^x) the solution of the Neumann 

problem in (0,oo) x Bi(0) with u(0,x) = Since VA{t,x) = ^4 is a solution 

11 ^ 1 ! 2 

of the Neumann problem in (0, oo) x Bi(0), by comparison, we have 

A — VA(t,x)<u[t,x) in (0, oo) X Bi(0). 

Hence, v(t,x) < u{t,x) in the parabolic boundary of (0, 1) x Bi{0). Now, working 
as in the proof of Proposition 4.10, we get that 

v{t,x) < u{t,x) for all {t,x) G (0,1) x Bi(0). 

Therefore, u{t) G L^{Bi{0)) \ L^{Bi{0)), 0<t<l. 

Let us prove that if the initial condition is in {Q) then the solution is in 
L^{Q) for any ^ > 0. 

Theorem 2.16. Let u{t) be the strong solution of (2.1) such that u(0) = uq. If 
Uo G then u{t) G L°°(fl) for any t > 0. 

The result will be a consequence of the homogeneity estimate (2.34) and next 
result ([89]). 

Theorem 2.17. Let be an open bounded set in with Lipschitz boundary. 
Let u G BV{Q.). Assume that there is z £ with ||2:||oo < 1 such that 

(z,Du) = \\Du\\ in Q,, and [z,iy] = 0 in dQ,. Then u G L^{fl) for all r < oo. If 
z G X{fl)q with q > N, then u G L^{ft). 
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Proof. Let / G {Q) be such that 

-diY{z) = f in n. (2.48) 

Let 1* = Multiplying (2.48) by \Tk{u)\^*~^Tk{u), k > 0, and integrating in 
ft we obtain 

[ \\Di\n{u)f-^Tk{u))\\ = [ f\n{u)f-^Tk{u). 



'W - \\Dw\\ 



for any w G BV{fl) and some constant C > 0 (see, (B.2)), we have 



\\n{u)\^*-^n{u) - (|Tfc(^)r*-iT,(7i)) J j 

<C f \f\\n{u)f <c(m[ |T,(«)f + / \f\\niu)\^ 

\ Jn\Gm JCm 



where 



Gm = {x £9.-. |/(o;)| > m). 
Choose m large enough in order that 



\\f\\L^{Gm) ^ 



Then, since 



Tk{u)\^'-^Tk{u 



i-\ T- 1 






we have 






\WV +7^{ \Tk{ 



Letting k oo we obtain that u G with 



+ ^ / iwr*- 

\ft\^ Jn 



1 
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Iterating this process one gets that E L^{fl) for all n > 1, and then 

u e L^{Q) for all r < oo. 

We suppose now that / G for some q > N. Let us multiply (2.48) by 

\Tk{u)\^~^Tk{u), k > 0, and integrate in to obtain 

[ p(|T,(u)r'T,(u))ii = [ f\n{u)r^n{u). 

Jn Jn 

Let q' be the conjugate exponent of q. Using the Sobolev-Poincare inequality (B.2) 
we obtain 



\\n{uw-^n{u) - i\n{u)r^Tk{u))j ''^ "" 

<cj^ \\Di\niu)r^n{u))\\ < c\\f\u ^ \niu)r'^ ^ . 

Consequently, using Holder’s inequality, 

1 1 

"" < cii/ii, \n{u)r'^ ^ + \T,{uw 




where 

D = C||/||, + pi-^. 

* (1’*')^ 1* 

Taking j = y letting A: — > oo one gets both that u G L •>' (fl) and |w|T‘ e 

BV{n) with 

Iterating this process we have 
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Letting n oo we obtain u G L^{Q) and 

III^P lloo < [ |u|^*, 

Jn 

thus 

Halloo < ll^lll*- n 

Proof of Theorem 2.16. Let uq G {Ft). By estimate (2.34) and Lemma 2.15 we 
have that Ut{t) G {Ft) and 

Ut{t) = diY{z{t)) in V'{Ft) 

for almost all t > 0. By Theorem 2.17 we obtain that u{t) G L^{Ft) for any 
q e [1, oo) and almost all t > 0. Using again Theorem 2.17 we deduce that u{t) G 
L^{Fl) for almost all t > 0, hence also for all t > 0. □ 

2.6 Asymptotic Behaviour of Solutions 

We start by proving that the mild solutions of problem (2.1) stabilize as 
t ^ 0 by converging to a constant function. In order to prove the stabilization 
theorem we need the orbits to be relatively compact. 

Lemma 2.18. Let {S{t))t>o be the semigroup generated by A. Then, for every 
uq G L^{Fl), the orbit 7 (^x 0 ) = {S{t)uo : t > 0} is a relatively compact subset of 

Proof Let J\ be the resolvent of A. Then, J\{B) is a relatively compact subset 
of L^{Fl) if B is a bounded subset of L^{Ft). In fact, let B a bounded subset of 
L^(Ft). Take {fn}^=i ^ B and let Un := Jxfn^ Set M \= sup^^^ ||/n||oo < 00 . 
Since A is m-completely accretive (Theorem 2.8), ||i^n||oo Lf for every n G N. 
Moreover, since (it^, j{fn ~ Un)) G A, by Lemma 2.9, 

[ \\Dun\\ = [ \{fn - Un)undx < ^M‘^C^{Ft) for all n G N. 

Jn Jn ^ 

Thus, {un : n G N} is a bounded sequence in BV{Ft), and by Theorem B.21 we 
have that {un : n G N} is a relatively compact subset of L^{Fl). 

Consider first uq G BiA) fl L"^{Fl). Then, since 

||S'(t)'Uo||oo < ll^olloo for all t > 0, 

we have that J\{^{uo)) is a relatively compact subset of L^{Fl) for all A > 0. 
Moreover, 



||5(t)i/o - JAS'(t)no|li < Ainf {||t;||i : vG A{uo)} . 
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Hence, 7 ( 1 ^ 0 ) is relatively compact in Finally, since T){A) nL^{Q.) is 

dense in given uq G and e > 0, there exists vq e X>(^) H L^(Q) 

such that ||t^o ~ 't’olli < ^- Thus we have, 

sup inf ||5(^)ito - 5(s)i;o||i < sup ||5(^)'Uo - 5'(t)uo||i < ||ito - 'i^olli < 
t>o t>o 

It follows that ^{uq) is relatively compact in L^{Q). □ 

We need the following result about the conservation of mass. 

Lemma 2.19. Let {S{t))t>o be the semigroup generated by A. Then, we have con- 
servation of mass, that is, 

/ S{t)uodx= / uodx, for all t > 0. 

Jn Jn 

Proof. Given uq G L^{Q), let u{t) = S{t)uQ. Then, {u{t),—u'{t)) G A. Hence, 
taking w = Tk{u{t)) ± 1 as test function in (2.18), we obtain that J^u'{t) = 0. 
Consequently, the function t u(t) is constant, and the proof concludes. □ 

We denote by cu(uo) the cj-limit set of uq, i.e.. 



o;(izo) — S ^ € L^(Q) : -> + 00 , lim 5(fnfc)^^o = • 

I k—^00 J 

Theorem 2.20. Let (S(t))t>o be the semigroup generated by A. Then 

||5'(^)ixo - (^^o)^^||i ^ 0 as t^oo, 

where 

(«o)» = ;3S^^«oW Jx. 

Moreover, if uq G there exists a constant C, independent ofuo, such that 

||5(i)uo - (uo)allp < for all f > 0, and l<p<jf^. 

Proof. Suppose first that uq G L^{fl). Since A is completely accretive then 
||^(0lloo < ll^ollcx)- Using k > ||uolloo and letting t ^ oo in (2.38) we have 



Thus, there exists a sequence tn ^ oo, such that 
Now by Lemma 2.18, there exists a subsequence 



/ Uq dx. 

Jn 

[ ||D5(tn)tio|| 
Ja 

{tnj, ) such that 



lim S{tn^)uQ ^ve uj{uq), 

k^oo 



(2.49) 



0 as n — > 00. 
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and by the lower semi-continuity of the total variation, it follows that 

[ ||Z)i;|| < liminf [ \\DS{tn,,)uo\\ = 0. 

Jn Jn 

Therefore, v is a constant and consequently, S{t)K = K for all t > 0; since the 
operators S{t) are contractions we get lu{uo) = {K} and 



lim S{t)uo = K. 

t^oo 

Now, as a consequence of Lemma 2.19, K — (uo)^2 and the proof for the case 
uo G L^(Q) concludes. From the above the same conclusion in the general case 
uo G L^(Q) is easily obtained. 

Finally, suppose uq G L‘^(Q). Then, by (2.49) we have that 



f / IIDS(s)uoll ds < hluoll! V 

Jo Jn ^ 



t > 0. 



(2.50) 



On the other hand, since {S{s)uo)q = (uo)fi, by the Poincare inequality (Theorem 
B.19), it follows that 

||5(s)^o - (nohllp = IIS(s)uo - (S(s)uohHp <M [ ||i)5(s)^o||, (2.51) 

Jn 

for all s > 0, and 1 < p < Then, (2.50) and (2.51) imply that 
C M 

J ||5'(s)uo - (uo)n||p < ylluolli V f > 0. (2.52) 



Now, since A is completely accretive and V{u) = \\u — {uo)n\\p is a Lyapunov 
functional for the semigroup generated by A, using (2.52) we get 

M 

t||5(t)uo - (wo)f 2 ||p < J ||5'(s)wo - (wo)n||p (is < y llwolli- 



concluding the proof. □ 

Now, we are going to prove, by energy methods, as in [23] (see also the 
monograph [24]), that in the two dimensional case, in fact, this asymptotic state 
is reached in finite time. 

Theorem 2.21. Suppose N = 2. Let uq G L?(Tt) and u(t^x) the unique weak 
solution of problem (2.1). Then there exists a finite time To such that 



u{t) = (lio)<^ = 






/ ^0(3 

Jq 



dx 



yt>To. 




2.6. Asymptotic Behaviour of Solutions 



53 



Proof. Since u is a weak solution of problem (2.1), there exists z G L^{Q) with 
Ikiloo < 1, = div(2;) in T>'{Q) such that 



f {u{t) - w)ut{t) dx = f {z{t),Dw) — [ ||Zl'u(t)|| (2.53) 

J ^ J ^ J Cl 



for all w G BV{fl) fl Hence, taking w = {uq)q as test function in (2.53), 

it yields 



[ (u{t) - {uo)Q)ut{t) dx = - f ||£>u(i)||. 
Jq Jet 



Now, by Poincare inequality for BV functions (Theorem B.19) and having in mind 
that we have conservation of mass, we obtain 



u{t) - (uo)n||2 [ ll'C>w{*)ll- 

Jet 



Thus, we get 

Id/* 1 

2~dt Jq ~ {uohf dx + —\\u{t) - (uo)n ||2 < 0. (2.54) 

Therefore, the function 



y{t) := / {u{t) - {uo)a)^dx 
Jq 

satisfies the inequality 

y'{t) + < 0, 

from which it follows that there exists To > 0 such that y{t) =0 for alH > Tq. □ 

By Theorem 2.21, given uq G T^(fl), if u(t^x) is the unique weak solution of 
problem (2.1), then 



T*{uo) := inf{/ > 0 : u{t) = (i^o)n} < oo. 

The study of the behaviour of u{t) near T*{uo) can be carried out as in 
the case of the Cauchy problem (see Chapter 4). As in that case, before proving 
the result, lower and upper bounds on the rate of decay of \\u{t) — (t/o)n||2 are 
established. 

Lemma 2.22. Suppose N = 2. Let uq G and let u{t,x) be the unique solution 

of problem (2.1). Then, we have: 



(i) There exists a constant Ci independent of the initial data, such that 

Cl (T*(uo) -t)< \\u{t) - {uohh for 0 < / < T*(uq). (2.55) 
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(ii) Given 0 < r <T*{uq), we have 

Hf)-MQ||oo<^-^^(T*(«o)-i) for r<t<T*{uo). (2.56) 
r 



Proof. Note that by Theorem 2.16 we may assume that uq G L^{Q). 
(i) Working as in the proof of Theorem 2.21, we get 



1 d 

2 dt 



I 



{u{t) - {uo)nf 



dx + Ci\\u{t) - (uo)n ||2 < 0. 



Hence 



dt 



I 



\u{t) - (Mo)nl^dx 



+ Cl ^ 0 . 



(2.57) 



Then, given 0 < t < T*{uq), integrating (2.57) from t to T*(uq) we obtain (2.55). 

(ii) The proof is a consequence of the regularizing effect due to the homogeneity 
of the operator A. Recall that in (2.35) we have established 



\u'{t)\ < ?|«o| 



for almost all ^ > 0. 



(2.58) 

□ 



As in the case of the Cauchy problem (see Chapter 4) we can prove the following 
result. 

Theorem 2.23. Suppose N = 2. Let uq G and let u(t^x) he the unique weak 

solution of problem (2.1). Let 



w{t, x) 



u{t,x) - (uq)q 
T*(uo) - t 

0 

V 



if 0<t<T^{uo), 
ii t > T*{uo). 



Then, there exists an increasing sequence tn T*{uq), and a solution v* ^ 0 of 
the stationary problem 



(Sn) < 




dv 

drj 



in ft, 
on dft, 



such that 



lim w{tn) = V* in L^{ft) 



for all 1 <p < oo. 
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2.7 Regularity of the Level Lines 

Theorem 2 . 24 . Let Uq G L^{Q) and let u{t) be the strong solution of (2.1) corre- 
sponding to the initial datum u{0) = uq. Then for any t>0 and for almost A G M 
the reduced boundary d* [u{t) > X] is relatively open in d[u(t) > A] and is a hyper- 
surface of class for any a <1. Moreover the closed set T,{E\) = dE\ \ d*E\ 
is empty if N < 8, discrete if N = 8 and has Haussdorff dimension not greater 
than N — 8 if N > 8. This result can be more precise if N — 2, in this case 
d[u{t) > A] is of class 

By Theorem 2.16 we know that u{t) G L^{Q) for all ^ > 0. Then Theorem 
2.24 is a consequence of the following theorem which collects some results that have 
been proved in the literature. For a proof we refer to [8, 11] and the references 
therein. 

Theorem 2.25. Let u G z G X{Q>)p, N < p < oo, be such that {z,Du) = 

||T)7t||. Then for almost all levels A G M; the sets E\ = [u> A] satisfy: 

(i) If N < p < oo (p = oo), then the reduced boundary d*E\ is relatively open 
in dE\ and is a hypersurface of class for any a < (resp., for any 
a < 1). Moreover the closed set T,{E\) = dE\ \ d'^Ex is empty if N < 8, 
discrete if N = 8 and has Haussdorff dimension not greater than N — 8 if 
N>8. 

(ii) If p = N, there is a closed set T,{E\) of Haussdorff dimension not greater 
than N — 8 such that dE\ \ 'E{E\) is an (N — 1)- dimensional manifold of 
class for all a < 1. 

If N = 2, these results can be more precise. If p = 2, then dE\ is locally param- 
eterizable with a bi-Lipschitz map (a Lipschitz map with a Lipschitz inverse). If 
p = oo, dE\ is of class 



Proof. Let A be such that [u > A] has finite perimeter in Q (in particular, for 
almost every A). Let x G F be a finite perimeter set such that FA[u > A] CC 
Bp{x) C ft. Then 



f div(z) - f div(z) < P{F,Q) - P{[u > A], 
J\u>x]nQ JFnQ 



n). (2.59) 



We have 



P{[u > A], ^1) < P{F, 0) - / div(z) 

J[u>X]AF 
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and, thus, also 

P{[u> X],Bp{x)) <P{F,Bp{x))~ [ div(z) 

J[m>A]AF 

< P{F,Bp{x)) + ||div( 2 ;)||i,N(B^(^))|[u > \]AF\t^ 

< P{F,Bp{x))+uj^\\div{z)\\iP^B,{x))p‘^°‘\[u > A]AF|^ 

with a = . This permits us to prove that there is a constant C{N) such that 

|[u > A]AF| < C{N)Pi[u > X],Bp{x)), 

hence 

P{[u>X],Bp{x)) < 

p-N 

where r]{p) = C{N)u^^ \\^^^{^)\\lp(Bp{x))P‘^'^ - The above inequality may be writ- 
ten as 

P{[u > A], B,{x)) < (1 + u{p))P{F, 

where Lo{p) = In other words, [u > A] is a quasi-minimizer of the perimeter. 

The study of the regularity of quasi-minimizers of the perimeter can be found in 
[8], [11] and the references therein. □ 




Chapter 3 

The Total Variation Flow in 



The purpose of this chapter is to prove existence and uniqueness of the min- 
imizing total variation flow in 

( 3 - 1 ) 

coupled with the initial condition 

u{0,x)—uq{x) xeR^^ (3.2) 



when uo G 



3.1 Initial Conditions in L2(R^) 

Throughout this section, given a (possibly vector-valued) function / depend- 
ing on space and time, we usually write f{t) to mean the function /(t, •). 

Definition 3.1. A function G C([0, T]; L^(M^)) is called a strong solution of (3.1) 
if 

u € L^{R^)) n L^(0,T; 

and there exists 2 G L°° (]0,T[xR^;E^) with ||2;||oo < 1 such that 

ut = div{z) inP'(]0,r[xR^) 

and 

[ (u{t) - w)ut{t) dx = f {z{t),Dw)~ f ||I>u(t)|| (3.3) 

JB" v/rJV 

for all w e L^{R^) n BV(R’^), a.e. t G [0,T], 

The aim of this section is to prove the following result. 



F. Andreu-Vaillo et al. Varaholic Quasilinear Equations Minimi^ngl^inear Growth Vunctionals 
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58 



Chapter 3. The Total Variation Flow in 



Theorem 3.2. Let Uq € L^(R^). Then there exists a unique strong solution u of 
(3.1), (3.2) in [0,T] X for every T > 0. Moreover, if u and v are the strong 
solutions of (3.1) corresponding to the initial conditions uq,vo G then 

||(u(i)-i;(i ))+||2 < ||(wo-Vo )'^||2 for any i > 0. (3.4) 



Proof. Let us introduce the following multivalued operator B in L^(R^); a pair of 
functions {u, v) belongs to the graph of B if and only if 

u G L^R^) n ^ G L^{R^), (3.5) 



there exists 2 : G 



N 



)2 with ||2:||oo < 1, such that v = — div( 2 :) (3.6) 



and 



[ [w-u)vdx< ( z-Vwdx- [ ||Du||, yw e L‘^{R^)nW^’^{R^). 

Jr^ Jr^ Jr^ 

Let also ^ : L^(R^) ^ ] - 00 , + 00 ] be the functional defined by 

f [ \\Du\\ if ue L^{R^)nBV{R^), 

) Jr^ 

-foo if ^gL2(R^)\ W(R^). 



^{u) { 



(3.7) 



Since ^ is convex and lower semi-continuous in L^(R^), its subdifferential is 
a maximal monotone operator in L^(R^). 

We divide the proof of the theorem into two steps. 

Step 1. The following assertions are equivalent: 



(a) {u,v) G B] 

(b) (3.5) and (3.6) hold, 
and 

/ (w-u)vdx< / {z,Dw)— / \\Du\\ (3.8) 

JR^ Jr^ Jr^ 

for all w G ^^(R^) n BV{R^y, 

(c) (3.5) and (3.6) hold, and (3.8) holds with the equality instead of the inequal- 
ity; 

(d) (3.5) and (3.6) hold, and 



/ ( 2 , Du) = f 

JRN JR^ 



\\Du\\. 



(3.9) 
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It is clear that (c) implies (b), and (b) implies (a), while (d) follows from (b) 
taking w = u in (3.8) and using (C.8). In order to prove that (a) implies (b) it 
is enough to use Theorem B.3 and Lemma C.8 as in the proof of Lemma 2.9. To 
obtain (c) from (d) it suffices to multiply both terms of the equation v = — div( 2 ;) 
by w — u, for w G fl and to integrate by parts using (C.ll). 

Step 2. We also have B = d^. The proof is similar to the one given in Section 2.2 
for the Neumann problem and we omit the details. 

As a consequence, the semigroup generated by B coincides with the semigroup 
generated by and therefore u(t,x) = e~^^uo(x) is a strong solution of 



Ut + Bu 3 0, 

i.e., u G and -Ut{t) G Bu{t) for almost all t G ]0,T[. Then, 

according to the equivalence proved in Step 1, we have that 

j {u{t) — w)ut{t) dx — f {z{t),Dw)~ ( ||Dix(t)|| (3.10) 

for all w G H BV{R^) and for almost all t G ]0,T[. Now, choosing 

w = u-(f, (f e C^(IR^), we see that Ut{t) = div(2(^)) in P'(M^) for almost every 
t G ]0,T[. We deduce that ut = div( 2 :) in D'(]0,T[xR^). We have proved that u 
is a strong solution of (3.1) in the sense of Definition 3.1. 

The contractivity estimate (3.4) of Theorem 3.2 follows as in Theorem 2.2. 
This concludes the proof of the theorem. □ 

Given a function g G L^(M^) Pi L^(R^), we define 



Ikll* :=sup 




dx 



:ueL^{R^)nBV{R^), 




Part (b) of the next lemma gives a characterization of B{0) which will be useful 
in Section 4.5 to find vector fields whose divergence is assigned. This part of the 
lemma was proved in [153] in the context of the analysis of the Rudin-Osher- 
Fatemi model for image denoising; for the sake of completeness, we shall include 
its proof. 

Lemma 3.3. Let f G L^(R^) fl (R^) and A > 0. The following assertions hold. 
(a) The function u is the solution of 



min D(w), D(w) 
weL^{R^)nBV{R^) 





dx (3.11) 



if and only if there exists z G X{R ^)2 satisfying (3.9) with \\z\\oo < 1 and 
— Adiv(z) — f — u. 
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(b) The function u = 0 is the solution of (3.11) if and only i/ 1|/|1* < A. 

(c) IfN = 2, B{0) = {fe L2(k2) . II/II^ < 1 }, 

Proof (a) Thanks to the strict convexity of D, u is the solution of (3.11) if and 
only if 0 G dD{u) = d"^{u) F j{u — f) = B{u) j{u — f), where ^ is defined in 
(3.7) and the last equality follows from Step 2 in the proof of Theorem 3.2. This 
means, recalling the definition of B in the proof of Theorem 3.2, that there exists 
z G X(E^)2 satisfying (3.9) with ||>^||oo < 1 and -Adiv( 2 :) = f - u. 

(b) The function u = 0 is the solution of (3.11) if and only if 

/ \\Dv\\ + ^ [ (v-ffdx>^ [ fdx \/veL\R^)nBV{R^). 

JRN ZA J^N ZA J^N 

(3.12) 

Replacing v by ev (where e > 0), expanding the L^-norm, dividing by e > 0, and 
letting e 0+ we have 





VuGL^(M^)n W(E^). 



(3.13) 



Since (3.13) implies (3.12), we have that (3.12) and (3.13) are equivalent. The 
assertion follows by observing that (3.13) is equivalent to ||/||* < A. 

(c) Let N = 2. We have 

B{0) = {vG G X(R2)2, ||^||^ < _div( 2 ) = v} . 

On the other hand, from (a) and (b) it follows that ||/||* < 1 if and only if there 
exists z G X(R ^)2 with ||2;||oo < 1 and such that / = — div(z). Then the assertion 
follows. □ 



Let us give a heuristic explanation of what the vector field 2 : represents. 
Condition (3.9) essentially means that 2 : has unit norm and is orthogonal to the 
level sets of u. In some sense, 2 ; is invariant under local contrast changes. To 
be more precise, we observe that if u = where Bi are sets of finite 

perimeter such that U d*Bi) fl {Bj U d*Bj)) = 0 for i j, q G M, and 

then also —div(-j^) = / for any v = where di e R and sign(di) = 

sign(ci). Indeed, there is a vector field 2 ; G such that ||2;||oo < 1, 

— div( 2 :) = / and (3.9) holds. Then one can check that 

\\DXb,\\ = sign{a){z, DXbJ 

as measures in R^ and, as a consequence, {z,Dv) = \\Dv\\ as measures in R^. 
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Let us also observe that the solutions of (3.14) are not unique. Indeed, if 
u G n BV{R^) is a solution of (3.14) and g G C^(R) with g'{r) > 0 for 

all r G M, then w = g{u) is also a solution of (3.14). In other words, a global 
contrast change of u produces a new solution of (3.14). In an informal way, the 
previous remark can be rephrased by saying that also local contrast changes of a 
given solution of (3.14) produce new solutions of it. To express this nonuniqueness 
in a more general way we suppose that {ui,v),{u 2 ,v) G S, i.e., there are vector 
fields Zi G X{R ^)2 with 1? such that 



Then 

0 

Hence 



-div(zj) = -u, / {zi,Dui)= \\Dui\\, 



i = 1,2. 



= - {div{zi) - dW{z2)){ui - U2) dx = / {z\ - Z2,Dui - DU2) 

Jr^ Jr^ 

= [ \\Dui\\- { z2,Dui)I- [ \\Du2 W- {zi,Du2). 

Jrn Jr^ 

[ \\Dui\\-= [ {z2,Dui) and [ \\Du2W = / (2^1, ^^2). 

J R^ Jr^ Jr^ Jr^ 



In other words, z\ is in some sense a unit vector field of normals to the level sets 
of U 2 and a similar thing can be said of Z 2 with respect to ui. Any two solutions 
of (3.14) should be related in this way. 



Definition 3.4. Let u G C{[0,T]; n L^{R^)). We say that u 

is a supersolution of (3.1) and (3.2) if 1 / G L^(]0, T[; BF(M^)) and there exists a 
vector field 2 : G L®°(]0, T[xR^; R-^) such that |l2:||oo £ L div( 2 :(t)) G L^^^(R^) for 
almost alH G ]0,T[, 



/ {z{t),Du{t))= j 

JR^ JR^ 



\\Du{t)\\ a.e. t e ]0,T[, 



(3.15) 



Ut > div{z) and it(0) > uq. 

For convenience, the proof of the following proposition will be given at the 
end of Section 3.3. 

Proposition 3.5. Let uq G L^(R^). Let u be a supersolution of (3.1), (3.2) and let 
V be the strong solution of (3.1), (3.2). Then u> v. 
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3.2 The Notion of Entropy Solution 

Recall that by L^(0,T; RV'(R^)) we denote the space of functions w : 
[0,T] ^ BV{R^) such that w e L\]0,T[xR^), the maps 

t G [0,T] / 0 dDw{t) 

Jrn 

rT 

are measurable for every (j) G (7o(R^;M^) and / ||Du;(t)||(M^) dt < oo. By 

Jo 

LIj{ 0,T; BV\oc{R^)) we denote the space of functions w : [0,T] ^ BV\oc{^^) 
such that W(f G L^(]0,T[; BV{R^)) for all (p G C^{R^). We need to consider the 
set of truncation functions 

V := {p ^ : p' > 0, supp(p') compact} . (3.16) 

Definition 3.6. A function u G C([0, T]; LJq^(R^)) is called an entropy solution of 
(3.1), (3.2) if u(t) converges to uq in Lj^^(R^) as t ^ 0“^, 

pH6Li(0,T;SMoc(K'^)) Vp e P, 

and there exists z G (]0,T[xR^;R^) with ||^||oo < 1 such that 

ut - div(^) in V' (]0,T[xR^) (3.17) 



and 



pd\\D{p{u-l))\\+ [ [ z-Vr]p{u-l)<0 

Jo Jr^ 

(3.18) 

for all I G R, all p G (]0,T[xR^), with p > 0, p{t,x) = (j){t)'ilj{x), being 

(f) G (]0, r[), 'll; G C^(R^), and all p G P, where j{r) := ( p{s) ds. 

Jo 

Inequality (3.18) is a weak way to impose equality (3.3); indeed if we integrate 
by parts, we formally substitute (3.17), using ||z||oo < 1 and the fact that p is 
nonnegative, we get 



- r f j{u-i)rj,+ r f 

Jo Jr^ Jo Jr 



[ z-Vrip{u-l) = -[ j{u-l)tT]- [ T] d{z,D{p{u-l))) 

Jr^ Jr^ Jr^ 

> - / j{u-l)tV- [ V d\{z,D{p{u-l))\, 

jRd^ Jr^ 



which, after integration in time, shows that the opposite inequality in (3.18) is 
satisfied. 
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Remark 3.7. As we shall prove in Section 3.4, if uq G then the strong 

solution of (3.1), (3.2) coincides with the entropy solution. 

The aim of Sections 3.3 and 3.4 is to prove the following result. 

Theorem 3.8. Let Uq G LJq^(R^). Then there exists a unique entropy solution of 
(3.1) and (3.2) in [0, T] x for all T > 0. Moreover, if Uo,uok G LJq^(M^) 
are such that UQk uq in LJq^(M^) and u,Uk denote the corresponding entropy 
solutions, then Uk u in C([0, T]; LJq^(R^)) as k +oo. 

3.3 Uniqueness in LU(R^) 

To prove uniqueness we use the doubling variables technique introduced by 
Kruzhkov ([143]). The same method will be used throughout this monograph in 
order to prove uniqueness of solutions. 

Let a > N, Tj^{r) = max(TA;(r), 0) {k > 0) and let ja be the primitive of 
aTj^ (r)^“^ vanishing at r = 0. If iV = 1, we take o: > 2, so that G IK^’°°(R). 

Proposition 3.9. Let uq,uq G LJq^(R^). Let u,u be two entropy solutions of (3.1) 
with initial conditions uo,uq, respectively. Then 



[ joc{u{t) - u{t)) < [ jc,{uo - Uo) Vt > 0. (3.19) 

Jr^ Jrn 

Proof. Let T > 0 and Qt '= ]0,T[xR^. Write j = ja, j*{r) := j{~r), p{r) := 
aT^(r)"^~\ p*(r) := j*'(r) = -p(-r). Let G L"^{Qt',R^) with ||z||oo < 1, 
Halloo < 1 and such that, if r,f G R^, with ||r|| < 1, ||r|| < 1 and I 1 J 2 G R, then 

-[ [ j{'^-h)Vt+ [ [ vd\\D{p{u-h))\\ 

Jo Jr^ Jo Jr^ 

+ / / {z - r) ’Vrj p{u - h) / / r ’Vrj p{u-li) <0, 

Jo Jr^ Jo Jr^ 

and 

-/ [ [ [ rjd\\D{p%u-l 2 ))\\ 

Jo Jr^ Jo Jr^ foo-\\ 

J. rj. [O.Zi) 

+ / / {z-f)^Vrip%u-l2)+ [ [ f . Vr/p*(lZ-/2) <0, 

Jo Jr^ Jo Jr^ 



for all 77 G C^{Qt), with 77 > 0, rj{t,x) = 0(t)'0(x), being (/> G C^(]0,T[), 
t/;gCo^(R^). 

We choose two different pairs of variables (t,x), (s,y) and consider u, z 
as functions of {t,x) and u, z as functions of (s,y). Let 0<cj>e Co-(]0,T[), 
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0 < G C^{R^)^ {pn) a standard sequence of mollifiers in R^ and {pn) a 
sequence of mollifiers in R. Define 



rjn{t, X, s, y) pn{t - s)pn{x - y)(j) 



t + s 



xFy 



>0. 



Note that for n sufficiently large, 

{t, x) r]n{t, X, s, y) e (]0, T[xR^) V (s, y) eQr, 

(s,y) r]nit,x,s,y) € C§° (]0,T[xR^) V (t,x) € Qt- 

Hence, for (s,y) fixed, if we take li = u{s^y) and r = z{s^y) in (3.20), we get 



/O JR^ 
rT 



j{u - u{s,y)){r]n)t + 



0 JR^ 



rjnd\\D^ {p{u-u{s,y))) || 



+ 



+ 



/O JR^ 
rT 



{z - z{s, y)) ■ p(u - u(s, y)) 



(3.22) 



^(s, y) ■ '^xVn p{u - u{s, y)) < 0. 



/o JR^ 

Similarly, for (^,x) fixed, if we take I 2 = u{t^x) and f = z(t,x) in (3.21), we get 

-[ [ f{u-u{t,x)){r]n)s+ [ [ Pnd\\Dy{p*{u-u{t,x)))\\ 

Jo Jo ./K" 



+ / / {z- z{t,x))-VyT]nP*{u-u{t,x)) 

Jo Jr^ 

+ / / z{t,x) ’VyTJn p'^iu- u{t,x)) <0. 

Jo Jr^ 

Now, since p*(r) = —p{—r) and j*(r) = j(— ^), we can rewrite (3.23) as 

n j{u{t,x) -u){rjn)s+ / / Pnd\\Dy{p{u{t,x) -u))\\ 

Jo Jr^ 

4 - / / {z{t, x)-z)> VyPn p{u{t, x) - u) 

Jo Jr^ 

- / z{t,x) • Vy'qn p{u{t, x) -u) < 0 . 

Jo Jr^ 



(3.23) 



(3.24) 



Integrating (3.22) with respect to (s, y) and (3.24) with respect to (t, x) and taking 
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the sum yields 

- / J(u(t, x) - u(s, y))((r}n)t + Ms) 

J Qt 'xQt 

+ r]nd\\D^{p{u-u{s^y)))\\+ r]„d\\Dy{p{u{t,x)-u{s))\\ 

JQt^Qt JQt'xQt 



+ / {z{t, x) - z{s, y)) ■ {VxVn + '^yVn) p{u{t, x) - u{s, y)) 

J Qt X Qt 

+ ^s,y) ■VxVnP{u{t,x) -u{s,y)) 

J Qt ^-Qt 

- / z{t, x) ■ \7yT]n p{u{t, x) - u(s, y)) < 0. 

J Qt X Qt 



'Qt'xQt 

Now, by Green’s formula we have 



/ z{s,y)-Vxr]nP{u{t,x)-u{s,y)) 

J Qt X Qt 

+ ynd\\D:^{p{u{t,x) -u{s,y)))\\ 

J Qt X Qt 

= - Vn {z{s, y), D^p{u{t, a;) - u{s, y))) 

J Qt X Qt 

+ Pn d\\D^ {p{u{t, x) - u(s, y))) II > 0, 

J Qt X Qt 



and 



+ 



+ 

IQtxQt 

Hence, from (3.25), it follows that 



/ z{t,x) -VyPn p{u{t,x) -u{s,y)) 

J Qt X Qt 

/ pnd\\Dy{p{u{t,x) -u{s,y)))\\ 

J Qt X Qt 

/ Pn{z{t,x),Dyp{u{t,x) -u{s,y))) 

J Qt XQt 

f Pnd\\Dy{p{u{t,x) -u{s^y)))\\>^- 

J Qt X Qt 



(3.25) 



- / x) - u(s, y)){{pn)t + Ms) 

J Qt xQt 

+ / (z{t,x) -z{s,y)) ■ {\':cPn + '^yPn)piu{t,x) -u{s,y)) <0. 

J QtxQt 



(3.26) 




66 



Chapter 3. The Total Variation Flow in 



iVn)t "i" (j]n)s — Pnii 



I ft + A , (x + y 



f X -\- y 
2 2 



passing to the limit in (3.26) as n +oo yields 
-/ j{u{t,x) -u{t,x))(j)'(t)ip{x) 



+ / {z{t^ x) — z(t^ x)) • VV^(x) (f){t)p{u{t^ x) — u(t, x)) < 0. 

J Qt 

Let us choose 'tp = (p e p> > 0. Since (3.27) holds for any cp G 

(]0,T[), it follows that 

4 / j{u{t,x)-u{t,x))<f{x)°‘ 
at J^N 

< / (z(t, x) — z{t^ x)) • V(p{x)^ p{u{t, x) — u(t, x)). 

JrN 



Therefore 



d f 

— j{u{t,x) -u{t,x))<p{x)‘^ 
at J^N 

<2a [ \p{u{t,x) -u{t,x))\<fi°‘~'^\W(p\ 

Jrn 

<‘2a( [ {\p{u{t, x) - u{t, z))l93““^) ^ 



^2a (/ \T^{u{t,x) -u{t,x))°‘\p'^ 

\Jr’^ 



Now, we observe that Tj^ (r)*^ < ja(r) for all r G M. Hence 



d f 

— j{u{t,x)-u{t,x))p° 

at j^N 



< 2aM / j{u{t,x) - u{t,x))(p^ 



and, therefore. 



j{u{t,x) -u{t,x))p° \ < 2a I / |V(^|‘ 

/ 
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Setting (pn(x) •= ) instead of <p(x) we get 

i( [ j{u{t,x) 

nt \Jrn J 

<2a( [ “ = 2an^ ( [ |V(^r') “ . 

Integrating from 0 to T and using the facts that u{t) uq, u{t) uq in LJq^(E^) 
as t ^ 0"^, we have 



([ j(u(T,x)-u(T,x))ipA^ 

\JR^ / 

<(f j(uo-uoM)%2aTn^ ( f 

\Jr^ j \Jr^ j 

Letting n oc and recalling that a > N, we obtain that 

[ j{u{T,x) -u{T,x)) < [ j{uo-uo)^ 
Jr^ Jrn 



(3.29) 



(3.30) 

□ 



Corollary 3.10. Let uq^uq G LJq^(K^). Let u^u he two entropy solutions of (3.1) 
with initial conditions uq^uq, respectively. If uq < uq, then u <u. In particular, 
the entropy solution of (3.1) is unique. 

Corollary 3.11. Let S{t) be the semigroup in L^^^^(M^) constructed from the entropy 
solutions. Then S(t) acts as an order preserving contraction semigroup in L^(R^). 



Proof. The result is a consequence of estimate (3.30). □ 

Proof of the last assertion of Theorem 3.8. Writing (3.29) for u[t,x) and Uk{t,x), 
we have 



/ j{u{t,x) -Uk{t,x))(f^ 

Jrn 

[ j{uo - U 0 k)(Pn^ + 2atn^ ( [ , 

Jr^ j \Jr^ j 



for any t G [0, T] and any n,k>\. Given p G N, let G N be such that 



2aTup “ 
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Choose now ip G C^(R^) of the form p{x) — <^(||x|l) where (j) is a decreasing 
function. By our choice of p we have that 







^ {Irn j{u{t,x) - Uk{t,x))ip^^'^ 
<( I jiuo-uok)^'^] + ^ 

V Jr^ J p 



for any t G [0,T] and any fc > 1. Now, let fcp G N be such that 



for any k > kp. Then 






Uk{t,x))(f°‘'^ 




for any t G [0,T] and any k > kp. We conclude that 

Uk^u in C{[0,T]-,LlM^)). 



□ 



Remark 3.12. The same proof above yields that is a Cauchy sequence in 
C([0, T]; Ljq^(R^)) when {iaq/c} is a Cauchy sequence in I/J^^(R^). 

We observe that Proposition 3.5 can be proved along the same lines as Propo- 
sition 3.9. But, in this case the proof is simpler and we sketch it. 



Proof of Proposition 3.5. Let Zu, Zy be the vector fields associated to u,v, respec- 
tively. Using the same notations of the proof of Proposition 3.9, we have 

4 [ j{v{t) - u{t))(p°‘ dx = [ p{v{t) - u{t)){vt{t) - Ut{t))(p°‘ dx 

Jr^ 

< [ p{v{t) - u{t)){div{zy{t)) - dw{zu{t)))p'" dx 

Jrn 

^ [ p"^ d (D{p{v{t) - u{t))), Zy{t) - Zu{t)) dx 

Jr^ 

- [ p{v{t) - u{t)){zy{t) - Zu{t)) • dx 

Jr^ 

< - I p{v{t) - u{t)){zy{t) - Zu{t)) • Vp"^ dx. 

Jr^ 



To conclude the proof, we proceed as in the proof of Proposition 3.9 after formula 
(3.28). □ 
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The following estimate, which is a consequence of the homogeneity of will 
be useful to prove the regularity in time of the solution when the initial condition 
is in (see Proposition 3.20 of Section 3.6 below). The proof is similar to 

the proof of (2.35). 

Proposition 3.13. Let uq G L^(M^), 1 < p < oo, and let u{t) be the entropy 
solution of (3.1) and (3.2). Then 

II ||p< - - for a.e. ^ > 0. (3.31) 

U Uq > 0; then we have that 

^^(0 ^ ^ > 0 - 

Similarly, ifuo < 0, then u'{t) > for almost every t > 0. 

3.4 Existence in 

Lemma 3.14. Let uq G L^(M^) and let u he the strong solution of (3.1) and (3.2). 
Let T > 0, p e V, set j{r) := Jq p(s) ds, and let ip G C^([0, T] x R^) with 
compact support in x. Then 



[ j{u{T)MT)- r [ j{u)p^,+ r [ ^d\\D{p{u))\\ (3.32) 

Jrn Jo Jr^ Jo Jr^ 

= -f [ Z‘Vipp{u)+ [ j{uo)<p{0). 

Jo Jr^ Jr^ 

In particular, u is an entropy solution of (3.1). 

Proof. Since 

4 [ i{u)^p = f p{u)ut(p+ f j{u)ifit 

(tt J^N J^N 

= - <fd{z,D{p{u)))- z-W<pp{u)+ j{u)<pt, 

Jr^ Jr^ Jr^ 

integrating both terms of the above equality in ]0,T[, and using the fact that 

[ if d{z{t),D{p{u{t)))) = [ (p d\\D{p{u{t)))\\ for a.e. t G ]0,T[, 

Jr^ Jr^ 

which is a consequence of Corollary C.16 and the equality 

/ ip d{z{t) , Du(t)) — / ip d\\Du{t)\\ for a.e. t G ]0,T[, 

JR^ JR^ 




70 



Chapter 3. The Total Variation Flow in 



we obtain 



j{u{T)MT) 



/ / / / ^d\\D{p{u))\\ (3.33) 

/o Jr^ Jo Jr^ 

-[ [ Z‘V(pp{u)F [ j{uo)p{0), 

Jo Jr^ Jr^ 



and (3.32) holds. 



Proof of existence. Let Uo G Ll^^{R^). Let UQn ^ L^(M^) be such that uon uq 
in Liq^(E^). Let Un be the strong solutions of (3.1) corresponding to the initial 
conditions lion- By Remark 3.12, {un} is a Cauchy sequence in C([0, T]; Ljq^(R^)). 
Thus we may assume that Un ^ u in C([0, T]; I/Jq^(M^)) for some u G C([0,T]; 
Ljq^(M^)). In particular, we have that u{t) uq in Ll^^{R^) as t ^ 0+. 

Now, let p G P and let p G C^(]0, T[xR^). Inserting u = Un into (3.32) 



- [ [ j{Un)^t+ [ [ (f d\\D{p{Un))\\ = - [ [ Zn’'V(fp{Un). (3.34) 

Jo Jr^ Jo Jr^ Jo Jr^ 

In particular, the choice of j(r) = r, i.e., p{r) = 1, gives 



'^n^t — 



Zn ■ V(f. 



Possibly passing to a subsequence, we may assume that 

Zn^z weakly* in (L~(]0, T[xM^))^ 



Letting n ^ oo in (3.35) we have 



fj 

Jo Jr^ 



Jo Jr^ 



z • Vp. 



We conclude Ut = div( 2 :) in D'(]0, T[xM^). As j{un) j(u) and p{urf) p{u) in 
C([0, T]; Ljq^(IR^)), letting n ^ oo in (3.34) we obtain 

-f f j(u)^t+ f [ ^ d\\D (p{u)) W < - f [ z-Vipp{u) 

Jo Jr^ Jo Jr^ Jo Jr^ 

provided p > 0. In particular, since j{u),p{u) G C([0, T]; LJq^(R^)) we have 

p(u)eLl{0,T;BVU^^)) Vp e P, 

and we conclude that u is an entropy solution of (3.1). □ 
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3.5 Initial Conditions in L^(R^) 

Definition 3.15. A function u G C([0, T]; is called a strong solution of 

(3.1) if 



ueW^^^^{0,T;L\R^)), Tk{u) e LI{0,T-,BV{R^)) Vfc > 0 
and there exists 2; G L"^(]0,T[xR^;M^) with ||2;||oo < 1 such that 

= div(z) inD'(]0,T[xM^) 



and 



[ {Tk{u{t)) - w)ut{t) < [ {z{t),Dw)-[ \\DTk{u{t))\\ (3.37) 

JRN JR^ JRN 

for allu;GL^(R^)n a.e. ^g[0,T]. 

As it happens in the Neumann problem (see Chapter 2), we note that the 
equality sign also holds in (3.37). 

Theorem 3.16. Ifuo G then the entropy solution u{t) is a strong solution, 

and conversely. 

Proof. Assume first that u is an entropy solution of (3.1) and (3.2). Then we know 
that Tk{u{t)) G Ll,{0,T] BVioci^^)), by Proposition 3.13, u G 
L^(R^)). By taking p = T^, approximating uq by functions in L^(R^), and letting 
t 1 in (3.32) we obtain that Tk(u{t)) G L^(0, T; BP(R-^)) for all k > t). Now, 
approximating uq in L^(R^) by initial conditions in L^(R^) it follows that 

ut = div(^) in D'(]0, T[xR^). (3.38) 



Observe that using ip (p{t) G V' (]0,T[) in (3.32) we obtain 
[ Tk{u{t))ut{t)+ [ \\Dn{u{t))\\<0. 

JRN JrN 

By approximation, using (3.38) it follows that 



■ [ wut{t) = [ {z{t),Dw) 
JR^ Jrn 



(3.39) 



(3.40) 



for all w G L^(R^) fl IT^’^(R^), a.e. t G [0, T]. A further approximation proves 
that (3.40) holds for any w G L^{R^) fl BV(R^). Adding (3.39) and (3.40) 
we obtain that u{t) is a strong solution of (3.1). Conversely, if u{t) is a strong 
solution of (3.1), since Ut G L[^^(0,T;L^(R^)) it is immediate to check that u{t) 
is an entropy solution of (3.1). □ 
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3.6 Time Regulcirity 



Let US recall the basic estimates of semigroups generated by subdifferentials. 
According to Step 2 of Theorem 3.2 and Theorem A. 33 we have that 



ess sup 
se 



p f \ut{s,x)\^dx < - [ \uo\‘^dx Vt > 0, (3-41) 

,oo[Jr^ i Jr^ 

n \ui{t,x)\‘^tdxdt < ^ f \uofdx (3.42) 

_lN 2 



and if uq G 



[ [ \ut{t,x)\‘^dxdt < f \\Duq\\. 

Jo Jr^ Jr^ 



(3.43) 



Our purpose is to localize estimates (3.42), (3.43). To cover the case of initial 
conditions in LJq^(R^), we need to consider the family T CV oi truncations 
with a < b, defined by 



TaAr) 



a if r < a, 

< r if a < r < 6, 

b if r > 6. 



Proposition 3.17. Let uq G L^(R^) and let u be the strong solution of (3.1) and 
(3.2). Then 

p{u)teLl,{0,T-L\R^)), th{u)teL^{0,T-L^R^)), ypeT. 

Moreover, for any ip G C^(M^) and any s <t such that p{u{s)) G BV\oc{^^) we 
have the estimate 



III lP(w)tlV+ / d\\D{p{u{t)))\\ 

<[ ‘P^d\\D{p{u{s)))\\+2{t- s) [ |V(p|^ 

Jr^ Jr^ 

and, ifT is such that u{T) G BV\oc{^^), oJso 

If f t\p{u)t\‘^p +T f pd\\Dp{u{T))\\ 

<f [ Pd\\Dp{um\+T^ f |V<^|^ 

Jo Jr^ Jr^ 



(3.45) 
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Proof. Let cp G and set 

/:= js€ ]0,T[: ix(s) € BVioc(K^) [ \ut{s,x)f dx < - [ |«o|^ • 

I JR^ <5 J^N J 

We recall that ]0,T[\/ has measure zero. Let s^t G I. Multiply the equation 
Ut{t) = div( 2 :(i)) by {p{u{t)) - p{u{s)))(p‘^ and integrate over . After integrating 
by parts, we obtain 



/ /d(||D(pHi)))||-p(pMs)))||) 

Jr^ 

<- [ Ut{t)[p{u{s)) - p{u{t))]ip^ f z{t)-Vp^[p{u{t))-p{u{s))]. 

Jr^ Jr^ 



(3.46) 



Let 5 > 0 and let s,t e I, s,t > 6. Using (3.41), we have 



/ ^2rf(p(p(^t)))||-||Z)(p(«(s)))||) 

Jr^ ^ ^ 

< ^ll^olbll [p{u{s)) - p{u{t))]p ^\\2 + \Wip^\\p{u{t)) - p{u{s))\. 

Since a similar inequality holds with s and t interchanged, we have 
f v^2^(||Z)(p(^x(^)))||-||D(p(^s)))||) 

(3.47) 

< tI|wo|| 2 ||(p(w(s)) - p(u(t)))y >^||2 + [ \Vp^\\p{u{t)) -p{u{s))\. 

0 Jr^ 

AswG<’,f(0,r;l2(E/V)),i.e., is a locally absolutely continuous function of time, 
then also p{u) is and, from (3.47), we deduce that (p‘^d\\D {p{u)) || is absolutely 
continuous in ]S,T[ for any 5 > 0 sufficiently small. Put s = t — h e I in (3.46), 
divide by > 0, and let h ^ 0^ . We obtain, at any differentiability point ^ of u 
and/R„V5^rf||£>(p(u))||, 

[ P'{u)uf<p + 4/ <P^d\\D{p{u))\\<2 f \p{u)t\\p\\V<p\ 

Jr^ JR^ JR^ 

< 2( f \p{u)t\^p^yf [ \vp\^Y" 

\ Jr^ / \ JR’^ J 

< ^ / b(w)tlV + 2||V(p||^. 

^ Jrn 

Since p'(r) G {0, 1} for almost every r, we have 

1/ |pWt|V+4/ P^d\\D{p{u))\\ <2\\Vp\\l. (3.48) 

z J^N at J^N 
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Observe that inequality (3.48) holds almost everywhere in ]0,T[. Choosing s e I 
and integrating (3.48) in ]s,t[ we obtain (3.44). Since (p does not depend on time, 
from (3.32) it follows that 



f j{u{T))ip'^+ f j d\\D{p{u))\\ < 
Inequality (3.49) proves that 




\V<p^\\p{u)\+ ( f j{uo)ip^. 

JR^ 

(3.49) 



[ pmDip{u))\\GL\0,T). 

Jrn 

Hence 

tn f (f'^WD (p{u{tn))) II ^ 0 
Jrn 

for a subsequence tn ^ 0"^, tn ^ Multiplying (3.48) by t and integrating on 
]tn 5 we obtain 

If [ ^|p(w)t|V^+ / ^4 / d\\D{p{u))\\ < {T^ - tl) f 

^ Jtn Jr^ Jtn ^R^ ^R^ 

Integrating by parts with respect to time we get 

I r [ <b(«),|V'+T / d\\D{piu{T)))\\ 

^ Jtn JR^ JR^ 

< f f dP(p(n))|| +tj / d||D(p(„(t„)))|| + (t2 - tl) [ \Vp\ 

Jtn Jr^ Jr^ Jr^ 

Letting n — > oo, we obtain (3.45). □ 

Corollary 3.18. Let uq G Ljq^(E^). Let u he the entropy solution of (3.1) and 
(3.2). Then 

p{u)t e tip{u)t € LL([0,c»[;LL(R^)), Vp € T. 

Proof. Let (uon) C L^(IR^) be a sequence such that uon in Let Un 

be the strong solution of (3.1) corresponding to the initial condition uon- Inserting 
u = Un into (3.32) and using the fact that the corresponding vector fields Zn satisfy 
II ||oo< we obtain 



[ 3 {u„{T))p^ + r [ p^d\\D{piun))\\ 
Jr^ Jo Jr^ 

< / / |V<P^||p(w„)| + [ j{Un{0))(fi^ 

Jo Jr'^ Jr'^ 



(3.50) 
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for any p e V, T > 0, (p e C^(R^) and n e N. Since the right-hand side of (3.50) 
is bounded by 

C := II p lloo T’ / |V<p^|dx + sup / j(u„(0))(f^, 

we have 

[ f d\\D{p{un))\\ <C. (3.51) 

Jo Jr^ 

Choose now T > 0 such that Un{T) G BV\oc{R^)) for all n gN. Using (3.45) and 
(3.51) we have 



ir [ t\p{un)t\^p^<C + T^ [ |V<pp. (3.52) 

^ Jo Jr^ Jr^ 

Since p{un) p{u) in C([0,T]; Lj^^(IR^)), letting n ^ oo in (3.52) we obtain 

f tp{u)jp^<C + T^ [ |V^|2. 

^ Jo Jr^ Jr^ 

Since this holds for almost every T > 0, the conclusion follows. □ 



Remark 3.19. If p{uo) G BV\oc{R^) we have 

p(t/)eLi,(0,T;BMoc(ffi'^)), 

p{u) e W^>H0,T-,LUR^)) C C([0,T];LL(R^)) 



for any p gT. Indeed, this follows from (3.44) instead of using (3.45) in the above 
argument. 

If u is the entropy solution of (3.1) and (3.2) for uq G LJq^(E^) and iC G M, 
then v{t) := u{t) K is the entropy solution of (3.1) whose initial condition 
is t^(0) = Uq K. If we denote by S{t) the semigroup in LJq^(E^) constructed 
from the entropy solutions, we may write S(t){uo -G K) = S{t)uo -f- K for any 
u{0) = uqG L[^^(M^) and K gR. 

Proposition 3.20. Let uq G LJ^^(M^) with uq > —M for some M > 0. If u is the 
entropy solution of (3.1) and (3.2) we have 



u'{t) < 



u{t) -h M 

i 



for a.e. t > 0. 



Moreover, Ut G Lj^^(0,T; LJq^(E^)) for any T > 0. A similar statement holds if 
Uq < M for some M > 0. 
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Proof. Let 0 < von ^ be such that von uq + M in Ljq^(E^). Let 

Vn{t) := S{t){von)- By Proposition 3.13 we have 

v'nt ^ ^ for a.e. t > 0. 

Since 



Vn{t)-^S{t){uo + M)==S{t){uo) + M = u{t) + M in L\0,T- Ll^{U^)), 



it follows that 

Ut < in P'(]0,T[xE^). 



(3.53) 



By estimate (3.53), Ut is a Radon measure in ]s,t[xBR{0), for all 0 < s < t and 
R > 0. Thus 




(3.54) 



in any ball Br{0), R> 0. Now, taking p = Tah^ the estimate in Corollary 3.18 says 
that Ut is a function in L‘^{Qa,b H Br{0))^ for all a < 6 , where Qa ,6 •= {(^ 7 ^) ^ 
Q : a < u{t,x) < 6 }, and all R > 0. This observation together with (3.54) proves 
th^tuteLl,{0,T-Ll^{R^)). □ 



We conclude this section with the following observation. The existence and 
uniqueness results for (3.1) and (3.2) may be used to prove an estimate for the 
time derivative of the solution of 



^ — div ( I in]0,oo[xM^, (3.55) 

when the initial datum ^’(0,x) = vq{x) G L^(M^). First, we observe that existence 
and uniqueness results for (3.55) when vq G L^{R^) can be obtained as a con- 
sequence of the results in Chapter 7. Next we notice that if v is the solution of 
(3.55) corresponding to the initial condition vq G I/^(E^), then u{t^x,XN^i) = 
v{t,x) — xn-^i is the entropy solution of (3.1) in such that u{0^x,xm-\-i) = 

vo(x) —xjv+i’ In other words, the semigroups T(t) and S(t) associated with (3.55) 
and (3.1) satisfy 

S(t)(vo - xjv+i) = T(t)vo - xn+1 for any vq G L^(E^). 

Now, proceeding as in the proof of Proposition 3.13 with A = we obtain 

v(t-hh)-v(t) = u(t F h) - u(t) = ^ , u(t + h) + S(t) (A“^(^o ~ ^v+i)) - u(t) 

t h ' 

= T-fruit + h)+ T{t) (A“^uo) - T{t)vo + -^f-XN+i 
t n t + h 

h 

= M + T(t) (A“^wo) - T{t)vo. 
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This implies that 



v{t Eh) - v{t) 
h 



2 

< 

t E h 



1 - 



From this, and using the techniques of completely accretive operators (see Section 
A. 7) as in the proof of Theorem 2.8 it can be proved that < fll^olli. 



3.7 An L^-U^ Regulcirizing Effect 



As in the Neumann problem (see Section 2.5), there is no L^-L^ or L^-L^ 
regularizing effect for the Cauchy problem. To see this, it is enough to observe 
that the function 



v{t, x) = 








with associated vector field 



z{t){x) = { 



1 X 
1 X 



X E ^i(O), 

xeR^\B^, 



solves (3.1) in (0, 1) x with initial datum t»o(x) = Obviously, 

v{t) E L\R^) \ L2(R^), 0 < ^ < 1. 

Using the same technique as in Section 2.5, if the initial condition is in 
L^(R^) a regularizing effect can be obtained. 

Theorem 3.21. Let u{t) be the strong solution of (3.1) such that 7^(0) = uq. If 
uq E (R^), then u(t) E L^(M^) D L^{R^) for any p>l and t > 0. 



The result will be a consequence of the homogeneity estimate (3.31) and the 
next result whose proof is similar to the one of Theorem 2.17 . 

Theorem 3.22. Let u E BV{R^). Assume that there is z ^ X{R^)n with \\z\\oo < 
1 such that (z,Du) = ||T)u||. Then u E L^{R^) for all r < oo. If z E X{R^)q with 
q > N, then u E L^(R^). 



3.8 Measure Initial Conditions 

In [19], we have studied the Cauchy problem (3.1) coupled with it(0) = //, 
fji being a bounded Radon measure in R^ . Since (3.1) is well posed in L^(R^) 
we can approximate // by functions in ito,n ^ T^(M^), compute the corresponding 
solutions Un{t) and pass to the limit to obtain a function u{t) taking values in the 
space of Radon measures. For a later purpose let us denote u{t) = u{t)ac + u{t)s, 
where u{t)ac and u(t)s denote the absolutely continuous and singular parts of u{t) 
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with respect to Lebesgue mecisure in We did not consider general mecisures, 
instead we restricted ourselves to the case of measures 






(3.56) 



where h G fl a: > 0, 7^^ is the A;-dimensional Hausdorff measure 

in and S is an orient able fc-manifold in R^ without boundary of class 
Note that one can use many different approximations uo,n to the measure p. To 

start with, we approximate the singular part of /i, i.e., the measure aH^ I S 

by constant functions on a band around S. Indeed, using essentially the ideas of 
Minkowski’s content (see [10]) we know that 



n^{S) 

""\In{S)\ 



^/n(S) 



aH^ I S weakly* as measures as n — > oo. 



(3.57) 



where In{S) = {x G R^ : d{x,S) < ^}. Then, given a measure p of the form 
(3.56), if uo,n{l^) is the L^-function defined by 



'^0,n(/^) • — Pac T 



\In{S)\ 



(3.58) 



we have that no,n ^ p weakly* as measures. Since uo,n{p) ^ L^{R^), we know 
(Theorem 3.16) that there exists a unique strong solution Un of the problem (3.1) 
with initial datum uo^n{p)- Then we have that 

Un^u in C^([0,T],A^6(R^)), 



and we say that u{t) is a limit solution of (3.1) corresponding to the initial condi- 
tion p ([19]). We compute some explicit limit solutions for initial measures which 
have some radial symmetry, in particular for sums of Dirac measures concen- 
trated at points or circles. These explicit solutions exhibit some curious behaviour, 
namely, Dirac measures concentrated at a finite number of points do not move, 

while the measure p := dB{0, R) has a more complex evolution described 

by the Radon measures in R^ 



u[t) = I 




N 



[ N N \ 



^ a 

0 <(< 2 , 



t > 



a 

2' 



(3.59) 



In particular, we deduce that there is no regularizing effect for (3.1) when 
the initial condition is a measure. On the other hand, this makes explicit that 
solutions have a very different behaviour according to the Hausdorff dimension 
of the support of the measure. If this dimension is A: < iV — 1 it seems that the 
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singular part of the measure does not move, while it moves when k = N —1. This 
behaviour is explored in [19] where it is proved for measures of the form (3.56) 
and the behaviour of limit solutions is characterized. Let us consider first the case 
k = N-1. Let C 2 denote the unbounded connected component ofR^\S and Ci its 
complement in R^\S. In the time interval [0, we have that u(t) = u(t)ac~Iu(i)s 
with u(t)s = — and u{t)ac\Ci , ^ = 1, 2, is the strong solution of the Dirichlet 

problem 

f t^t=div(^) in(0,T)xCi, 



i V = Ct 



on (0, T) X 5, 



(3.60) 



[ v{G)=iiac in Ci. 



Note that ti(f)s = 0. In the time interval [^, 00 ), u{t) = u{t)ac is the strong 
solution of (3.1) with initial condition u{^)ac- In case A: < iV - 1, we have that 
u{t)s = fJis for all t > 0, and u{t)ac is the strong solution of (3.1) with initial 
condition fiac- Furthermore, u(t) satisfies an entropy condition which characterizes 
in some way the solution of (3.1). The paper [19] contains also the description of 
limit solutions when the initial measure /x is approximated by functions 



n’nO — l^ac Pn * Ps 



where Pn{x) = p{nx) and p is a radial, smooth, positive convolution kernel with 

compact support, and ps = 5 with k < N—1. The limit solution obtained in 

this case coincides with the limit solution obtained using the approximation (3.57). 
At this moment we do not know if the analogous result holds when k = N - 1. 




Chapter 4 

Asymptotic Behaviour and 
Qualitative Properties of 
Solutions 



The purpose of this chapter is to give some qualitative properties of the flow 

i„|0.»|x««, ,4^1, 

First, we prove that the flow decreases the Hausdorff measure of the level 

sets, and that local maxima (resp. minima) strictly decrease (resp. increase) with 
time. For that, we shall need to compute some explicit radial solutions of (4.1). 
Then, we shall prove that, for bounded initial conditions, the solution vanishes in 
flnite time, and the extinction profile is a solution of the eigenvalue problem 



— div 




= u. 



(4.2) 



Next we compute some explicit solutions of this eigenvalue problem, which give 
also explicit solutions of (4.1). We shall use them to compute explicit solutions of 
the total variation denoising model in image processing. 



4.1 Radially Symmetric Explicit Solutions 

We shall construct explicit radial solutions of (4.1) in or in a ball of R^ . 

Let g G C^(M+), g'{r) < 0, for r > 0, 5^(04-) > 0. Let M > 0, M < ^(0+). 
Let U{x) = min(^(||x||), M), x e R^ . Let ro > 0 be such that g{ro) = M. 
Observe that U{x) = M for ||x|| < ro and U{x) = ^(||3:||) for ||x|| > tq, i.e.. 
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U{x) has a flat zone in the ball Br^iO) and a radial decreasing proflle outside 
it. Let R > To, Bn = Let us construct a function U{t^x) such that U G 

C{[0,T],Br) nW^’\0,T-,L\BR)), U e Li{0,T-,BV{BR)), U{0,x) = U{x) and 
there exists Z{t) € X{Br)\ with ||Z(t)||oo < 1, such that for T > 0 small enough 
and t G [0, T] we have 



Ut = div{Z{t)) in V'{Br) 



(4.3) 



and 



[ Z{t)-DU{t)dx= [ \\DU{t)\\. 
J Be J Be. 



(4.4) 

^Be '^Be 

Observe that if u{x) — /i(||x||), where h e h{r) > 0, h'{r) < 0 for 

r > 0, then div i 



(|Du|) 



= We expect the solution U{t,x) to be a radial 

function. If the flat zone of U{x) has to remain flat, then we should have 

-A if ||a;|| < r{t), 



Ut 






(4.5) 



for some A > 0 and some r{t) > 0 such that r(0) = vq. The choice Z{t) = 
for ||x|| > r{t) is consistent with (4.3). Now, in Br(t){0), Z{t) must be such that 

div(Z(t)) = -A with Z(t) -pi|, l|2(0lloo < 1- (4.6) 

Integrating the previous equation in Br(t)W we have 



-XC 



N 



(B,(,)(0)) 

-i 



Br{t) ( 0 ) 



div {Z{t)) dx 



Z{t)^vdH 



N-l 



and, therefore. 






aB.(t)(0) 

H^-\dBr^t){0)) _ N 






C^iBr^tM) r{ty 

Then, we may take Z{t) = when ||x|| < r{t). Such a choice of Z{t) satisfies 
(4.6). We have to choose r{t) such that U{t^x) remains a Lipschitz function, in 
particular continuous for ||o::|| = r{t). Assume for the time being that r'{t) > 0. 
Let us observe that 



u{t,0) = 1/(0) - TV [ 
Jo 



ds 

r(s)' 



Now, if X G Br is a point such that ||a:|| > r(T), then 

U{t,x) = U{x)+ [ Ut{s,x)ds = U{x)- *^^yA ■ 

Jo \m\ 
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Since the value U{t,r{t)—) must coincide with the value of U{t,0) and 
U{t,r{t)-) = [/(t, r(t)+), then 






t{N - 1) 

kWI 



Thus, differentiating the above expression we see that r{t) must satisfy the differ- 
ential equation 



r'{t) = - 





{N - l)t + g'{r{t))r{t)‘^' 



(4.7) 



We take r{t) to be the solution of (4.7) such that r(0) = tq. Then, the function 



f t/(0) -N if ||x|| < r{t), 

Jo 



^ ds 

U{t,x) = -j ' ' Jo r{s) 

[ f/(rc)- (Ar-l)|j||i if ||x|| >r(f) 



(4.8) 



satisfies (4.3) for t > 0 small, Z{t,x) being given by 



Z{t,x) 



-7^ if lkil<K^), 
~M\ if|l'^ll>^W- 



(4.9) 



Observe that ||Z(t)||oo < 1 and satisfies (4.4) for t > 0 small. 

If g{r) — a — kr^j a^k^p > 0, the radius r{t) can be determined explicitly. 
Indeed, r{t) satisfies the differential equation 



r'{t) 



^V) 

kpr{t)P'^^ — {N — l)t' 



(4.10) 



Looking for a solution of (4.10) of the form r{t) = Xt^ we find that 



r{t) = 



( N + p \ 
\ kp J 



P+1 1 

tP+1 



solves (4.10). 

Thus, the following result is established. 

Proposition 4.1. There is some T > 0 such that the function U defined in (4.8) 
is a solution of (4.3) in D'((0,T) x Br) satisfying (4.4) for all t G [0,T] and 
such that U{0,x) = U{x). Moreover, U e C{[0 ,T],Br) nW^'^{0,T',L^{BR)) and 
UeL^{0,T',BV{BR)). 

Lemma 4.2. Let uq = Then the unique solution u(t,x) of problem (4.1) 

with initial datum uq is given by 

u{t,x) = sign(fe)^ (^ - Xb,( 0 ){x). 
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Observe that we may write 



u{t,x) = sign(fc) (^\k\ - ^s.(o)W- 

Proof. Suppose that > 0, the solution for /c < 0 being constructed in a similar 
way. We look for a solution of (4.1) of the form u{t^x) = OL{t)XB^{p){x) on some 
time interval (0,T). Then, we shall look for some z{t) G X(R^)i with ||z||oo < 1, 
such that 



u\t) = div{z{t)) (4.11) 

/ {^{i)^Du{t))= ( pw(0ll- (4-12) 

X 

If we take z{t){x) = — for x G ^^^(O), integrating equation (4.11) in BriO) we 
r 

obtain 

a\t)C^{Br{0))= [ div{z{t))dx= [ z{t)‘udn^-^ = -n^-\dBr{0)). 

JBriO) JdBriO) 



Thus 



and, therefore. 



a'{t) = - 



N 

r 



a{t) —k 1. 

r 



In that case, T must be given by T == — . 

To construct 2 : in (0,T) x (M^ \ ^r(O)) we shall look for 2 ; of the form 

X 

z = p(|k||)Tr^ such that div( 2 :(t)) = 0, p(r) == —1. Since 

IfII 



dW{z{t)) = Vp(||x||) • + p(||rc||)div j = /)'(||x||) + 

we must have 

N -I 

p'(s) + p(s) =0 for s > r. (4.13) 

The solution of (4.13) such that p{r) = — 1 is 

p{s) — . 

Thus, in \ Br{0), 
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Consequently, the candidate for z(t) is the vector field 

if X G Br{ 0 ) and 0 < t <T, 



z{t) := 



, £ 

r 

N-l 



—r 



!IAT 



if X G \ 5 r( 0 ), and 0 <t <T, 
if X G and t > T, 



and the corresponding function x) is 

u{t,x) = Xs^( 0 )(a;)X[ 0 ,T]W, 

where T = Let us check that u(t,x) satisfies (4.11), (4.12). If (p E V(R^) and 
0 < t < T, we have 



/ 



dzj{t) 

dxi 



ip dx 



-[ pdx+[ 

^ JBriO) JdBr{0) ^ ^ 



-f - 

JR^XBr^iO) 



d f ^x. 



Ikll 



N 



(f dx 






N—l 
r Xj 



—Xi~(p dH 
dBAO) ^ ^ 



N-l 



Hence 



— [ (f dx^ 

^ JBriO) 



/ div{z{t))(p dx ■■ 

Jr^ 

and consequently, (4.11) holds. Finally, if 0 < t < T, by Green’s formula, we have 
[ {z{t),Du{t)) = — [ div{z{t))u{t) dx = — [ ( A: — —t] dW{z{t)) dx 

Jr^ Jr^ JBriO) \ ^ / 

= [ (k-—t] — dx=(k-—t]—C^{Br{0)) 

Jb, 



S.(0) \ r j r 

k-—t]n 

r 



N- 



^{dBrm= [ ||Z?w(i)||. 

Jrn 



Therefore (4.12) holds, and consequently u{t,x) is the solution of (4,1) with initial 
datum uq — kXs^io)- D 



Lemma 4.3. Let Cl = Br{0) \ Br{ 0 ), 0 < r < R and uq = kX^. Then the unique 
solution u{t,x) of problem (4.1) with initial datum Uq is 

u{t,x) = sign(k) (|fc| - ^n(x) + (4-14) 
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t G [0,Ti], X G where Ti is such that 



(Per{Q) Per(5,(0))\ 

C^{Br{0)) j 



\k\ 



and u(t,x) evolves as the solution given in Lemma 4.2 until its extinction. 
Proof. Let ^ ^ R^ be the vector field defined as 

for X G 

.N_iR + r 






Then 



X 

r 



{Rr) 
^-1 
Ikll 



\N 









rN^ 



xeBji(0)\Br(0), 



N ' 



for X G R"^ \ Bh(0). 



< 1 . 



- K - P^dBrjo) 



on Br{0), div(^) = 



Per(f^) 

' In) 



on 



^h( 0)\B,(0), div(0 = 0 on R^\Br{0), and ^^jy^rio) = ^ dBr{Q), = 

-1 on dBR{0). Therefore, one can check that the solution u of (4.1) with initial 
condition uq — in [0,Ti] is given by (4.14). At t = Ti, the two evolving sets 
reach the same height and w(Ti, x) = some o; > 0. For t > Ti the solu- 

tion u is equal to the solution starting from aX^^(o) (^f time Ti) as it is described 
in Lemma 4.2. □ 



Remark 4.4. The above results show that there is no spatial smoothing effect, for 
^ > 0, similar to the case of the linear heat equation and many other quasilinear 
parabolic equations. In our case, the solution is discontinuous and has the minimal 
required spatial regularity: u{t ^ .) G BV{R^) \ W^’^(R^). 

Remark 4.5. The solution given in Lemma 4.2 also gives the explicit solution of 
the Dirichlet problem in any domain 0 such that ^^(0) C (see [15]). 

Remark 4.6. For the Neumann problem, we can also compute explicitly the evolu- 
tion of the characteristic function of a ball Br {p) when Q is a ball centered at p. To 
fix ideas, let p = 0, = Br{0) and uq{x) = /cX^^(o)? where 0 < r < R and A: > 0. 

Then we look for a solution of (2.1) of the form ii(t) = <^(^)Xs^(o)+/S(t)X5^(o)\Br-(o) 
on some time interval (0, T) defined by the inequalities a{t) > P{t) for all t G (0, T), 
and a(0) = /c, (3{0) = 0. As above, we look for some 2 ; G L^((0,T) x Br{0)) with 
Halloo < I5 such that 

a'{t) = div(z) in (0,T) x Br{0), (4-15) 



/3'{t) = div(2:) 






a;|| 



z ■ u = 0 



in {0,T)x{BR{0)\Br{0)), 
on (0,T) X aP^(O), 

on ( 0 ,T) X 9 Pfi( 0 ), 



(4.16) 
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and 



[ {z,Du)= [ ||£>u|| for all i € (0,T). (4.17) 

JEnm JBr(O) 



ibr{0) JBr{0) 

Proceeding as we did in Lemma 4.2 we compute 

r X 

r 

-r^AT \ 

r 



z{t,x) := I 



for X G Br{0), 



1 - 



j^N \ ^N-1 



rrll^ ) — r 



,N 



X for X G \ Br{0), 



and 



Nr 



N-l 



u{t,x) = (^k- Xs^( 0 )(a;) + _ j.N *^BnmBr{ 0 ){x) 

in (0,r) X Br{0), where T is given by 



'N r 

T{ —+N 
r 



N-l 



k. 



After time T the solution is 



N \ Nr^~^ 

u(t,x) = ( fc- -Tj Xs„( 0 )(a;) = _ ^n TXbr(o)(x) 



(4.18) 



and we may take as the corresponding vector field z{t,x) = 0. We leave as an 
exercise to check that u{t,x) is the solution of (2.1) in (0, oo) x Br{0) with initial 
datum uq{x). Exact solutions for the minimization problem with constraints (1.12) 
in with N = 1, 2, 3 have been given in ([186]). 



4.2 Some Qualitative Properties 

We shall prove that the length of the level curves of the solution is a decreas- 
ing function of time, as should be expected. We shall also prove that fiat zones 
which are local maxima (minima) immediately decrease (respectively, increase) 
with time. 

Recall that Ta^^(r) = min(max(a, r), 6), a, 6, r G M, a < 6. Let '0 : BV{W^) 

[0, +oo) be defined by 

0(u)= [ \\Dul ueBV{R^). 

Jrn 

Proposition 4.7. Let uq G L^(M^). Let u{t,x) he the strong solution of problem 
(4.1) with initial datum Uq. Then 

0(Ta,b(u(t))) < il;{Ta,b{u{s))) 

a.e. in s,t e (0,(X)), t > s and all a <b. 



(4.19) 
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Proof. Assume first that uq 6 Let J > 0 and t,s > S such that 

(u(t), — Ut(t)), (u(5), —Ut{s)) G S, where B is the operator introduced in the proof 
of Theorem 3.2. Let a, & G M. Assume that 0 < a < 6. We have 

[ {Tb{u{t)) - w)ut{t) dx < [ {z{t),Dw)- f \\DTb{u{t))\\ (4.20) 

for all w G BV{R^) D Using as test function w — a-\-T-b^a{u{t)), we get 

[ (Ta^b{u{t)) - w)ut{t) dx 
Jr^ 

<[ {z{t),Dw)P [ {z{t),DT^bA^{t)))- [ \\Dn{u{t))\\ 

Jr^ Jr^ Jr^ 

< [ {z{t),Dw)- [ \\DTaAu{t))\\ 

JRN JRN 

for all w G BV{R^) fl L^{R^). In a similar way, we have 

[ {TaAu{t))-w)ut{t)dx< [ {z{t),Dw)~ [ \\DTaAum\ (4.21) 

JRN Jrn J^n 

for all w G BV{R^) Pi L^{R^) and all a, 6 G M, a < 6. Setting w = Ta^bAA) 
(4.21) we have 

[ \\DTaAu{t))\\- [ \\DTaAu{s))\\ < [ Ut{t){TaAu{s))-TaAumdx. 

JR^ JR^ JR^ 

Using estimate (3.41) we may write 

f WDTMm - [ ||i?r„.(,(w(s))|| < |llt^oll2||Ta,i,(«(s)) - T,,b{um\2- 

JR^ Jr^ ^ 

Since a similar estimate holds with s and t interchanged, we have 



[ \\DTa,b{n{tm- [ PT„,,(t.(s))|| 

Jr^ Jr^ 



< -^\\Uoh\\Tad<^)) -TaAum\2- 



(4.22) 

Since u G IU^^4(0, T, L^(M^)), i.e, is a locally absolutely continuous function of 
time, then also TaAA is, and, from (4.22), we deduce that 'il){TaAA) is absolutely 
continuous in [0,T] for all T > 0. Let t G [0, oo) be such that u, 
are differentiable at t and (u(^), —Ut{t)) G B. Set w = Ta^6(u(^ + e)), w = TaAA^~ 
e)) in (4.21) to obtain 




(Ta,6(u(t)) 
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Letting e ^ 0+ we have 

^MTMt))) = - f < 0 . 

at J^N 

Hence, ^|J{Ta^b{'^{t))) is a decreasing function of time. In particular, for all s < ^ 
such that Ta^biais)) ,Ta^b{u{t)) G BV{R^), hence a.e. in s,t, s < t, we have 

^(T,,5(u(^)))<V^(T,,,(u(5))). (4.23) 

In particular, if u(0) G and Ta,b('u(0)) G BV{R^) for all a < b, then 

^jj{TMt))) < ^{Ta^bHm (4.24) 

almost everywhere in t G (0, oo), for all a <b. 

Now, let uq G L^(M^) and u{t) be the corresponding strong solution of (4.1). 
Let 5 > 0 be such that Ta^b{u{s)) G BV{R^) for all a < 6 (which is possible by 
the proof of Theorem B.15). Take s as the origin of time. Let u'^(s) G L^(M^) fl 
BV{R^) such that u'^(s) u{s) in L^{R^) and ||T)ra,6(u’^(s))|| \\DTa^b{u{s))\\ 

as n 00 , for all a < b. Let u^{t,x) be the strong solution of (4.1) with initial 
condition at t — s, u'^{s,x) — u^{s){x). Then u'^{t) u(t) in C([5, T], L^(M^)) 
for all T > s. Using (4.24) we have 

ij{Ta,b{u^m < ,/;{Ta,b{u^{s))) 

for almost all t G ( 5 , 00 ) and all a < b. Letting n — ^ 00 , we get 

i>(Ta^b{u{t))) < 'ip(Ta^b{u{s))) (4.25) 

for almost all t G (s, 00 ) and all a < b. Hence (4.25) holds for almost all G 
(0, 00 ), s <tj and all a < b. □ 

Lemma 4.8. Let g{t^X) G Lj^^{{0,oo) x M). Let A = {{s^t) G (0,oo) x (0, 00 ) : 
s <t}. Suppose that 

nb nb 

/ g{t,\)d\< / g{s,X)dX (4.26) 

J a J a 

a.e. in (s,t) G A and all a < b. Then 

< 5(s, A) 



a.e. in (s,^,A) G A x E. 

Proof. Consider the function G{s, t^ A) defined in A x E by 



G{s,t,X) =g(t,A) - 5 (s,A). 
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Let (50,^0 5 ^o) be a Lebesgue point of G. By assumption we know that for r > 0 
and almost all {s^t) G A, 

/ G{s,t, A) dX < 0. 

JXo-r 

Hence, 

rSQ-\-r rto+r /'Xo+r 

G{so,to,Xo)= lim , / / / G(s,t, X) dsdtdX < 0. 

Jso—r Jto—r J Xo—r 

Since almost all points of A x M are Lebesgue points of G, the lemma follows. □ 

Corollary 4.9. Let uq G Let u{t^x) be the strong solution of (4.1) with 

initial datum uq. Then, for almost all A G R, 

[ ll•DX{„(f)>A}|| < [ ||i^X{„(s)>A}|| (4.27) 

JR^ Jrn 

a.e. in s,t e (0,(X)), ^ > s > 0. 

Proof. Let g{t, A) = By Proposition 4.7 and the coarea formula, 

g satisfies the assumptions of Lemma 4.8. Then the conclusion follows from that 
lemma. □ 

Note that 



Jr^ 

where d*{u{t) > A} is the reduced boundary of the set {a; G : u{t) > A} 
(see Theorem B.26). 

Next, we prove that flat zones which are local maxima (minima) immediately 
decrease (respectively, increase) with time. 

Proposition 4.10. Let uq G BUG{R^) fl L^(M^), X e R be such that {x G R^ : 
uq{x) = X} = K C B for some ball B and uq{x) < X on dB. Let u be the entropy 
solution of problem (4.1) with initial datum uq. Then u{t,x) < X, for all t > 0 
small enough, x e B. 

Remark. If A = max^^^jv uo{x) and uq{x) < X for all x ^ B, then we have that 
u{t, x) < A, for all t > 0, and all x e B. 

We shall use a comparison principle for the Dirichlet problem together with 
explicit supersolutions to prove Proposition 4.10. 
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Proof. Without loss of generality we may assume that B — Bn{0). Let U{x) = 
min(^(||x||), A) where g G g{r) > 0, g\r) < 0, for r > 0. Assume that 

g{0+) > 1, g{R) < X. Assume also that sup^^^^^-uo < g{R) and uq{x) < U{x) 
for X E B. We observe that u G C([0, T], for all T > 0, when uq G 
BUC{R^) n L\R^). For that, assume that uq E BUC{R^) H Then 

u{t) E BUC{R^) n for all ^ > 0. Indeed, we know that the solution Ue 

of 



u(0, x) = uq{x) in X E R^ (4.29) 

converges in L^(R^) to the strong solution of (4.1) (see [177]). By the maximum 
principle, we have 

II "^e(^) lloo^ll ^0 ||oo • 

Now, using the Bernstein method as in [7], it is easy to see that 
||Vue(0lloo < llV'Uolloo, for all t > 0. 

Letting e ^ 0 we obtain that the previous estimates also hold for u{t). Then it 
follows that u{t) E BUC{R^) fi VF^’®°(R^) for alH > 0 with Lipschitz constant 
||Vuo||oo- On the other hand, since B is m-completely accretive in L^{R^), 
B n (L^(R^) n L^(R^) X L^(R^) n L^(R^)) generates a strongly continuous 
semigroup in L^(R^) fi L^(R^). Consequently, u is a continuous function in 
{t,x). Now, let Uq E BUC{R^), and u{t^x) be the corresponding strong solution 
of (4.1). Let uon e Bf7C(R^) n W^’^(R^) be such that uon txo in BUC{R^) fl 
]|^i,oo(rA^) ^ ^ jf ig entropy solution of (4.1) with initial datum 

uon, then E BUC{R^) fl W^’^(R^) converges to u in C([0, T], 57/C(R^)) as 
n oo. Therefore, u E C{[0,T], BUC{R^)). 

Since u{t,x) is a continuous function of (t,x), for some T > 0, we have that 
u{t,x) < U{t^x) for all t E [0,T], x E dB. Let us prove that u(t^x) < U{t,x), for 
all tG[0,T] , X E B, where U{t,x) is the solution constructed in Proposition 4.1. 
Since u is a strong solution, there exists z{t) E X(R-^)i with || z ||oo< 1 such 
that 

ut{t) = div(z(t)), a.e. t E [0,T] (4.30) 

and 

f {z{t),Du{t)) = [ \\Du\\, a.e.tE[0,T]. (4.31) 

Jrn Jrn 

On the other hand, using the notation of Section 4.1 we have 



Ut = div(Z(t)) in B, a.e. t E [0,T]. 



(4.32) 
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Let p eV, p e C^(R). Multiplying (4.30) and (4.32) by p(u{t) — U(t)), taking its 
difference, and integrating in B, we obtain, after integration by parts. 



p{u(t) - - Ut{t))dx 



(z(t) - Z(t),Dp(u(t) - U(t))) + [ [z{t) - Z{t),u]p{{u{t) - U{t)). 

JdB 



Working as in the proof of Theorem 2.8, we have that 



- [ {z{t) - Z{t),Dp{u{t) - U{t))) < 0. 

JB 



Since u{t) < U{t) on dB, t G [0,T], if we take p converging to sign“^, it follows 
that 



jJ^{u{t)-U{t))+ <0 foriG[0,T]. 



Since uo{x) < U{x), it follows that u{t,x) < U(t^x) < X fort G (0,T], x G B. □ 



4.3 Asymptotic Behaviour 

We shall study the asymptotic behaviour of the solutions of 

in Q = (0,oo) X 

(F) ^ \\Du\J 

u{0,x) = uo{x) in X G 

for bounded initial data with compact support. The main goal will be to describe 
the behaviour of solutions of (P) near the extinction time (we shall prove that 
it is finite). We shall prove that this behaviour is described by a function which 

is a solution of an eigenvalue problem for the operator — div cind we shall 

describe the solutions of this eigenvalue problem in the radial case. Moreover, we 
point out other qualitative properties which are peculiar to this special class of 
quasilinear equations. For instance, there is an infinite “waiting time”, i.e., there 
is no propagation of the support of the initial datum. 

The main result in this section is the following. 

Theorem 4.11. Let Uq G L^(M^) with support contained in a ball B of radius 
R> 0 and let u{t,x) be the unique solution of problem (P). Then supp(i^) C B. 
7/T*(uo) = inf{t > 0 : u{t) — 0}, then 



T%uo) < 



||oo 

N 



(4.33) 
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Let 



w(t,x) := I 



u{t,x) 
T*{uo) - 1 



[ 0 



if 0<^<T*(ito), 
if t>r*(7io). 



Then, there exists an increasing sequence tn T*{uo) and a solution v* ^ 0 of 
the eigenvalue problem 



— div 




= V 



in 



(4.34) 



such that 

lim w{tn) = V* in L^(E^) 

n—^oo 

for all 1 < p < oo. Moreover v* is a minimizer of ^(-) — in BV{R^) fl 

where ^ is the functional defined by 3.7. 

Notice that Theorem 4.11 improves a previous result proved in [129] showing 
that the solutions of the Dirichlet problem stabilize as t ^ oo by converging in 
the L^-norm to zero. 



Lemma 4.12. Assume that Uq G has its support contained in a ball B 

of radius i? > 0 and let u(t,x) be the unique solution of problem (P). Then, 
supp{u{t)) C B for all t>0 and we have 



h(t)IL < f (3^ - ( 

Thus, ifT*{uQ) = inf{t > 0 : u{t) = 0}; then 

-^11 ^0 II oo 



T*K) < 



N 

u{t,x) := ^ -t] Xb{x), 



Proof. Take 

TJ( f 'r') •= , 

R\ N 

and use the comparison principle (2.8) to conclude that 

-u{t) < u{t) < u{t), 

and (4.35) follows. 



(4.35) 



(4.36) 



□ 



Remark 4.13. The above result could be compared with what happens in the 
study of the parabolic problem associated to the p-Laplacian operator. Consider 
the Cauchy problem for the p-Laplacian: 

(P ) I ^ {\Du\^~‘^Du) in Q = (0, oo) x 

\ u{0,x) = uo{x) in X G R^, 
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with 1 < p < oo. It is well known (see [93], [94], [132]) that if p > 2 then there is 
finite speed of propagation (i.e., if supp(i^o) C Br{0 , ), then the solution of problem 
(Pp) satisfies that supp(u(^)) is a compact set for any t > 0, but, if 1 < p < 2 
and uq > 0, uo ^ 0, then u{t) > 0 or u{t) = 0 in for all t > 0 ([94], [132]). 
Observe that (P) can be considered as the limit case p = 1 of problem (Pp) and 
the above result shows that there is no propagation of the support of the initial 
datum (or equivalently, there is an infinite waiting time). Finite time extinction 
of the solutions of (Pp) when < p < 2, N > 2, was proved in [31], and, 
for 1 < p < in [131] (see also [197], [24]). The same approach also proves 
the finite time extinction of solutions of (P) (see inequality (4.44) in the proof of 
Lemma 4.15). 

Lemma 4.14. Assume that uq G has compact support contained in a ball 

B of radius R> 0 and denote by u{t) the solution of problem (P)(at time t) with 
initial datum uq. Then we have that 

N 

\\u{t)\\^ > ^(T*(^o) -t) for 0 < ^ < T*(^o). (4.37) 

Proof. Take k > 0, such that ^ = T*{uq). By Lemma 4.2, we know that 

, , N (kR y , , 

-ij ^b{x) 

is the solution of problem (P) with initial datum vq = kXs- The proof of (4.37) 
follows from the inequality 

||'^(^)||l°°(E^) ^ lb(0llL«=(R^)- 

By contradiction, suppose there exists 0 < to < T*(uo) snch that 

N(^o)||l«=(M^) < 1I'^(^o)||l°°(M^) 

and let e > 0 be such that 

IK^o)||l~(e~) < ib(io)||L~(R'^) - e = k- ^ - e = /ci. (4.38) 
Consider now the functions 

, , N /kiR y , , , , N (kiR , 

^ Xb{x), -tj Xb{x). 

By (4.38), we have that -^ 2 ( 0 ) < u(to) < vi(0). Hence, by Proposition 3.5, it follows 
that V 2 (t) < u{to + ^) < vi{t). Hence, 

T*{u,) -to= T*{u{to)) <^ = |(fc-^-€^= T*{uo) 

which is a contradiction, and the proof concludes. □ 
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To study the behaviour of u{t) near the finite extinction time T"^{uq), we 
follow the method introduced in [47] (see also [95]) . Before giving the proof of 
Theorem 4.11, we establish lower and upper bounds on the rate of decay of \\u{t) ||iv 
and ||u(^)||oo 5 respectively. In order to get the upper bound, observe firstly we use 
the homogeneity estimate proved in Proposition 3.13. 

Lemma 4.15. Assume that uq G has support contained in a ball B of 

radius R> t) and let u{t,x) be the unique solution of problem (P). Then we have: 

(i) There exists a constant C independent of the initial datum, such that 

||^(^)||iv > C{T*{uo) -t) for 0 < ^ < T*{uo). (4.39) 

(ii) Given 0 < r < T*(wo), we have 

imoiloc < for r<i<r(uo). (4.40) 

r 

Proof, (i) By Theorem 3.2 there exists z{t) G X(lR^)i, ||2((i)||oo < 1, satisfying 

/ {^if)^Du{t))= j \\Du{t)\\, (4.41) 

Jr^ Jr^ 

- ( {w - u(t))u' (t) dx < f {z{t),Dw) - [ ||Z)u(^)|| (4.42) 

JR^ JR^ JR^ 

for every w G BV{R^) 0 L^(R^). Let q > I, and (p{r) := |r|^“^r. Then, taking 
w = u{t) — (f{u{t)) as test function in (4.42), it yields 

/ ip{u{t))u' {t) dx < — / (z{t), D(f{u{t))). 

Jr^ JrN 

Now, by Corollary C.16 and having in mind (4.41), we have 

[ {z{t),D(f{u{t))) = f e{z{t),Dip{u{t)),x)\\Dcp{u{t))\\= f \\D<fi{u{t))\\. 

Jr^ Jr^ Jr^ 

Consequently, we get 

-^4/ \u{t)\'^+^dx+ f ||Z?<^(u(i))|| <0. (4.43) 

q + I cLt J^N 

We denote v{t){x) := (p{u{t)){x). By Sobolev’s inequality for BV functions 
(Theorem B.18) we obtain that 



llk(^)l^llL^/^-i(]R^) = lb(^)llL^/^-i(K^) - ^ 
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Therefore, from (4.43), we obtain that 
1 d 



qp 



iJtL ^iiKoniL-/-M«-) < 0- 



Then, taking q = N — 1, we get 

/ kwr 

Jur^ 



d 

dt 



+ 



N 

C 



I kwr 

Jrn 



N-l 

N 



< 0 . 



Hence 



_d 

dt 



[ Kor 






(4.44) 



(4.45) 



Then, given 0 < ^ < T*(uq), integrating (4.45) from t to T*{uq) we obtain (4.39). 
(ii) Since, u{T*{uq)) = 0, from Proposition 3.13,ift>r>0, we get 

pT*{uo) 



u(t^x) 



T*{uo)-t 



\u{T*{uo),x) - u{t,x)\ 



1 



< 



T*{uq) - t 

cT*iuo) 2 



T*{uo) - 1 



i; 



u'{s) ds 



T*{uo) 



’o) -t Jt 



||wo||oo<is < -||wo|lc 
S T 



and (4.40) follows. 



□ 



Proof of Theorem 4.11. Since u{t) G BV{R^) for almost any t > 0, without loss 
of generality, we may assume that uq G BV{R^). We make a change of scale in 
time t = cp{r) so that (/9(+oo) = T*(iio). Let </?(r) T*{uo)(l — e"'^). Hence, if 
we define 



v{t) 



^(y’('r)) r 
T*{uo) ’ 



we have 

v\r) = u'{ip{r)) + v{t). 



Let ^ be the functional defined in (3.7). Since the operator is positively ho- 
mogeneous of degree zero, we have that 



(t?(r), —v'{r) -h v{r)) G for almost all r > 0. (4.46) 



Therefore, v{r) is a strong solution of the problem 

v'{r) -h 9^(t’(r)) 3 v{r). 

Let us see that there exists an increasing sequence Tn ^ Poo and a function t?* G 
BV{R^), such that limn-^oo in L^(M^), which implies the existence of 

an increasing sequence tn — > T*{uq) such that limn-^cx) '^{tn) = in L^(R^). 
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First, observe that, using (4.40), we have 

l|v(r)||oo = for all r > tq > 0. (4.47) 

On the other hand, by (A. 35), we have 

{v{r)) = {—v\t) v{t),v\t)) = — [ v'{T)‘^dx-\- [ v{r)v'{r) dx^ 
dr J]^N J^N 



i.e.. 



^( [ -If v{Tfdx\ = - f v'irfdx < 0. (4.48) 

\Jrn ^ jRN j 

Integrating from 0 to r we obtain 

f ||L)^;(r)|| — ^[ dx < f ||Dt?( 0 )|| — jif ^(0)^ dx V r > 0. (4.49) 

Jm^ 2 J^N J^N 2 J^N 

Since the support of v is contained in 5, estimates (4.47) and (4.49) prove that 
{v{t) : r > 0} is bounded in BV{R^). Having compact support in H, by 

Theorem B.21, {v{r) : r > 0} is relatively compact in L^(R^) for 1 < p < 
and consequently, there exists Tn oo and v* G L^(E^) fl BV{R^) such that 
y{'J~n) y* in L^(R^). Moreover, by (4.47) we can assume that v{Tn) y* in 
L^{R^) for all 1 < ^ < 00 . On the other hand, by (4.39), we have that 

ll^(^)||v > C' V r > 0. 



Then, we get v* 7 ^ 0. 

Finally, let us prove that i;* is a solution of the stationary problem (4.34) 
which minimizes ^(-) — (*,'i;*)in BV{R^)C\L‘^{R^). Let (T(^))t>o be the semigroup 
in L^(R^) generated by 9^ — I. Then, we prove that T{t)v* = v* for all t > 0. In 
fact, by (4.48), we have 




drdx < f \\Dv{t)\\-\-^ f v{s)^ dx < M 



(4.50) 



for all 0 < ^ < s. Now, 



r rt+Tn ^ r rt-\-Tn 2 

lb(^ + Tn) - t^(Tn)||2 = / / y\s) ds dx<t / \y\s)\ dsdx, 

JR^ Jrr^ JR^ JTr, 



hence by (4.50), it follows that there exists ^ 0 such that 



\\y{t + rn) -y{Tn)\\l < ten 



\/ neN. 



(4.51) 
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Fix t > 0. Then, since v(t) = T{t) ? we have 

||T(i)i;* - t;*||2 < \\T{t)v* - v{t + r„)||2 + + r„) - v(r„)||2 + IbCrn) - v*H2 

< e* ||v(r„) - z)*||2 + + r„) - v(r„)||2 + ||i)(r„) - v*\\ 2 , 



and, having in mind (4.51), it follows that T{t)v* = v*. Thus 0 G d"^{v*) — t?*, in 
other words, r’* minimizes ^(-) — in BV{R^) fi L^(R^). □ 



Remark 4.16. Using the same techniques as before, similar results can be proved 
for the Dirichlet problem for the total variation flow in a bounded domain (i.e., 
for the problem (5.1) with (f = 0), see [15]. 



4.3.1 Solutions of Problem (4.34) in the Radial Case 

In Theorem 4.11 we have shown that the asymptotic profile of the solutions 
of problem (4.1) are solutions of problem (4.34). In this section we are going to 
study this class of solutions of problem (4.34) in the radial case. To do that one 
of our tools is the decomposition of any set of finite perimeter into M-connected 
components given in [9] (see Section B.7). 

Proposition 4.17. Let v be a solution of problem (4.34) which is a minimizer of 

^(•)-(*,^) znBU(R2). 

(i) Assume that v > 0 has compact support contained in a ball B . Then, 

for almost all k > 0, the M-connected components of [v > k] := {x € : 

v{x) > k} are convex. 

(ii) Assume that v > 0 is a radially symmetric function and it has compact 
support contained infl = Bn{^), R> t). Then, for almost all k eR, the M- 
connected components of[v > k] are convex and consequently, v(x) = 5r(|lx||), 
where g is a decreasing function of r > 0. 

Proof, (i) Let k be such that [v > fc] is a set of finite perimeter in R^. Let Xi{k), 
i G /, be the M-connected components of [v > k] ([9], Section B.7). Let co(Xi(k)) 
be the convex envelope of Xi(k), i £ I. Let A{k) = Ui^ico{Xi{k)). Now, observe 
that if A: > A;' are such that [v > k], [v > A:'] are sets of finite perimeter in 
R^, then ^(A:) C ^(A;') (modulo a null set). Indeed, since k > A;', we have that 
Xi{k) C Xi{k') (modulo a null set), and, hence, also co{Xi{k)) C co{Xi(k')). 
Thus, A(k) C A{k'). Let w be the function such that [w > k] = A{k) a.e. for 
almost all A: G R ([9], Section B.7). Since [v > k] C A(k) for almost all A: G R, we 
have that v <w. Now, since {d^ co{Xi{k))) < H^{d^ Xi{k)), using the coarea 

formula, we have that 
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Hence, w G BV{R‘^). Now, if for a nonnull set AT of fc G E, Xi{k) is not convex, 
we have that co{Xi{k))) < H^{d^ Xi{k)), then 

/ \\Dw\\ < [ \\Dv\\. 

Jr2 J^2 

Therefore 

I ||T>i(;|| - f wvdx< I ||jD^;|| — / dx, 
and V cannot be a minimizer of ^(-) - (*,?;) in BV{R^). 

(ii) In this case the proof is similar to the one of (i). Since almost all upper level 
sets of V have convex M-connected components and v is radially symmetric, this 
implies that, for almost all A; G E, [t’ > A:] is a ball centered at 0. Thus, we have 
that v{x) = ^(|ia:||) where ^ is a decreasing function of r > 0. □ 

By Proposition 4.17, we know that the positive radial solutions v of (4.34) 
with compact support contained in = Br{0), i? > 0, are of the form v{x) = 
^(||a;||) for some decreasing function g{r). By modifying, if necessary, in a set 
of measure zero, we may assume that g is upper semi-continuous in [0,i?]. Con- 
sequently, the set [i; > A:] = {x G E^ : ||x|| < /(A:)}, where / is the decreasing 
function f{k) := sup{r G [0,+oo[ : g{r) > A:}, k G [g{R), g{0)]. Moreover, since 

Per([u > A:]) = Per({x G B{Q,R) : ||xl| < /(fc)}) = 2irf{k), 



f{k) can be identified as 



f{k) = > k]). 



Let us prove that 

Per([u > A:]) f v{x)dx k e]g{R),g{0)]. (4.52) 

J [v>k] 

Indeed, since v is a solution of (4.34) there exists 2 : G X(E^)i satisfying: v = 
— div(z) in D'(E^) and J^ 2 {ziDv) = ||Di;||(E^). Hence, if A: > g{R)^ using Green’s 
formula we have 



/ vdx-^ / vX[y>k^dx = - div{z)X^y>k]dx / (2:, DX[^>fc]). 

J[v>k] Jr2 J^2 J^2 

Now, by the coarea formula, we have 

r \\DX[,y,]\m^)dt = f ||Dt;||= / {z,Dv) 

Jo Jr 2 7r2 

= - div{z)vdx= / / —div{z)X^yytjdxdt 

o/r2 Jo o/r2 

poo p poo 

= / {z,DX[y>^)dt < / ||Z?X[„>(]||(R^)rfi. 

Jo JR 2 Jo 
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It follows that 

[ {^,DX[yyt])= [ \\D^[v>t]h 

J^2 

and, consequently, (4.52) holds. 

On the other hand, since 0 < v{x) = 5'(||^||) and g is decreasing, we have 

that 





dt dx 



r rg{^) rai^) 

/ {k+ X^yy^{x) dt) dx = k\[v > k ]\ / \[v>t]\dt 

J[v>k] Jk Jk 



Then, a.e. in k e [g{R),g{0)], we have that 



^Per([i; > k]) == k^\[v > ^]|, 
which, written in terms of f{k) is 



i.e., 

|/W = W)|/W. 

Consequently, we have that either f{k) = ^ or f'{k) = 0 for almost all k G 
[g{R) , g{0)]. Since / is a (pseudo) inverse of g, in terms of g this gives that either 
g(^r) = - or g'{r) = 0, a.e. in r G (0, R). Summarizing, we have proved the following 
result. 



Corollary 4.18. Let uq > 0 be a radial function with compact support in Br{ 0), 
R> 0. Ifv* is the asymptotic profile of the solution of (P) with initial datum uq, 
then there exists a decreasing function g : [0,i?] — > [0, ||^/o||oo] satisfying g{r) = ^ 
or g'(r) = 0, a.e. in r e (0, R), such that v*(x) = ^(||x||). 

The computations leading to Corollary 4.18 also hold in R^, N > 3, and a 
result similar to this could be stated. 



Proof. The result follows as a consequence of the above computations having in 
mind that, since uq is a radially symmetric function, we have that v* is also a 
radially symmetric function. □ 

Let us give some examples of radial explicit solutions. 
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Proposition 4.19. The function 



u(x) 



Per(5^(0)) 






is a solution of (4.34). 



Proof. Working as in the proof of Lemma 4.2 it is easy to see that u is a solution 
of (4.34) whose associated vector field is 



z{x) 



—X 

r 



„N-1 



ll^ll 



N 



if X e Br{0), 
if xeR^\Br{0). 



n 



Examples of oscillating solutions. Let 0 = i?o < < • • < Rp < Rp-\-i = +oc, 

so that Brq{0) = 0, Br^_^^{0) = R^. Set for simplicity Bf := Br.{0), for i = 0, . . ., 
p + 1. Let Qi := Bf \ i = 1, . . . ,p+ 1. Let ai, . . . , a^+i be real numbers such 

that Oi Ui-i, Oi / i — 2, . . . ,p, and ap+i = 0. Let u Y^i=i We 

claim that choosing appropriately we have that iZ is a solution of (4.34). To be 
more precise, we say that we have specified a qualitative ordering of ai, . . . , a^j^i 

if ai is above 02 (i.e., a\ > 02 ) or below 02 (i.e., a\ < 02 ), U 2 is above or be- 

low a 3 ,...,ap is above or below a^+i. Then, for each qualitative ordering of 
ai, . . . , ttp+i, the values of ai, . . . , can be uniquely specified so that u is a 
solution of (4.34). This will be a consequence of the following observations. 



If (ifc, 2 ;), with u — is a solution of (4.34), then integrating div(z) 

in Bi we get 




z • 1 / 



Bi 



dB} 



= 6iFeT{Bi) 



(4.53) 



where Ci := sign(af+i — Oi). Now, integrating (4.34) in 0^ and using (4.53) we 
obtain 



ei-iPer(Bi-i) - e^Per(^i) 



(4.54) 



where Per{Bo) = 0 and C^{Bo) = 0. 



If Br := Br{0)^ we recall that the vector fields ^{x) := ^ and z{x) := Rj^^ 
satisfy 

X 



respectively. 



PeriBn) . 

-div(^) = m Br, 



-div(z) = 0 in IR2 \ Br, z\sbr = 



kir 



The following lemma follows by a simple computation and we shall omit its 
proof. 
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Lemma 4.20. Let 0 < r < R. The vector field 



satisfies 



^ ^ + {R-r) ii^p ) 



j. Per(Bfi) - Per(S^) . ^ 

^^WiBnTWm 

The vector field 

C’^ix) ■- ({R + r) 

satisfies 



.AT 



N-1 r>N-l 

T n ^^N-l I ^A^-1' 



Ikll 



N 



-{R^-^+r^-^) 



RN _rN 



> C^{Bn) - CN{Br) 



in BR\Br 



^ ibii’ ibir 



The vector field 



t’~{x) ■■= {R^-^ + r^~") -{R + r) 



rN-^RN-i 



R^-r 



N 



satisfies 



) c^{BR)-C^{Br) 



in Bft\Br 



V’ IoBr = 11^’ ^ = - I 



The vector field 



^+’+{x)= R^~^ -r’^~'^ +{R-r) 



^N-ljiN-l 



satisfies 



IN / ^JV 



Per(SH) - Per(5^) d \ ~d 

’)— rN^iD \ rNtr>\ Bji\Br 



rN 



£^{Bn) - C^{Br) 



X 

w 



In all cases |l^^’^||oo ^ 1- 




4.4. Evolution of Sets in The Connected Case 



103 



Finally, let us check that given a qualitative ordering of ai, . . . , Up-^i there is 
a corresponding solution of (4.34) of the form u = First we observe 

that once we have specified ci, the value of ai is given by a\ = — ei ] ♦ Thus, 

it will be sufficient to check that given three consecutive values a^-i, a^, Ui^i with 
their qualitative ordering, we can uniquely determine the value of a^. For simplicity 
let us call these values ai,a 2 ,U 3. Let us prove the compatibility of the values of 
<^1, given by (4.54) with its qualitative ordering, if this is specified in advance. 
There are four cases to be considered: (i) ^3 < tt2, ai < a2, (ii) as < a 2 , ai > 

(iii) as > tt2, ai > a2, (iv) as > ^2, 0.1 < ^^2- 

Assume that we are in case (i). Then ci = 1 and 62 = -1. Then, by Lemma 
4.20, we have 



_ eoPer(Bo) - Per(Bi) _ Per(^2) + Per(Bi) 

_ -Per(S2) - £3Per(B3) 

£^(53) - £^(B 2 ) ■ 

Independently of the values of €q, €3 € {+1,-1} we have 

Per(Bo) - Per(gi) -Per(g2) + Per(B3) 

ai _ {B2) 



< tt2. 



Thus, the value of a 2 is consistent with the qualitative ordering specified in ad- 
vance. The other three cases can be checked in a similar way. Thus, having speci- 
fied the qualitative ordering of ai, . . . , the values of Ci are given, and formula 
(4.54) gives the corresponding value of ai. We have checked the consistency of this 
choice. In that case, u = is a solution of (4.34). 



4.4 Evolution of Sets in The Connected Case 

Throughout this section, as well as in Sections 4.5, 4.6, 4.7, we take N = 2. 
Let B CR‘^ he an open set; we say that OB is of class if dB can be written, 
locally around each point, as the graph (with respect to a suitable orthogonal 
coordinate system) of a function / of class C^ with Lipschitz continuous gradient, 
and B can be written (locally) as the epigraph of /. If dB is of class we 
denote by hCds the ('H^-almost everywhere defined) curvature of dB. 

Let 0 C be a bounded set of finite perimeter. We set 

An := where |f2| = £^(f2). 

We want to study when the function 

u{t, x) := (1 - Xat)'^ X.a{x) 

is the entropy solution of (4.1) and (3.2) when we choose uq = Xu. 



(4.55) 
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Remark 4.21. The function u defined in (4.55) is the solution of (4.1) with u(0, x) — 
Xq{x) if and only if the function v := Xq satisfies the equation 



-div 



Dv 

W\ 






(4.56) 



i.e., if and only if there exists a vector field ^ G L^(M^;]R^) such that |l$||oo < 1? 

-div(^) = X^v (4.57) 



and 

[ {^,Dv)= [ \\Dv\\. (4.58) 

With a little abuse of notation, we also write that the pair {v, ^) is a solution 
of (4.56). 

It is clear that ii v is a solution of (4.56), then Xqv is a solution of (4.34). 

If Xq is a solution of (4.56) and C is a connected component of fi, using (4.57) 
and (4.58) it follows that 

Ac = Aq. (4.59) 

Definition 4.22. Let C be a set of finite perimeter. We say that ft is 
— calihrable if there exists a vector field ^ E^ with the following properties: 

(i) e and div(^^) ^ 

(ii) 1^^ I ^ 1 almost everywhere in 

(iii) div(^^) is constant on Q; 

(iv) ^(^Q , -DXq,x) = —1 for H^-almost every x G 9*^1. 

We say that Q is P calihrable if there exists a vector field : E^ — ^ E^ 
satisfying properties (i), (ii), (iii), and such that ^(^^, —DX^^x) = 1 for Ti^-almost 
every x G 

Heuristically, condition (iv) says that the inner (resp. outer) normal trace of 
(resp. of ^+) is 1. 

It is clear that Q is -calibrable if and only if is + calibrable (it is sufficient 
to define := -^^). Moreover, if is bounded and -calibrable, the constant in 
(iii) equals -A^, i.e., -div(^^) = A ^2 on Q. 

The following remark should be compared with (a) of Proposition 4.31. 

Remark 4.23. Let O C E^ be a bounded set of finite perimeter which is —calibrable. 
Then 

Per(fi) ^ Per(i:>) 

\n\ - \D\ 



\/D C fl, D oi finite perimeter. 



(4.60) 
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Indeed, 

Id 

Remark 4.24. Let H C be a bounded set of finite perimeter. Assume that ft is 
— calibrable and that \ H is +calibrable. Define 



?:= 






R^\n 



on ft, 
on \ ft. 



Then ^ G 



and div(^) G 



Lemma 4.25. Let ft C 



be a bounded set of finite perimeter. Then u := Xq is 



a solution of (4.56) if and only if ft is —calibrable with — div(^^) = in ft and 
R‘^\ft is -\- calibrable, with div(^^ 2 \^) = 0 m \ fl. 



Proof. If is a solution of (4.56), then := ^ satisfy (i)-(iii) of 

Definition 4.22. Moreover, by (4.58) and (C.12), 

[ e{^^,DXn,x)dn\x) ^PeriQ.) = [ -DXu2\Q,x)ctH\x), 

Jd*n Jd*n 

so that (iv) of Definition 4.22 is satisfied. Conversely, it is enough to define ^ := 
and to use Remark 4.24 to check that (X^, ^) solves (4.56). □ 



We are precisely interested in characterizing the sets of Lemma 4.25. The 
following theorem gives an answer to this question, under the additional assump- 
tion that ft is connected; thanks to Remark 4.21, we can characterize those sets ft 
such that the function u in (4.55) is the solution of (4.1) and (3.2) with uq = Xq. 
In Theorems 4.40 and 4.42 of Section 4.5 we consider the general situation. 

Theorem 4.26. Let C be a bounded set of finite perimeter, and assume that 
C is connected. The function v := Xc is a solution of (4.56) if and only if the 
following three conditions hold: 

(i) C is convex; 

(ii) dC is of class 

(iii) the following inequality holds: 



ess sup Kdc{p) < 

pedc 



Per(C) 

IC-I 



(4.61) 
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To prove Theorem 4.26, we need several intermediate steps. We start with 
the proof of the implication 

Xc solution of (4.56) => (i)-(ih) hold, (4.62) 

which will be given after Lemma 4.35. 

Given any set D C we define 

Dp :=\^ {Bp : Bp open ball of radius p contained in C} , 

where p > 0 is small enough such that Dp is nonempty. 

The result of the next lemma, without an estimate on the curvature, is proved 
in Proposition 2.4.3 of [134]. Since in the following the estimate on the curvature 
plays a crucial role, we need to include the proof. 

Lemma 4.27. Let C be a bounded open convex set. The following conditions 
are equivalent: 

(a) there exists p > 0 such that C = Cp; 

(b) dC is of class ant/ ess sup (p) ^ ~- 

pedc P 

Proof, (a) ^ {b). Assume that C = Cp for some p > 0 and fix a point z G dC. 
Up to a translation and rotation of coordinates, we can suppose that 2 : = 0, that 
dC can be written, in a neighborhood of 0, as the graph P /, with respect to the 
x-variable, of a nonnegative convex function / vanishing at 0 (therefore the open 
epigraph of / coincides with C in a neighborhood of z). Since C = Cp, the open 
ball of radius p contained in the epigraph of / and tangent to T/ at (0, 0) lies 
locally above /. Therefore we can choose a parabola tangent to Ty at (0, 0), lying 
locally inside the epigraph of / and above the ball, whose graph has curvature at 
zero equals to ^ Precisely, for any e > 0 sufficiently small there exists (^ > 0 

such that f{x) < -f- 6^ for any |x| < S. It follows that / is differentiable at 

X = 0 with /'(O) = 0, i.e., dC is differentiable at 2 :. Therefore dC is differentiable 
at any point. Since dC is convex and differentiable at any point, it follows that 
dC is of class C^. 

Let us now prove that dC is of class The idea is the same as before, 
but now we need a family of parabolas locally above /, passing to an arbitrary 
point {tj{t)) for |/| < 5 and tangent (at the same point) to Py. It will follow that 
dC is locally an infimum of parabolas with second derivative larger than ^ (up to 
e). Precisely, as C = Cp, given 6 > 0 sufficiently small and possibly reducing S, we 
have 
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where a{t) := t - “ {2/p)\-4e / G so that a 

and b are well defined). Since 

f = inf Si on \x\ < S, 

\t\<s 

and since (j>t are semiconcave with semiconcavity constant equal to ^ + e for any 
\t\ < S, it follows that / is semiconcave on [—5, S] with semiconcavity constant equal 
to ^ + e. Hence / is of class (7^’^ in [— 5] and /" < ^ + f almost everywhere in 

[—(5, 6]. Therefore dC is of class and, since e is arbitrary, esssup^^^^^ f^dc{p) < 
1 

p' 

The implication (5) (a) is a particular case of [38, Lemma 9.2], with the 

choices P — C, 0(6, C 2 ) = + ^2 \ — p. □ 



Remark 4.28. If condition (a) of Lemma 4.27 holds, then C = Ca for any a G [0, p], 
since any ball Bp of radius p is the union of all balls B(j of radius a G [0, p] contained 
in Bp. 

Lemma 4.29. Let a, 6 G R, a < 6, A > 0 and G\ : b]) — > R 6e defined as 



G\{u) := [ y/l + (w'(s))2 - Xu{s) dH^{s) 

J\aM 



(4.63) 



Assume that there exists a function u\ G iJo([a, 6]) whose graph is contained in a 
translation of dBi_. Then u\ is the unique minimizer of G\ in Hl{[a,b]). 



Proof. It is a particular case of [38, Lemma 8.4] with the choice 0(6^6) — 

V^re2- □ 

Lemma 4.30. Let O C R^ be a bounded set of finite perimeter. Assume that R^ 
is 4-calibrable. Then div(^^ 2 \^) = 0 on R^ \ fl. 

Proof. Let for simplicity ^ := Let > 0 be such that Br D Q and let U 

be the unbounded component of R^ \ Q. By assumption we have that div(6 = 
onU n Br for some real constant a. Using (C.12) and the properties of ^ (see (ii) 
and (iv) of Definition 4.22) we have 

-2ttR -h Per({7) < / div(0 dx < 2 ttR + Per(U). 

JUnBa 

If we denote by A the (finite) measure of the union of all connected components 
of R^ \ n contained in Br, it follows that 

-2ttR + Per(U) ^ _ JudBr ^ 2ttR + Per(U) 

ttR^ - | 0 | - a - ^ “ {UhBrI - 7rR^-\n\-X^' 

Letting R +cx) we deduce a = 0. □ 
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Proposition 4.31. Let Q C be a hounded set of finite perimeter which is 
— calibrable and such that R‘^\Q is Pcalibrable. Then 

(a) the following relations hold: 

yD C D of finite perimeter; (4.64) 

a 2 u 2 rn D 

(b) each connected component of ft is convex. 

Proof. Let ^ G ||^||oo < 1 be the vector field defined by ^ + 

By Remark 4.24 we have that div(^) G L^(R^). Let D C be a set 

of finite perimeter. Using Lemma 4.30 and the fact that — div(^^) = on Q, we 
have 

- I X/)div(^) dx = - j X^XDdiv{^) dx = Xq j XfinD dx = H D\. 

7 e 2 J^2 J^2 



Hence 

A^7|f2n jD| < Per(D), (4.65) 

and (4.64) follows. 

Moreover from (4.65) it follows that 

Per(f2) < Per(D) VD ^ Q, D of finite perimeter. 

We conclude that each connected component of f2 must be convex. □ 

Definition 4.32. Given A G R we define the functional G\ as 

Gx{D) := Per(D) — A|i)|, C R^, D of finite perimeter. 

Proposition 4.33. Let C be a bounded open convex set, and assume that C is 
— calibrable. Then dC is of class 

Proof. Set for simplicity ^ := -G and recall that div(^) = Ac on C. For any 
A > Ac and any finite perimeter set B strictly contained in C we then have 

Qx[B) > [ (div(0 -X)dx> [ (div(0 -X)dx = GxiC). (4.66) 
JB Jc 

Assume now by contradiction that dC is not of class (7^’^ By Lemma 4.27 it 
follows that Cp is strictly contained in C for some p > 0. Fix a < p such that 
aXc < 1. By Remark 4.28 we have that Ca is strictly contained in C. Applying 
Lemma 4.29 to the connected components of dCa \ dC, we get 

gi{Ca)<gi{c), 

a a 



which contradicts (4.66). 



□ 
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Remark 4.34. (i) If 0 c E^ is a bounded set of finite perimeter satisfying (4.60) 

it follows that (D) > 0 for any D C Q of finite perimeter, while obviously 
Qx^(Q) = 0. Therefore 0 minimizes among all finite perimeter sets 

Dcn. 

(ii) By the proof of Proposition 4.33, it follows that if C is a bounded open convex 
set which is — calibrable, then C minimizes Q\ among all finite perimeter sets 
B C C and where A > Ac* 

In order to prove the implication (4.62) of Theorem 4.26 we need one more 
lemma. 

Lemma 4.35. Let C be a hounded open convex set with boundary satis- 
fying (4.60) with C in place of ft. Then (4.61) holds. 

Proof. Let U he a neighborhood of dC and let h e Cq {U). Let a E E be sufficiently 
small, and let "4ta{x,y) := {x,y)4-ah{x,y)i'{x,y), where z/ E C^(C/;E^) is a vector 
field satisfying \iy\ = 1 on [/, and v = on dC. Extend as ^a(^?y) = (^?y) 
outside U. Let Ca '= ^a(C'). By Remark 4.34 it follows that C minimizes Gxc 
among all finite perimeter sets contained in C. Therefore, if h is nonpositive, 

GxciC.) - QxciC) ^ r 
a^o+ a Jqc 

It follows that hidc{x) < Ac for TfLalmost every x E dC. □ 

We are now in the position to prove the implication (4.62) of Theorem 4.26. 
If Xc is a solution of (4.56), by Lemma 4.25 (applied with Q = C) it follows 
that C is —calibrable with — div(^^) = Ac in C and E^ \ C is Tcalibrable with 
div(^^2\c) = 0 in E^ \ C. Therefore by (b) of Proposition 4.31 (applied with 
Q = C) and the assumption that C is connected it follows that C is convex. Hence 
by Proposition 4.33 we have that dC is of class Moreover, inequality (4.60) 
holds. Therefore we can apply Lemma 4.35 to conclude that (4.61) holds. 

The converse result is also true and was proved by Weinberger and Giusti in 

[123]. 

Theorem 4.36. Let be a convex domain in E^, with boundary of class C^ , and 
let k{x,y) be the curvature of dPt at (x,y). Then for every set of finite perimeter 
E C fl, E ^ we have 

Gxn{E)>0 (4.67) 



if and only if 



sup 

{x,y)edQ 



K^,y) < Afi. 



(4.68) 
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Proof. The necessity of (4.68) has been proved in Lemma 4.35. To prove the suf- 
ficiency, let L = inf (^) where the infimum is taken with respect to all sets 
of finite perimeter E C fl. Note that L < 0, since = 0. From the lower 

semi-continuity of the perimeter it follows that Gxq has a minimum, hence there 
exists a set of finite perimeter Eq C ft such that ^Aq(F'o) = L- We shall prove 
that Eq = ft and that for every set of finite perimeter E ^ il\, ft we have 

GxaiE)>L. 

Let Eoi be the M-connected components of Eq (see Section B.7). Suppose that 
there are countably many of them. By the isoperimetric inequality, we have that 

|£^oil < ^Per(Eo.)", 

hence 

Per(£'oi) - h\Eoi\ > Per{Eoi) - ^Pei{Eoifj > 0 

for z > m for some m G N. Thus replacing Eq by U'^^Eoi we may decrease G{E). 
We conclude that Eq has a finite number of M-connected components. 

Note that since Gx^{Eq) = Gx^i^oi) we have that 

GxM^)<0 Vi = l,...,m. (4.69) 

Otherwise we would decrease the energy by taking out the sets Eoi for which the 
above quantity is positive. 

We observe that each M-connected component of Eq must be convex. In fact, 
let E he a nonconvex M-connected set and let E be its convex envelope. Since 

Per(E) < Per(F;) (4.70) 

and 

|E1 > 1^1, (4.71) 

we have 

G{E) > G{E) > L. 

Thus by replacing an M-connected component of Eq by its convex envelope, we 
decrease the energy. This proves that each M-connected component of Eq is con- 
vex. Moreover, a similar argument proves that they are at positive distance from 
each other. 

Now we prove that each M-connected component of Eq must touch dft. 
Suppose that for some i G ,m}, Eqi CC ft. Take Xq G Eqi and for each 

t>0 define 



Eoit = {y € : Y = Xo + t{X- Xq), X e Eoi} • 
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Then we have 

PeT(Eoit) =tPei{Eoi), and \Eoit\ = t^\Eoi\. 

From Eoi CC O it follows that Equ C Pt for some f > 1. Let 

■®o = i^o \ Eoi) U Eoit- 

Then observe that 

(Eo) - Q\n {E'o) = G\n {Eoi) ~ G\n (Eoit) 

= {t - l)Pev{Eoi) - Xn{l - t^)\Eoi\ > 0 

the last quantity being positive because of (4.69). It follows that E^i must touch 

on. 

Let E one of the M-connected components of Eq. Let us consider the set 
dfl\ E^ and let F be one of its connected components. Let Pi and P 2 be the 
endpoints of F and let z/i and 1^2 be the unit normal vectors to dU at P\,P 2 , 
respectively. Finally, let 6 be the angle between and 1 / 2 - 

If 0 > 7T, in a neighborhood oi dfl C E = \ F, both dfl and dE are 

representable as graphs: y = uj{x) and y = e(x), respectively, with e > cj. In 
this case, a small translation of E in the y direction takes E in the interior of 
fi, leaving Q\^{E) unchanged. We would obtain a minimum of Q\^ with an M- 
connected component not touching dQ, a contradiction. We are then left with the 
case 0 < 7T for every connected component T of dfl\E. 

Let us observe that there cannot be any M-connected component of Eq in 
f}\E. Indeed if F would be one of them, then the arc of dCl\F would span an 
angle > tt, but, as we have seen, this is impossible. Thus E coincides with Eq. 

To conclude the argument, suppose first that 6 < tt. Then in a neighborhood 
of F, dQ is representable as the graph of the function 

y — Lu{x), a < X <b 

such that y < Lu{x) in Q. Similarly, the connected component of dE H Q corre- 
sponding to F can be represented as 

y = e(x), a < x < b 




e(x) < cj(x), 
uj(a), e(b) = cj(b). 



k(x,cj(x)) 




(4.72) 

(4.73) 
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and hence uj{x) is a subsolution for the functional 

I \/TTJ^dx-Xa f fdx. 

J a J a 

From (4.72) it follows that 

G\^{uj) < G\^{e) (4.74) 

and, from the strict convexity of Gaq, the inequality is strict unless e = u. 

Let now 



and let 
We have 



F = {(x, y) G : a < X < 6, e(x) <y < w(a;)} 



E' = E^F. 



I'D no 

Fer{E') = Per(£') - / ^1 + e'2 dx+ vTT^ dx, 

J a J a 

\E'\ = \E\+ I {LO-e)dx 
J a 

and, hence, if F' 7^ F, we have 

Per(F')-AolF'| <Per(F)-AQ|F|, 
and therefore E — Eq could not be a minimum of • 

When 0 — 7T the preceding argument is not directly applicable as it is, since 
condition (4.73) is not satisfied in general. We have instead 



lim T(jj{x) = 1, lim Tuj{x) = —1, 

cc— >a X— >6 



(4.75) 



where 



Tu{x) — 



u\x) 



+ w'2(a;) 

^Aji,i(/) = + f{b) + f{a), 



If we set 
we have 

= -^GxaAf+^v)\t=o = J r]'Tfdx-\Q j ridx+ri{b)+ri{a) (4.76) 
SG\^a(u/;v) = I v\k(x,uj(x)) - Xn]dx>0 



= / 'n[k{x,uj{x)) - Xn]dx>< 
J a 



and from (4.75) 




4.4. Evolution of Sets in The Connected Case 



113 



for every ry < 0. In conclusion, from the convexity of G\^^i we get 
unless e = uj. Arguing as before and observing that 

pb nb 

Per(E') = Per(E') + / \/l + dx - / \/l + e'^ dx + uj{a) - e{a) + Lu{b) - e{b) 
J a J a 

we get again Q\^{E) > L provided that E ^ E' . 

We have thus proved that for every set of finite perimeter 5 C fl, 5 / 0, 
we have 

> L = minaAn- 

We can therefore conclude that L = 0\^{Q) = 0 = and that 

^aJS)>0 

for every set of finite perimeter B B ^ □ 

Remark 4.37. We note that the assumption that dVt is C^ is redundant, since the 
convexity of Tt and the bound (4.68) imply that dTt is C^'^^ for every a < 1. 

Let us now prove the opposite implication of Theorem 4.26, that is 



(i)-(iii) Xc is a solution of (4.56). (4.77) 



Assume that C is a bounded open convex set satisfying (4.61). According 
to Theorem 4.36, (4.61) is a necessary and sufficient condition for C to be a 
minimizer of the functional Q\^ among all sets of finite perimeter D C C. In this 
case the function / := Xc^c satisfies ||/||* < 1. Indeed, if u; G L^(R^) fl ^P(R^) 
is nonnegative, we have 



n pOO p pOO 

/ f{x)w{x)dx = / / XcXcX[u)>t} dt = / Ac|C fl {u; > t}| dt 

dR 2 Jo d]R 2 “ Jo 

pOO pOG p 

< / Per(C n {u; > ^}) dt < / Fer{{w > t}) dt = / ||T)u;||, 
Jo Jo d]R2 



where we have used that for alH > 0 for which {w > t} is a set of finite perimeter 
we have that 

Per(C n {ic > t}) < Per({u; > t}) 

which is a consequence of the convexity of C. Splitting any function uj G I/^(R^) fl 
BV{R‘^) into its positive and negative part, using the above inequality one can 
prove that 




114 Chapter 4. Asymptotic Behaviour and Qualitative Properties of Solutions 



It follows that II /II* < 1. Then, by Lemma 3.3, there is a vector field ^ G 
with || ^ ||oo< 1 such that 



-div(^) = / = XcXc- (4.78) 

Now, multiplying (4.78) by Xc and integrating by parts, we obtain 

[ {^,DXc) = \c[ Xcdx = Fei{C)= [ \\DXc\\, 

hence Xc is a solution of (4.56). The proof of Theorem 4.26 is concluded. 

Remark 4.38. We conclude this section by recalling that in the paper [123], con- 
dition (4.61) was used as a necessary and sufficient condition for the existence of 
a solution u with Vu G L^^{C; K^) of the equation 

-div I — I = Ac in C (4.79) 

Vx/l + |Vu|V 



with boundary condition 



lim 



Vu{y) 



C3y^x -f- |V'u(2/)p 






for any x G dC. 



Remark 4.39. The functional 

/ \\Du\\ 

can be regarded, up to a constant, as the anisotropic perimeter [39] of the set 
{{x,y) G xR : y < ii(a:)}, corresponding to the anisotropy given by the cylin- 
drical norm (j){zX) ’= niax{|| 2 :||, |C|}, for {z, () G xR. Therefore, equation (4.1) 
is similar (even if not exactly the same) to the equation defining the anisotropic 
mean curvature flow corresponding to (p. Interestingly enough, it turns out that, 
when — 2, the problem of determining those bounded connected sets Q whose 
characteristic function evolve by decreasing its height is close to the problem of 
determining which planar horizontal facets of a given solid subset of x R do 
not break or bend under the (/>- anisotropic mean curvature flow. This problem has 
been considered in [37], [38] and the techniques developed there can be adapted, 
to some extent, to the present situation (see in particular Theorem 4.26). 



4.5 Evolution of Sets in R^: The Nonconnected Case 

The aim of this section is to generalize Theorem 4.26 to nonconnected sets 
(see Theorems 4.40 and 4.42). Theorem 4.42 is basically a further generalization 
of Theorem 4.40. 
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Theorem 4.40. Let C be a hounded set of finite perimeter. If v \—Xq is a so- 
lution of (4.56), then has a finite number of connected components Ci, . . . , Cm, 
and 



(i) Ci is convex for any i = 1, . . . , m; 

(ii) dCi is of class (7^4 i = , , , ^m; 

(iii) the following inequalities hold: 

, , ^ Per(C,) 
ess sup K^dcAP) < i^T 
pedCi \t^i\ 



Vi = 1, . . . ,m; 



(iv) € {1, . . . , m}; 



(v) let 0 < k < m and let {ii, . . . , i^} C m} he any k-tuple of indices; if 

we denote by a solution of the variational problem 



min ^ Per(E) : E of finite perimeter , C E C R^ \ Ci. 

j=l j=ki-l 



we have 



Per(£:,,....,iJ > 5]Per(aj. 
i=i 



(4.80) 

(4.81) 



Conversely, assume that ft C'M? is a bounded open set which is the union of a finite 
number Ci, . . . , Cm of connected components satisfying (i)-(v). Then v := Xq is a 
solution of (4.56). 

This theorem can be proved along the lines described in [34]. We shall prove 
it as a consequence of Theorem 4.42. We start with the following observation. 

Lemma 4.41. Let > 0 and Bi C R^ be bounded measurable sets, for i — 1, . . . ,m. 
Lot g := OLiXsi- Then ||p||* <1 if and only if 



m 

Y^ai\BiDD\< Per(D) (4.82) 

2=1 



for all D cM?, D bounded of finite perimeter. 

Proof. Assume that ||p||„c < 1. Let i) C R^ be a bounded set of finite perimeter. 
Then 



E 

2=1 



di\Bi n D 



= [ gXodx< f \\DXd\\ =PeT{D). 
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Conversely, assume that (4.82) holds. Let v G L^(M^) fl be nonnegative. 

We have 

p nOO p pOO 

gvdx = y at / / \Bi 11 {v > t}\ dt 

JR^ Jo Jr'^ Jo 

dt= [ \\Dv\\. 

Jm 

Splitting into the positive and negative parts, the above inequality holds for a 
generic v £ L^(R^) n Therefore \\g\\^, <1. □ 



^ f 



Perd'?; > t}) 



The following result is essentially a generalization of Theorem 4.40. 

Theorem 4.42. Let O C be a hounded set of finite perimeter and assume that 
fl consists of a finite number of connected components Ci , . . . , Cm • Let bi > 0 for 
i = 1, . . . , m. The function u \= YllLi is a solution of (4.34) if and only if 

(a) bi = for all i = 1, . . . , m; 

(b) conditions (i)-(iii) and (v) of Theorem 4.40 hold. 

Proof. Assume that (u^^) is a solution of (4.34), where u — The 

identity {^,Du) = \\Du\\ implies that {^,DXci) = HDXcJI as measures in M^, for 
alH = 1, . . . ,m. Using this observation and integrating the equality — div(^) = u 
in Ci it follows that bi = Ac^. Now, let D C be a set of finite perimeter. 
Multiplying the equation -div(^) = u by and integrating in R^ we obtain 



Per(D) >- [ 



XDdiv{^) dx = ^ bi\Ci fl D| > bj\Cj fl D\, 

i=l 



(4.83) 



i.e., Xcj < j = 1, . . . , m. As in the proof of Theorem 4.40, it follows 

that (i)-(iii) hold. Finally, let us prove that condition (^^) holds. If we write (4.83) 
for D = ... we have 

m 

'^Xci\CinEi,,..„i, \ < Per(£;ii„..,iJ, 

2=1 

which gives (4.81) since Ci. = Ci. for j = 1, . . . , /c, while = 0 

for i ^ {ii,...,Zfc}. 

Conversely, assume that conditions (a) and (b) hold. Reasoning as in the 
proof of (4.77) it follows that each Ci is — calibrable. We shall prove that g := 
Y^iLi ^cACi satisfies |1^1 |h. < 1. According to Lemma 4.41, it will be sufficient to 
prove that 

m 

Aci \CiP\D\ < Per{D) V D bounded of finite perimeter. 

2=1 



(4.84) 
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By additivity of the area and the perimeter, it is sufficient to prove (4.84) when D 
is also indecomposable. Let D CM? he such a set. Since Ci are — calibrable sets, 
by Remark 4.23 (applied with Q := Ci and D := D (iCi), we have that 



Xc?C,nD\<Fei{C^nD). 



Then, to prove (4.84), it will be sufficient to prove that 



m 

Pei{Ci C\D) < Per(D) V D bounded indecomposable of finite perimeter. 

Let us identify D with its representative D (see Appendix B). Denote by , . . ., 
Ci^ the connected components of such that D U is connected. Those 

components intersect either D or d*D. Let be a minimizer of problem 

(4.80). Using (4.81) and the minimality of we then have 



k 

^Per(a,)<Per(S,„.„ 






)< Per DU I I a 






(4.86) 



We claim that 

Per ^Du\J Ci^ < Per{D, R^\Q) + Per((7i, ) - n ^|J dQ^j j . 

(4.87) 

Indeed, since d*{D U X) C {d*D \X)U {dX \ D) where X := Ci ^ , we have 
Per(Pl U X) < H\d*D \ X) + H^{dX \D)~ n\d*D n dX) 



since the term with a minus sign was counted twice by the first two terms at the 
right-hand side. Thus 

Per(T)UX) < {8* D \X) + nHdX \ D) 

= Per{D, \ X) + Per (X) - {dX n D) 

= Per(P, R‘^\Q,) + Per(X) - {dX n D) 

which proves claim (4.87). 

Inserting (4.87) into (4.86), we obtain 








< Per{D,R^\n). 



(4.88) 
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On the other hand, since d*{Ci Ci D) C [d*D fl U {dCi PI D) U {d*D fl 9Q), we 
have, using (4.88), 



N 



Per(C, n Z?) = ^ Per{Q^ n D) 



i=l 



i=i 



< Per(D, n)+n^ ^ ^ U n hj dCi^ 



0=1 






<Per{D,n) + Per{D,R^\n) |a*Dn | [j dCi. | | - Per(D). 

0=1 



We have proved that ||^1|=^ < 1. According to Lemma 3.3 there is a vector field 
^ G with ||^||cx 3 < 1 such that — div(^) = u. Multiplying this equation 

by u and integrating in M? we obtain 



J^2 lOd J^2 



\\Du\\ 



Therefore, u is a solution of (4.34). □ 

Proof of Theorem 4.40. Assume that v := is a solution of (4.56) and let ^ be 
the vector field of Remark 4.21. By Lemma 4.25 we have that fl is — calibrable 
and \ is H-calibrable. By (b) of Proposition 4.31 we have that each connected 
component C oi fl is convex, and by Proposition 4.33 we have that dC is of class 
By Remark 4.23 and Lemma 4.35 we also know that (4.61) holds. Therefore, 
as is bounded and recalling (4.59), it follows that fl consists of a finite number 
of connected components Ci, . . . , Cm- Integrating — div(^) on each Ci we obtain 



Per(fi) Per(CA Per(CA 
|0| “ lai “ |C,| 



\/i,j G 



The theorem is now a consequence of Theorem 4.42. □ 

Remark 4.43. Theorem 4.40 has been extended in two different directions. In [35] 
the authors constructed tower solutions of the eigenvalue problem (4.34). In [4] 
the authors studied the evolution of general convex sets or finite unions of them 
(satisfying assumption (v) of Theorem 4.40) and give further solutions of (4.34) 
and the denoising problem to be studied in Section 4.7. 



4.6 Some Examples 

In order to clarify the conditions given in Sections 4.4 and 4.5, we shall discuss 
some explicit examples. 
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Example 1. Let Q — U C L,r > 0, be the set of 

Figure 4.1. It is easy to check that Q satisfies the assumptions of Theorem 4.26, 
since Q is a convex set with boundary and there holds 



ess sup Kdn{p) = ~ < 
pedn r 



2nr -f 2L 
Trr^ + 2rL 



Per(fl) 

~W 



(4.89) 



Moreover, since the inequality in (4.89) is always strict, the solution of (4.1) start- 
ing from XQf remains a characteristic function for any convex set fl' of class 
close enough to Q. in the (7^’^-norm. 




I* L 



Figure 4.1: a bean-shaped set as initial datum for the solution 



Example 2. Let Q C be the union of two disjoint balls of radius r, whose centers 
are at distance L (see Figure 4.2). Then condition (4.81) of Theorem 4.40 reads 
as 

L > wr. 

Under this condition the solution of (4.1) and (3.2) with uo = Xq remains a 
characteristic function. 




Figure 4.2: two balls as initial datum for the solution 
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Example 3. Consider now three disjoint balls of radius r, whose centers are on the 
vertices of an equilateral triangle with edges of length 1 (see Figure 4.3). In this 
case, condition (4.81) reads as 




Notice that this condition is more restrictive than the condition holding for two 
balls, which has been discussed in Example 1 and gives r < K This implies that 
it is not enough to consider only pairs of sets in condition (^>) of Theorem 4.40. 




Figure 4.3: three balls as initial datum for the solution 



4.7 Explicit Solutions for the Denoising Problem 

The previous results allow us to explicitly compute the minimum of the 
denoising problem 

min I / \\Du\\ [ (u — f)^ dx\ , (4.90) 

ueL^R^)nBV{R^) J 

where A > 0 and some given / G L^(M^). 

Proposition 4.44. Let X > 0, b eR and a := sign(6)(|6| - A)“^. //u G By(E^) is a 
solution of (4.34), then the function au is the solution of the variational problem 
(4.90) with f := bu. Conversely, if au is the solution of (4.90) with f — bu and 
b — a = ±A, then u G BV{R‘^) is a solution of (4.34). 

In particular, iffl satisfies the conditions listed in Theorem 4.40, then aX^X^ 
is a solution of (4.90) with f — 6AoXq. The converse statement holds ifb—a = itA. 
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Proof. Recall (see Lemma 3.3) that a function u G BV (M^) is the solution of (4.90) 
if and only if u is the solution of 

Let f := bu where u satisfies (4.34). Without loss of generality we may assume 
that b > 0 (the case b < 0 can be obtained by changing b ^ —b and u —u). 
Suppose first that 6 > A, so that a = b — X. Since 

-Adiv ( 7 ^^ I — Au = (6 — a)u, 

\\Du\J 

it follows that u := au satisfies (4.91). Now, assume that 0 < 6 < A, so that a = 0. 
Let ^ G L^(R^; R^) be such that ||^||oo < 1 and — div(^) = u. Obviously, if 2 : := 
then Halloo < 1, and — div(z) = — ^div(^) = ju, that is, -Adiv(z) = bu = f. Since 

/ {z,D0) = 0= [ ||Z)0||, 

JRN JrN 

it follows that u — 0 solves (4.91). The converse statement follows by substituting 
f = bu and u = au into (4.91). 

The last assertion follows from Theorem 4.40 and the first part of the proof. 

□ 



Let us prove an extension of the above result. 

Proposition 4.45. Let ft be a bounded set of finite perimeter which consists of a 
finite number Ci, . . . , Cm of connected components. Let 6^ G M for i = 1, . . . , m. 
Assume that the function u := YllLi ^Ci^Ci solves (4.34). Let A > 0 and ai := 
sign(6i)(|6i| — A)“^. Then the function u := (^i^Ci^Ci is the solution of the 
variational problem (4.90) with f = biXciXci- The converse statement holds 
if tti, bi are such that bi — ai = X, or b{ — ai ~ —X, for all i = 1, . . . , m. 

Proof. As in the proof of Proposition 4.44, we have to prove that u is the solution 
of (4.91). We observe that this is obviously true if bi > A, or bi < —A, for all 
i = 1, . . . ,m. In the general case, let I\ := {z G {1, . . . ,m} : \bi\ > A}, J\ := {z G 
{1, . . . , m} : \bi\ < A}. Since, in this case, 

/ - U = A sign(6j)AciXci + ^ biXc.Xc,, 

to prove that u is a solution of (4.91) we have to construct a vector field ^ G 
L"^(1R^;IR^) with \\f,\\oo < 1, such that 

-div(0 = XI sign(6i)Ac,Xc, + X 



(4.92) 
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and (^, Du) ~ \\Du\\. Let F G denote the right-hand side of (4.92), and let 

= sup(F, 0), F~ = sup(— F, 0). By Lemma 3.3, a solution ^ G of 

(4.92) with Halloo < 1 exists if and only if ||F||,, < 1 where 



ll-F’ll* sup 




dx 



:veL^{R^)nBV{R^), 




Let us prove that ||F||^ < 1. For that let v G Since 





+ F V )dx 



and 



the inequality 



[ ||Du||= [ ||i^u+||+ / \\Dv-\\, 

J^2 J^2 

( F{x)v{x)dx< f \\Dv\\ 

Je2 J^2 



follows if we prove that 



f F'^v'^ dx < ( ||Fu^|| and f F v dx < f \\Dv ||. 

J^2 J^2 J^2 

Thus, without loss of generality, we may assume that F > 0 (i.e. all bi appearing 
in the definition of F are > 0) and v G FV'(M^), u > 0. Then, using that ^ < 1 
for any i G Ja, we have that 

f F{x)v{x)dx— ( f FX^y^t}dxdt 
Jq J]^2 “ 

( [ Xc,X{y>t}dxdt+"^^Xc, f [ XcA{y>t}dxdt 

^eIx do Jr2 a Jo Jr2 

pOO poo p 

<^Aci / \Cif\{v>i)\dxdt< / Per([i; > ^]) = / \\Dv\\. 

Jo Jo dR 2 



Therefore ||F||* < 1. By Lemma 3.3, there is a vector field ^ G I/^(R^;M^) such 
that Halloo < 1, satisfying (4.92). Since Ui = 0 for all i G Ja, it follows that 

/ IP«II = ^Wi\>^CiPeT{Ci) = 'Y'aiXci [ {-div{^))Xci dx 
ie/A ieix 

m « « 

= VfliAc, / i^,DXcO= / i^,Du) 

" dR2 J^2 

which, in turn implies that {^,Du) = ||Fi/||, since ||$|loo ^ 1- 

The converse statement is obvious. □ 
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Proposition 4.45 proves that is a soft thresholding of bi with threshold A. 
This is in coincidence with the soft thresholding rule used in the wavelet shrink- 
age method for denoising (see [92], [103], [102], [105], [153]). As proved by Meyer 
in [153], a soft thresholding applied to the wavelet coefficients of the function 
/ € L^(R^) gives a quasi-optimal solution of the denoising problem (4.90) (Theo- 
rem 1.11). Let us also mention that it has been proved recently that the wavelet 
coefficients of a BV function are somewhere between and weak (see [82], [81], 
[163], [153]). 

Finally, that a solution of (4.90) when is a ball was given by the above 
formula was already observed by Meyer in [153] and Strong-Chan in [186]. 




Chapter 5 

The Dirichlet Problem for the 
Total Variation Flow 



5.1 Introduction 

Suppose that fl is an open bounded domain with a Lipschitz boundary. The 
purpose of this chapter is to study the Dirichlet problem 

' du _ / Du \ . ^ /rx X 

u{t,x) = (f{x) on S — (0, oo) X 90, 

u{0,x) = Uo{x) in X G 0, 

where uq G 1/^(0) and ip G L^(90). This evolution equation is related to the 
gradient descent method used to solve the problem 

Minimize / ||Dit|| + / fudx^ / \u — p\dH^~^ (ko\ 

Jn Jq Jdn 

u G BV{n) 

where / G T^(0), p G L^(90) (existence for this variational problem was proved 
in [118], Theorem 1.4). 

One of the motivations for studying this problem comes from a numerical 
approach introduced in [29] to extend a function u defined in \ 0 inside 0 along 
the integral curves of a vector field 9^ which is the counterclockwise rotation of 
a vector field 0 ^ satisfying \6\ < 1 and div(^) G p > 1- The 

proposal was to compute a function u G BV{fl) such that {9, Du) = ||Dii||. In 
practice, the proposal of [29] was to minimize the functional 

F{u) = [ ||Di/|| -[ 9 Du 
Jq Jq 
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defined in the set of functions of bounded variation whose trace at the 

boundary is given by (p. Formally, if we integrate by parts in the second term of 
F{u) we obtain 

F{u) — f ||£)u|| + f diY{0)udx— f 6'fiudH^~^. 

Jn Jn Jan 

Since u, 9 are known at the boundary, after incorporating the Dirichlet boundary 
condition in a weak sense, minimizing F amounts to minimizing functional (5.2) 
with / = div{6). 

The other motivation for the study of (5.1) comes from [20] and [41]. The 
general purpose of these works being the study of elliptic and parabolic problems 
in divergence form with initial data in L^. Existence and uniqueness results of 
entropy solutions when the associated variational energy has a growth at infinity 
of order p with p > 1 are proved in [41] (see also [21], [49] and [196]). 

The case of equation 

with Neumann boundary conditions was considered in Chapter 2, where we proved 
existence and uniqueness of weak solutions. In that case, this equation generates 
a nonlinear contraction semigroup in L^{Q) which is homogeneous of degree 0, 
and this fact implies the regularity in time of the solutions of (5.3). Indeed, the 
homogeneity of the operator permits the conclusion that Ut{t) € L^(fl) a.e. for 
t > 0. This was used to prove uniqueness of solutions of (5.3) in case of Neumann 
boundary conditions. For Dirichlet boundary conditions this property is lost and 
a different approach is needed. Our aim in this chapter is to introduce a new 
concept of solution for problem (5.1) for which existence and uniqueness is proved 
for initial data in and boundary data in L^{dQ). 



5.2 Definitions and Preliminary Facts 

To make precise our notion of solution we need to introduce a weak trace on 
dfl of the normal component of certain vector fields in f2. We define the space 

Z{n) := {(2,0 e X BV{Q.)* : div( 2 ) = ^ in P'(0)} . 

We denote R{n) := n n C(fi). For (2,0 e Z{n) and w € R{n) 

we define 

{{z,0>'^)da ■= i^,w)BV(ur,BV{n) + / z-Vwdx. 

Jn 

Then, working as in the proof of Theorem C.2, we obtain that if ic, u G R{Q) and 
w = V on dQ one has 



((2,0>w^)an = ((^,0>i')aQ V ( 2,0 e Z(Q). 



(5.4) 
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As a consequence of (5.4), we can give the following definition: Given u G BV (fi)n 
L^{Q) and G Z{Q), we define {{z,^),u)dQ by setting 

{{z,0,u)an ■= {{z,0^w)9a 

where w is any function in R{D) such that w = u on dD. Again, working as in 
the proof of Theorem C.2, we can prove that for every ( 2 :,^) G Z(Q) there exists 
> 0 such that 

\{{z,0,u)dn\<MML^idn) yueBV{D)nL^{n). (5.5) 

Now, taking a fixed {z, ^) G Z{D), we consider the linear functional F : L^{dQ.) — > 
R defined by 

F{v) := {{z,0,w)9a 

where v G L"^{dQ) and w G BV{Q) fl is such that w\qq = v. By estimate 

(5.5), there exists ^ L°^{dCl) such that 

F{v) = [ 

Jdn 

Consequently there exists a linear operator 7 : Z{D) L^{dD), with 7(^,0 
7 ^,^, satisfying 

{{z,^),w)dQ = [ dH^~^ \f w e W(Q) nL^(Q). 

JdQ 

In case z G we have 7 ^( 0 :) = z{x) • u{x) for all x G dQ. Hence, the 

function 7 z,^(a:) is the weak trace of the normal component of (z, ^). For simplicity 
of the notation, we shall denote 7 ^,^(x) by [z, z^](x). 

We need to consider the space BV{D) 2 ^ defined as BV{Q.) fl L^(fi) endowed 
with the norm 

\\M\BV{n)2 '= II'^^IIl2(o) + ll^'^^IK^)- 

It is easy to see that L^(f2) C BV{Q )2 and 

WMlsvin); < ||^||L2(n) V ii; G L^(0). (5.6) 

Now, it is well known (see [179]) that the dual (L^(0,T; BV{fl) 2 )Y is isomet- 
ric to the space {0,T; BV{Q) 2 , BV{D) 2 ) of all weakly* measurable functions 
/ : [0,T] ^ BV{Q) 2 , such that v{f) G L"^([0,Tj), where v{f) denotes the supre- 
mum of the set {\{w^f)\ : vector lattice of measurable 

real functions. Moreover, the dual pair of the isometry is defined by 

Jo 

for w G Li(0,T; W(a) 2 ) and / G L^(0,T; W(fl)^, W( 0 ) 2 ). 

To make precise our notion of solution we need the following definitions (see 

[98]). 
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Definition 5.1. Let (A,E,/x) be a finite measure space and let X be a Banach 
space. If f : A ^ X is weakly //-measurable (i.e., (x*, /) are measurable functions 
for any x* G X*) such that (x*,/) G L^{p) for all x* G X*, then / is called 
Dunford integrable. The Dunford integral of / over G E is defined to be the 
element x|.* G X** such that 

{x*^,x*) = [ {x*,f{s))dn{s) 

Je 

for all X* G X*, and we write x|;* = {D) f dp,. In case that {D) f dp e X for 
each G E, then / is called Pettis integrable . 

Definition 5.2. Let ^ G L^(0,T; BV'(fl)). We say ^ admits a weak derivative in 
Ll{f},T\BV{n))FL^{QT) if there is a function 0 G Li,(0,T; W(n))nL^(Qr) 

such that ^(0 — / Q{s)ds^ the integral being taken as a Pettis integral. 

Jo 

Definition 5.3. Let ^ G (L^(0,T; BP(fi) 2 ))*. We say that ^ is the time derivative 
in the space (L^(0, T; j5P(Q)2))* of a function u G L^((0, T) x fl) if 



f {^{t),'^{t))dt — — [ f u{t,x)Q{t,x)dxdt 

Jo Jo Jn 

for all test functions ^ G L^{0,T; BV{Q,)) which admit a weak derivative 0 G 
Ljy(0,T; BV{fl)) n L"^{Qt) and have compact support in time. 

Observe that if u; G L\0,T]BV{Q)) n L^{Qt) and z G is 

such that there exists ^ G (L^(0, T; BP(Q)))* with div( 2 :) ^ in V\Qt)^ we can 

define, associated to the pair the distribution (z^Dw) in Qt by 



{{z,Dw),(j)) := — f {^{t),w{t)(j){t)) dt — f f z{t,x)w(t,x)Vx4^{t,x)dxdt 

Jo Jo Jq 



for all (j) G V{Qt)^ 



(5.7) 



Definition 5.4. Let ^ G (1.1(0, T; ^^( 0 ) 2 ))*, ^ G We say that ^ = 

div( 2 :) in (L1(0, T; BP(fl) 2 ))* if (z^Dw) is a Radon measure in Qt with normal 
boundary values [z,u] G L^((0,T) x such that 



f {z,Dw)+ f {^{t),w{t)) dt = ( f [z{t,x),iy]w{t,x)dH^ ^ dt 

Jqt Jo Jo Jan 



for all w G L^{0,T- BV{n)) n L^{Qt)^ 

Let Tk{r) = [k — {k - |r|)+]signQ(r), /c > 0, r G E. We consider the set 
T = {Tfc,T+,T,- : k > 0}. We need to consider a more general set of truncation 
functions, concretely, the set V defined in (3.16). Obviously, T CV. 
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5.3 The Main Result 



In this section we give the concept of solution for the Dirichlet problem (5.1) 
and we state the existence and uniqueness result for this type of solutions. 



Definition 5.5. A measurable function rt : (0, T) x E is an entropy solution 
of (5.1) in Qt = (0,T) X if n G C([0,T];Li(fi)), ^ L^(0,T; BT/(fi)) 

y p e T and there exist {z{t),^{t)) G Z(fi) with ||2:(t)||oo < 1, and ^ G 
(L^ {0,T;BV (0)2)) * such that ^ is the time derivative of u in (L^ (0, T ; BV (fi)2)) * , 
^ = div( 2 ) in [L^{0,T;BV{Q)y and [z{t),u] G sign(p((/?) — p{u{t))) a.e. in 
t G [0,T], satisfying 



- [ [ iW^)-0^t+ [ [ T]{t)\\Dp{u{t) - l)\\ + z{t) • Drj{t)p{u{t) - l) 

Jo Jn Jo Jn 

< [ [ [z{t),iy]rj{t)p{u{t) -1), 

Jo Jdn 



for all I G E, for all rj G C^{Qt)^ with ry > 0, r](t^x) = 0(t)'0(a:), being cf) G 

P(]0,T[), 'ip G C°^(n) and p where j(^) [ p{^) ds. 

Jo 

The main result of this chapter is the following. 



Theorem 5.6. Let uq G and ip G L^{d^l). Then there exists a unique 

entropy solution of (5.1) in (0,T) x Q for every T > 0 such that ii(0) = Uq. 
Moreover, ifu{t),u{t) are the entropy solutions corresponding to initial data uq, uo, 
respectively, then 

||(u(^) - u(i))'''||i < ||(uo - uo)^||i and ||w(f) - w(i)||i < ||uo - wo||i (5.8) 
for all t>0. 



5.4 The Semigroup Solution 

To prove Theorem 5.6 we shall use the techniques of completely accretive 
operators and the Crandall-Liggett semigroup generation theorem. So we shall 
associate a completely accretive operator to the formal differential expression 
— div(|^^) together with the Dirichlet boundary condition. 

Let us introduce the following operator Ap in L^(fl). 

Definition 5.7. (u, v) G Ap if and only \iu,v ^ p{u) G BV (fl) for all p G 'P 

and there exists ^ G X(fl)i with ||^||oo 1? ^ == — div(^) in P'(fl) such that 

/ {w-p{u))v< / z-T7w- \\Dp{u)\\+ / \w-p{(p)\- / \p(u) - p{(f)\, 

Jn Jq Jn JdQ JdQ 

Vw € n and Vp G V. 
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Theorem 5.8. Let (f G The operator is m-completely accretive in 

with dense domain. 

To prove this theorem, we need first to consider the following operator, which 
is related with the p-Laplacian operator with Dirichlet boundary condition. For 
p > 1, let 9 ? G and 

:= {u G : u\dn = P - a.e. on dfl} . 

We define the operator in L^(D) as: 

(u^v) G A^^p if and only if G fl v G L^(0) and 




for every w G fl 

Proposition 5.9. Let ip G The operator A^p^p is completely 

accretive and C i?(/ + A^^p). 



Proof. Let p G Pq and {u^v)^{u^v) G A^^p. Since ('U,r?),G A^^p^ taking w = 
u — p{u — u) 3S test function in the definition of the operator A^^p we get 





\Vuf 'S/p{u — u). 



Similarly, since ('U,0),G A^^p^ taking vu = u p{u — u) as test function in the 
definition of the operator A^^p we get 



Hence 





‘^Vu ‘ Vp{u — u). 





Vu — |Vu|^ ^Vu) • Vp(u — u) > 0. 



Therefore, by Corollary A. 38, A^^p is completely accretive. 



Let us see now that L"^{Cl) C R{I -{-A^^p). Let v G we need to prove 

that there exists u G fl L^{fl) such that (u,u — u) G A^^p^ i.e., 

[ {vu-u){v-u)< [ \Vuf-^Vu-V{w-u) ^ w eW^^P{n)nL^{n). (5.9) 

Jn Jq 

For n G N, let 7n(5) Tn{s) + and consider the operators An : 

defined by 

{AnU,w) / |Vu|^“^Vu • Vu; + / 'yn{u)w. 

Jn Jn 
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It is easy to see that An is monotone, coercive and continuous on finite-dimensional 
subspaces. Then, by classical results (see for instance [138]), given v there exists 
Un G such that 

{AnUn,Un-w)< / v{Un ~ w) \/weW^^^{Q). 

Jq 



That is 




7n{Un)) < [ |VWn|^ ‘^VUn'V{w 

Jn 



'^n) 



(5.10) 



for all w G W^’^(fi). Let A; > 0 be such that ||^||oo k. If we take w = Tk{un) in 
(5.10), we get 








r^VUn-V{Tk{Un)-Un). 



Hence, if 



we have that 



An(/c):={xGfi : \un{x)\>k}, 




n-n Tj^(^u 



n 




\VUn\^ ‘^VUn’VUn 



< 

< 



[ \VUn\^ • V(Un - Tfc(Un)) 

JQ 

I v{Un ~~ Tj^(Un)) / ^n{4^n){^n ~ Tj,^(Un)) 

JQ JQ 

I x{xLn T}^{Uny)’ 

JQ 



Now, by Young’s inequality 

[ v{Un-Tk{Un))<CM\tj^''{Mk))+eC [ \Un-n{Un)f. 

JQ JQ 

Since Un — Tk{un) G using the Poincare inequality, we obtain that 

||nn-T^(^n)||i,p<i?£'^(An(A:))'/^ 

hence, by applying the classical Stampacchia methods (see for instance. Appendix 
B in [138]), it follows that there exists a constant Mi depending on ||t’||oo nnd 
||(y9||oo, such that 



ll'^nlloo ^ M\ 



Vn € N. 



(5.11) 




132 



Chapter 5. The Dirichlet Problem for the Total Variation Flow 



On the other hand, taking wq as test function in (5.10), and applying Young’s 
inequality, we obtain 




< 



< eC 



/ |Vu„|P ^VUn-Vwo+ / v(Un-Wo)+ / 7„(w„)(wo “ 

Jq Jn Jq 

I |VU„|P + C£ [ |Vwo|^+ / VUn+ [ WoilniUn) -V). 
Jn JQ Jq Jq 



It follows from this that there exists a constant M 2 depending on \\v 

11(^11 00 and l|tf;olli,p, such that 



/ 

Jq 



< M2 



V n G N. 



(5.12) 



As a consequence of (5.11) and (5.12), {iXnjnGN is bounded in W^’^(fi). Hence, 
there exists a subsequence, still denoted such that Un ^ u e lY^’^(il) weakly 
in lY^’^(fl). Moreover, by the Rellich-Kondrachov theorem, Un ^ u in 
and by Theorem 3.4.5 in [157], Un ^ u in L^(9fi). After passing to a suitable 
subsequence, we can assume that Un u a.e. in fl. Thus, by (5.11), ||t^||oo ^ M\, 
Therefore we have that u G IT^’^(O) n L^{Q). 

Proceeding as in the proof of step 3 of Theorem 2.1 in [20], we obtain that 

\Vun\^~‘^S/un ^ in measure, and a.e. 

Now, by (5.12), we have that {\Vun\^~‘^Vun}neN is bounded in (L^ (^))^- 
Hence 

\Vunf~^Vun \Wu\P-^Vu Weakly in (L^ (fl)) 

Given w G IT^’^(n) fl L^(Q), by (5.13), we get 



viV 



(5.13) 



/ IVr 

Jq 



IP-2 



VUn • Vw 



Jq 



• Vip, 



and, using Patou’s lemma, we have 

[ |Vlx|^""^V7i • Vlt < liminf / \VUn\^~‘^VUn ■ '^Un^ 
Jq Jq 

On the other hand, since Un ^ u in L^{fl) we have 

lim / {W - Un){v - Jn{Un)) = / {w ~ u){v ~ u). 

Jq Jq 



(5.14) 



(5.15) 



(5.16) 



From (5.14), (5.15) and (5.16), passing to the limit in (5.10) we get (5.9), and the 
proof concludes. □ 
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To prove Theorem 5.8, we need to give the following characterization of the 
operator 

Proposition 5.10. The following assertions are equivalent: 

(a) {u,v) e A^. 

(b) u,v ^ p{u) € BV{Q) for all p E V, and there exists z E X(n)i, 

with \\z\\oo ^ V = — div(z) in V'(P) such that 



/ {w—p{u))vdx< / {z,Dw)~ / ||i)p(ii)|| 
i/ r2 »/ ♦/ o 

+ f \w -p{<^))\dn^-'^ - [ \p{u)-p{p)\ 
Jan Jan 



(5.17) 



dU 



N-l 



for every w G BV{Q) fi L"^{fl) and p eV. 

(c) u,v e p{u) E BV{Q>) for all p e V, and there exists z E X{Q)i, 

with \\z\\oo < I, V = — div( 2 ;) in V'{fl) such that 



/ {w-p(u))vdx< / {z,Dw)— / 1111^(1/) II 
«/ o «/ o J ^ 

-f [z,iy]{w-p{<f))dn^~'^ ~ f \p{u)-p{<p)\ 
Jan Jan 



(5.18) 



dH 



N-l 



for every w E BV{Ct) fl L^{ft) and p eV. 

(d) u,v e p{u) E BV{Q) for all p ^ V, and there exists z E X{Q,)i, 

with \\z\\oc) ^ y = — div(z) in V'{Q) such that 



[ {z,Dp{u))= f \\Dp{u)\\ VpeP, (5.19) 

JQ JQ 

[z,jy] E sign{p{(p) - p{u)) - a.e. on dQ, V p E P. (5.20) 

Proof. Let {u^v) E A^p. Then, there exists z E X(ll)i with ||2:||oo ^ = — div(z) 

in V'{Q), such that 



/ {w — p{u))vdx< / Z'Vwdx— / ||Dp(u)|| 
Jn Jn Jn 



+ f \w -p{ip)\d'H‘^ f \p{u) -p{if)\dn’^ ^ 
j ao, J ao, 



(5.21) 



for every w E IT^’^(O) D L^{fl) and every p E P. Let w E BV{ft) 0 L"^(fi), 
p E P. Using Theorem B.3 and Lemma C.8 we know that there exists a sequence 
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Wn G n L^(0) such that 

Wn ^ w in 

7 Wn \ dx 



/ \Vwn\dx-^ / 

Jq Jn 

/ z -Vwndx = / {z,Dwn) / (z,Dw) 

J ^ «/ ri «/ r2 



(5.22) 



and Wn\dn = ||^^n||oo Hic||oo, V n G N. Then taking Wn as test function 

in (5.21) and letting n ^ oo we get that (5.21) holds for all w G BV{Q) n I/°^(fl) 
and all p G 7^. Thus (a) and {b) are equivalent. 



Since 



f [z,u]{w -p{ip))dn’^ f \w-p{if)\ 
J dQ J DO, 



dn 



N-l 



to prove the equivalence between (b) and (c), it is enough to show that if (u,v) G 
then (5.18) is satisfied. In fact, since {u,v) G there exists z G X(fi)i 
with \\z\\oo < V — — div(z) in T^'(fl), such that 



+ 



/ {w—p{u))vdx< / {z,Dw)— / \\Dp{u)\ 

Jq Jn Jn 

[ \w -p{p)\dn^~^ - f \p{u) -p{p)\dn^ 

Jan Jan 



(5.23) 



for every w G BV (f^) fl L^(fl) and every p eV. Now, given w G BV{fl) Pi L^(fl) 
and p G P, by Theorem B.3 and Lemma C.l, there exists Wn G n L^{Ct) 

such that Wn ^ w in Wn\dn = p(<p) and ||w„||oo < ||w||oo + lb(</^)||oo, for 

all n G N. Then taking Wn as test function in (5.21) and using Green’s formula 
(C.IO), we get 



/ {Wn - P{u))v dx < {z,DWn)- / \\Dp{u)\\ - / \p{u) - p{p)\ 

Jn Jn Jn Jan 

= - [ div{z)wndx+ [ [z,i/]p{ip)dn^~^- [ \\Dp{u)\\- [ \p{u)-p{<p)\ 
Jn Jan Jn Jan 

Letting n oo, it follows that 

/ {w-p{u))vdx< - / div{z)wdx-{- / [z,u]p{(p) dH^~^ 

Jn Jn Jan 

- f \\Dp{u)\\- [ \p{u) -p{<p)\dn’^-^. 
Jq Jao. 



dH^-^ 



Therefore, applying again Green’s formula, we obtain (5.18). 
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Suppose now that (b), or, equivalently, (c) is satisfied. Taking w = p(u) in 
(5.21) we obtain 

0< [{z,Dp{u))- f \\Dp{u)\\. 

Jn Jn 

Thus, 

f {z,Dp{u)) <\\z\\oo [ pp(w)|| < f ||I>p(w)|| < [ {z,Dp{u)), 

Jn Jn Jn Jn 

and (5.19) holds. Let us prove (5.20). Since p{(f) G L^(9f]), by Lemma C.l, there 
exist Wn E n L^{Q) satisfying: 

Wn\dn=p{^) VnEN, 

[ \Vwn\dx< f \p{<p)\dH^-^ + - VneN, 

Jn Jan ^ 



1 ^ 5 I'^nl oo ^ l|p(^)l|oo 

n 



V n E N. 



Taking w = Wn in (5.21) and using Green’s formula, we get 

/ {wn - p{u))v dx < - / div{z)wndx + / [z^u]p{(p)dli^ 
Jn Jn Jan 



- / \\Dp{u)\\ - / \p{u) -p{ip)\dn'^ ^ 

Jn Jan 

Then, letting n oo in (5.24), we obtain 

- [ p{u)vdx< / [z,v]p{ip)d'H^~'^ - f \\Dp{u)\\~ [ \p{u) - p{p)\ d'h’’ 
Jn Jdn Jq Jdn 

Now, by (5.19), and applying Green’s formula, we have that 



Hence, 



[ \\Dp{u)\\= [ {z,Dp{u))= [ vp{u)dx+ [ [z,i']p{u)dn'' 
Jn Jn Jn Jan 

0 < ([z,i/](p((/?) -p(«)) - |p(w) -p(<p)|) dn^~\ 



[z,iy]{p{p) - p{u)) - \p{u)-p{ip)\ < 0, 



we have that 



[z,iz]{p{p)-p{u)) = \p{u)-p{(f)\ ^-a.e. on dQ, 

and we obtain (5.20). Finally, to prove that (d) implies (c), we only need to apply 
Green’s formula. □ 
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Remark 5.11. (1) As a consequence of the proof of the above proposition we can 
put equality in the definition of the operator, that is, the following characterization 
of the operator A^p holds. 

{u,v) e if and only if G p{u) G BV{fl) for all p G 7^ 

and there exists 2 : G X{Q)i with ||2:||oo < 1, = — div( 2 ;) in T>'{Tt) such that 

/ {w - p{u))v dx = / {z,Dw)- / ||Dp(t^)l| 

Jq Jq Jq 

+ / \w-p{^)\dn^~'^ - [ \p{u)-p{(p)\dn’^-'^, 

JdQ JdQ 

yw G BV{n) n L^{Q) and Vp G V. 

(2) As a consequence of the above proposition, if (u^v) G A^p^ we have that 
6{z, DTk{u)^x) = 1 a.e. with respect to the measure \\DTk{u)\\. In case that 2 : G 
this implies that 

where denotes the density of DTk{u) with respect to \\DTk{u)\\ (see 

Theorem C.14). Heuristically, this amounts to saying that 2 : = . When z is 

not continuous we have that 

where ||VTfc(ii)|| denotes the absolutely continuous part of ||T)T/i;('a)|| with respect 
to the Lebesgue measure in (see Theorem C.14). In particular, ifue W^’^(Q)n 
we have that 



z{x) 



Vu 

IW 



(x) = 1, ||Vw|| 



■a.e. 



(3) Observe that by (d) in the above proposition, if u G L^(Q), then the trunca- 
tions are redundant in the definition of Ap^. 

To prove the following result, we need to introduce the functional ^ (fl) — > 

(— 00 , Poo] defined by 



^u) 




+ / \u- (f \ dH^ ^ 
Jon 



ifueBV{Q), 

ifueL\Q)\BV{n). 



(5.25) 



The functional ^ is convex and lower semi-continuous in L^(Q) (see Appendix 
B). 
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Proposition 5.12. Let (p G L^{dft). Then L^{Q) C R{I + A^p) and D{Acp) is 
dense in L^{Q). 

Proof. Suppose first that cp G H L^{dn). Let v G L^{n). We shall 

find u G BV{Q) n L^{Q.) such that (u, u — u) E A^, i.e., there is z G with 

Halloo < 1 such that V — u — — div( 2 :) and 

/ {w - u){v - u) dx < / Z'Vwdx— / \\Du\\ (5.26) 

Jn Jn Jn 

+ f \w — p\dH^~^— ( \u — (p\dTL^~^ 

Jdn Jan 

for every w G H L^{Q). 

Since (p G for all p > 1, by Proposition 5.9, we know that for 

any 1 < p < 2 there is Up G such that (up, v - Up) G A^^p. Hence 

/ {w - Up){v - Up)dx < / \Vup\^~‘^'S/Up'V{w -Up)dx, (5.27) 
Jn Jn 

for every w G W^’^(O) fl L^{Q). 

Let M := sup{||(p||oo, ll'^^lloo}- Then, taking w = Up - (up - M)+ as test 
function in (5.27), we obtain 

/ {up - M)^[up — v)dx < 0 . 

Jn 

Hence, 

/ (up — M)^dx< / {up — M){up — v)dx= / {up — M)'^{up — v)dx<0. 

J{u^>M} J{uj,>M\ Jn 



Consequently, Up < M a.e. in fl. Analogously, taking w = Up-\- {up + M) as test 
function, we get —M<Up a.e. in fl. Therefore, 



ll^plloo < Af for all 1 < p < 2. 



(5.28) 



Taking w = Wq E W^^'^{fl) fl L"^{fl) in (5.27) and applying Young’s inequality we 
obtain 

/ \Vup\^ dx < / \Vup\^~‘^'Vup ‘Vwodx - / {wq - Up){v - Up) dx 

Jn Jn Jn 

<e[ \Vup\P dx + C, [ \Vwo\^dx + C{\\v\\ooA\w4oo)- 
Jn Jn 

[ \Vup\^dx<Mi VKp<2, 

Jn 



Thus 



(5.29) 
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where Mi depends on ||fl|oo, ||^o||oo and ||if^o||i, 2 - Using Holder’s inequality we 
also have that 

I I Vupl dx < M 2 V 1 < p < 2, (5.30) 

Jn 

where M 2 does not depend on p. Thus, {up}p>i is bounded in and we 

may extract a subsequence such that Up converges in (fi) and almost everywhere 
to some u G as p ^ 1+. Now, by (5.28) and (5.30), we have that u G 

Let us prove that {|Vup|^“^Vup}p>i is weakly relatively compact in 
L^(r2,M^). For that, using (5.29), we observe that 





< M3, 



where M 3 does not depend on p. On the other hand, for any measurable subset 
ECO, such that C^{E) < 1 , we have 



/ |Vup|^ ^Vupdx 

\Je 

Thus, {lVup|P“^Vup}p>i, being bounded and equi-integrable in L^(fl,M^), is 
weakly relatively compact in L^(n,M^). We may assume that 

|Vup|^“^Vup -^2 as p 1+, weakly in (5.31) 

Given 'll; G taking w = UpF'i/j in (5.27) and letting p ^ 1+, we obtain 



< [ \Vup\^~Ux < C^{E)p < M4C^{E)i, 

JE 



{v — u)'iljdx= / z-V'ipdx, 

Jq 



that is, V — u = — div(z) in Let us prove that || 2 :||oo < 1- For any /c > 0, let 

Bp^k = {x efl : |Vup(:r)| > k}. As a consequence of (5.29) we have that 



C^{Bp^k) < ^ for every p > 1 , /c> 0 . 

As above, there is some gk G such that 

|Vup|P“^VttpXs^ ^ gk 

weakly in as p ^ 1. Now for any 0 G L®°(^1,IR^) with ||0||oo 

easily prove that 



/ |Vup|P ‘^Vup’ (j)XB^^dx 

Jn 



< 



Ml 



(5.32) 



< 1 , we 
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Letting p ^ 1, we get that 




for every k > 0. 



Since we have that 



\Vup\^ 



<kP-^ 



for any p > 1, 



letting p ^ 1 , we obtain that 



(5.33) 



\VUpf '^VUpX^\Bp,k 

weakly converges in to some function fk G such that 

||/fc||oo < L Hence, for any A: > 0, we may write z = fk Qk with |l/fc||oo < 1 
and Qk satisfying (5.33). It follows that ||2:|loo < 1- 

For every w G W^’^(n) fl by (5.27) and Young’s inequality, we get 

[ \Vup\dxT [ \up-ip\dH^-^ 

Jn Jon 

<- — [ (w - Up)(v — Up) dx - [ \X/upf~‘^Vup-Vwdx. 

P pJn pJq 



Then, using the lower semi-continuity of the functional $ defined by (5.25), letting 
p — > 1“^, we obtain 

f II Dull -h f \u — (p\d7i^~^ < — f {w — u){v — u) dx j z-S/wdx, (5.34) 

Jfl J dQ JQ Jq 

for every w G IT^’^(O) fl 

Now, to prove (5.26), we assume first that there exists wq G IF^’^(Q)nL°°(fl), 
such that (p = wo\dQ (i.e., p is the trace of wq). Let w E IT^’^(fl) fl L^(Q) 
and let Wp G IF^’^(n) fl L®°(D) be such that Wp ^ w in L^(fi) as n ^ oo and 
1 1 I loo ^ Halloo* Using Wji as test function in (5.34) and applying Green’s formula 
(C.IO), we may write 



/ {wp — u){v — u) dx < / Z'Vwpdx— / ||Du|| — / \u — (^\dH 

Jq Jq Jn Jdn 

— — j diY{z)wpdx I [z,i/](fd'H^~^ — j ||Du|| — j \u — ip\ 

JQ JdQ Jq Jan 



N-l 



dU 



N-l 
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From here, letting n — > oc and applying again Green’s formula, we get 
/ {w — u){v — u) dx 

Jn 

< — / d\Y{z)wdx-\- [ [z,i'](pdH^~^ — f ||Dtx|| — f \u — ip\d'H^~^ 

Jvt Jan Jn Jan 

z 'Wwdx- [ \z,i']wdTi^~^-\- f [z,i/](fdH^~^ - f \\Du\\- f \u-(f\ 

Jan Jn Jan 



— j z ' Vwdx— / 
Jrt Jai 

<-L 



dH 



N-l 



n Jan 

z • Vw dx — 



[ \\Du\\~\- f \w-(f\dH^ ^ - ( \u-ip\ 

Jn Jan Jan 



dH 



N-l 



and the proof of (5.26), in this particular case, concludes. 

Suppose now we are in the general csise, that is, (p G Take Vn G 

n such that (fn •= 'an\an ^ in. V-{dFl). From the above, there 

exists Un G BV{n) fl and Zn G X(0)i with ||2:n||oo < 1 such that v — Un = 

— div( 2 ;„) and 



/ {w-Un){v-Un)dx < 

Jn 




Vw dx 



\w — (Pn\ dH 



f WDUnW 

Jn 

-L 



\Un - ^n\d'}N ^ 



(5.35) 



for every w G n L°°{Q). Moreover, by (5.28), we have ||Uto||oo < 

max{||t>||oo, ilv^nlloo}- We can assume that Zn ^ z weakly* in L^{Q). Now, taking 
w = 0 in (5.35), we get 

-f UnVdx+ [ {Unfdx+ / ||Du„||+ f \Un ~ iPn\ dH^ ~^ < [ \tpn\ dH^~''- . 
Jn Jn Jn Jan Jan 

Hence 

Il^n|l2+ / \\DUn\\ < / UnVdxF / \ifn\dH^~^ 

Jn Jn Jan 

^ O ll'^rilll + qII'^112 + [ \^n\dH^ 

^ ^ Jan 

Thus, {un} is a bounded sequence in BV{Q) fl L^(ll). Then, since BV{fl) is com- 
pactly embedded in L^{Q) (see Theorem B.21), there is a subsequence, still denoted 
by {un}^ such that Un ^ u in Finally, taking limits in (5.35), we obtain 

that {u,v — u) e A^. 

To prove the density of D{A^) in {Q .) , we prove that (fi) C D{A^p) ^ ^ . 
Let V G C^(0). By the above, v G R{I + -A^p) for all n G N. Thus, for each n G N 
there exists Un G D{A^) such that {Un,n{v — Un)) G A,p and, therefore there exists 
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some Zn E X(Q)i with ||2:n||cx) < 1, — '^n) — ~diy(^n) in V\^) such that 

/ {w-Tk{un))n{v-Un)dx< / Zn-Vwdx- / \\DTk{Un)\\ 

Jq Jn Jn 

Jdn Jdn 

for every w E Pi L°°(n). Taking w = Tk{v) and applying Patou’s Lemma 

we have that 



[ {v - Un)‘^ dx <- ( [ I Vi;| -h [ \(f\ dU^ ^ 
Jn n \Jq 



Letting n oo, it follows that Un ^ v in L‘^{Q). Therefore v E D{Acp) 



L^{n) 



□ 



Proof of Theorem 5.8. Let {u,v), (u,v) EA^p, p E Pq- hy Corollary A. 38, we have 
to prove that 

/ p{u — u){v — v) dx > 0. (5.36) 

Jo. 

Let z^z E X(0)i, ||2:||oo < 1, Halloo be such that v = — div(z), v = — div(z), 



and 



[ {w - Tk{u))v dx < [ {z,Dw)~ [ l|DTfc(u)|l 
«/ O »/ Q o 

-/ [z,>^]{'w -Tk{ip))dn‘^~^ - [ \Tk{u) - Tk{ip)\ 
Jen Jan 

[ {w - Tk{u))v dx < [ {z,Dw)~ f ||Dr*(w)|| 

Jn Jn 

-[ [z,u]{w-Tk{^))dn^-^ - [ \Tk{u)-Tk{<fi)\ 
Jan Jan 



(5.37) 



dU 



N-l 



(5.38) 



dn 



N-l 



for any w E BV(Q) H L^(El) and any A: > 0. As observed in the previous remark, 
6(z,DTk(u),x) = 1 \\DTk(u)\\ — a.e., and, using Corollary C.7, we obtain that 

[ (z,Dn(u))^ [ 9(z,DTk{u),x)\\DTk(u)\\^ [ \\DTk(u)l 

Jb Jb Jb 

[ (z,Dn(u)) < [ \\DTk(u)\\ 

JB JB 

for any Borel set B C 17. Similarly, 

[iz,DTk(u))= [ \\DTk{u)\\, 

Jb Jb 
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[ {z,Dn{u)) < [ \\Dn{u)\\ 

JB J B 

for any Borel set B C It follows that 

[ {z-z,D{Tk{u)-Tk{u)))>0 

JB 

for any Borel set B C ft. This implies that 

6{z - z,D{Tk{u) - Tk{u)),x) > 0 \\D{Tk{u) - Tk{u))\\-di.e.. 

Since, according to Corollary C.16, we have that 

6{z - z, Dp{Tk{u) - Tk{u)),x) = 6{z - z, D{Tk{u) - Tk{u)),x) 

a.e. with respect to the measures \\D{Tk{u) - Tk{u))\\ and \\Dp{Tk{u) — Tk{u) 
We conclude that 



9{z - z,Dp{Tk{u) -Tk{u)),x) > 0, \\Dp{Tk{u) - Tk{u))\\-a,.e. 



(5.39) 



Taking w = Tk{u) - p{Tk{u) - Tk{u)) in (5.37) and w = Tk{u) + p{Tk{u) - Tk{u)) 
in (5.38), adding both terms, and using (5.20) and (5.39), we obtain 

[ p{Tk{u) -Tk{u)){v -v)dx < [ {z - z,Dp{Tk{u) -Tk[u))) 

Jq Jn 

+ [ ([z, u] - [z, iy])p{Tk{u) - Tk{u)) dH^~^ 

Jdn 

= - [ 0(z-z,Dp(T,(7i)-T,(^)),x)||Z)p(T,(i/)-Tfc(^))|| 

Jn 

+ [ H ^])p{Tk{u) - Tk{u)) dn^ 

JdQ 



< 0 . 



The inequality (5.36) follows by letting k ^ oo. Therefore is completely ac- 
cretive. 

In view of Proposition 5.12, to prove that satisfies the range condition, it 
is enough to prove that A^ is closed. Let {un,Vn) ^ A^ such that (u^, Vn) (u, v) 
in L^{ft) X L^{ft). Let us see that {u^v) E A^p. Since {un^Vn) ^ Ap^ there exists 
Zn E X{fl)i, li^^nlloo f with Vji = — div(z^) in V'{ft) such that 



/ {W - p{Un))Vn dx < / (z^, Dw) - / ||T»p(' 
«/ r2 «/ «/ ri 

+ f \w - [ \p{Un) - p{‘p)\ 

JdQ JdQ 



N-1 



(5.40) 
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for every w E BV{ft) fl and all p E V. Since H^nlloo < 1 we may assume 

that Zn z\n the weak* topology of with \\z\\oo < 1. Moreover, since 

Vn ^ V iii we have v = -div( 2 :) in P'(f2), and 

lim / {zn,Dw)— / {z,Dw). 

Jft Jn 

Now, letting n — ^ oo in (5.40), and having in mind the lower semi-continuity of 
the functional defined in (5.25), we obtain that 

/ {w-p{u))vdx 
Jn 

< ( (z,Dw)- f ||L»p(u)||+ f \w - f \p{u) -p{<p)\d'H^~\ 

Jn Jn Jan Jan 

Consequently, {u,v) G A^. □ 



5.5 Strong Solutions for Data in L^{Q) 

In this section we are going to see that when the initial datum is in I/^(fi), 
then the semigroup solution is a strong solution. 

Let {S{t)}t>o be the contraction semigroup in (fl) generated by the opera- 
tor via the Crandall-Liggett exponential formula. Since is an m-completely 
accretive operator, S{t){L‘^{fl)) C L^(fl). Let : L^(fl) -^] - oo,-hoc], the re- 
striction to L^(fl) of the functional defined by (5.25), i.e., 







dn^-^ Hue BV{fl) n L2(fi), 



[-hoo Hue L^{n)\BV{n)nL^{Q). 

(5.41) 

Since the functional is convex and lower semi-continuous in L^(fl), we have 
that is a maximal monotone operator in L^(fl), and consequently (see The- 
orem A. 33), if {T(t)}t>o is the semigroup in L^(fl) generated by for every 
1^0 ^ '^{t) •= T{t)uo is a strong solution of the problem 



— + ^'^^pu{t) 3 0 , 

^/(O) = Uq. 



(5.42) 



Lemma 5.13. Let B^ A^ fl (L^(fl) x L^(Q)). Then B^ — 
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Proof. Let {u^v) G Then, u,v £ p{u) G BV{Q) for all p G P and there 

exists z G with ||2:||oo < 1, = -div( 2 :) in V'{fl) such that 

/ {w-p{u))vdx< / {z,Dw)~ / ||Z7p(rt)|| 

Jn Jq Jq 

+ f \w-p(¥>)\d'H^~^ - [ \p{u)-p{ip)\dn^^'^, 

JdQ JdQ 

yw G BV{fl) n and Vp G V. Letting p = Tk and fc — > cxd we obtain that 



N-l 



dU 



N-l 



f {w — u)vdx< f {z,Dw)~ f |li^ti|l+ f \w — (p\dH^ ^ - f \u — (p\dH 
Jn Jn Jn Jon Jon 

yw G BV{fl) n L^{Q). To prove that (u, v) G we have to prove that 

[ {w — u)vdx< f ||Z9u;|| — f ||i9i^|| + f \w - ip\dH^~^ - ( \u — p\ 

Jn Jn Jn Jan Jan 

(5.43) 

for every w G L^(0) fl BV {ft). Now, given w G fl BV{Q), since (u, v) £ B^, 

by the first observation of the lemma, there exists z G X(fl)i, with H2:||oo < 1, 
V = — div(z) in V\Ft) such that 

[ {Tk{w) - u)v dx < f {z,DTk{w))~ / \\Du\\ 

Jn Jn Jn 

+ / \Tk{w)dn^~^ - (f\- f \u-(p\dH^~\ 

J an J an 

for every /c > 0. From this, it follows that 

[ {n{w) - u)vdx < [ \\DTk{w)\\ - f \\Du\\ (5.44) 

Jn Jn Jn 

+ [ \Tk{w)-p\dn^-^ - [ \u-p\dn^-\ 

Jan Jan 

Now, since limk^ooTk{w) = w in and / \\DTk{w)\\ < / 

Jn Jn 



we have 



[ ||Dr(;l| < liminf [ \\DTk{w)\\ <\im sup f \\DTk{w)\\ < f \\Dw\\. 
Jn Jn k-^oo Jn Jn 



Therefore, letting A: — > oo in (5.44), we obtain (5.43). We have proved that B^^ C 
By Proposition 5.12, we have that L^{Q) C R{I + B^). Hence, = 

It follows that = A^(^ {L‘^{n) x L'^{n)). □ 

Using the above lemma and having in mind Proposition 5.10, we have the 
following result. 
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Theorem 5.14. Let (f G L^{dQ). Given uq e L‘^{D), u{t) — S{t)uo is a strong 
solution of (5.42). Moreover, u'{t) G L‘^{D), p{u{t)) G BV{D) for all p e V, 
and there exists z{t) G ||2:(^)||oo < 1 u'{t) = diY{z{t)) in V\fl) a.e. 

t G [0, +oc[, satisfying 



- [ {w - p{u{t)))u' {t) dx < f {z{t),Dw)~ [ \\Dp{u{t))\\ 

Jn Jn Jn 

- [ [z{t),i^]{w-p{ip))dn^-^ - f \p{u{t)) ~p{if)\dn^-^ 

JdQ JdQ 



(5.45) 



for every w G BV{Q) fl L°°(f2) and p gV. 

Moreover, u{t) is also characterized as follows: there exists z{t) G X{Q>)i, 
lk(^)||oo < 1 u'{t) = div{z{t)) in V'{fl) a.e. t G [0, +oo[, satisfying 



[ {z{t),Dp{u{t)))= [ \\Dp{um\ VpGP, (5.46) 

Jn Jn 

[z{t), u] G sign{p{(p) — p{u{t))) — a.e. on dfl, V p G 7^. (5.47) 

Remark 5.15. Note that under the assumptions of Theorem 5.14, since u{t) G 
BV (fl), applying the lower semi-continuity of if we set p = Tk and take limits 
when /c — » oo, we obtain that (5.45), (5.46) and (5.47) are true when p is the 
identity map. 



We have the following weak form of the maximum principle. 
Theorem 5.16. Let u\ and U 2 be two strong solutions of 

[ Ui{0) = Ui^o, i = 1,2, 



(5.48) 



where Ui^o G L^(0) and <pi G L^{dD). Suppose that ui^o > U 2 ,o ctnd (pi > (/? 2 - 
Then we have u\ > U 2 - 



Proof. By Theorem 5.14 and the above remark, we have that Ui{t),u[{t) G 
and there exist Zi(t) G X(fl)i, ||z2(t)||oo < 1 and u[{t) = div(z^(^)) in 
satisfying: 

[ {zi{t),D{u,m= [ \\D{uMl ( 5 . 49 ) 

Jn Jn 

[zi{t),iy] G sign{(pi - Ui{t)) - a.e. on dQ. (5.50) 
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Since ^(^2(0 ” — div(^Z 2 (t) — in multiplying by (u 2 (t) — 

integrating, and using Green’s formula (C.IO), we get 






dx = 



I div(2:2(t) - zi{t)) {u2{t) - ui{t))~^ dx 
Jn 

+ f [Z2{t) - Zl{t),iy]{u2{t) -Ui{t)) 

Jdil 



+ dn^-\ 
( 5 . 51 ) 

Now, by ( 5 . 49 ) it follows that 

6{z2{t) - zi{t),D{u2{t) - Ui{t)),x) > 0 \\D{u2{t) - rii(t))|| - a.e. 

According to Corollary C. 16 , we have 

6{z2{t) - Zi{t),D{u2{t) - Ui{t)),x) = 6{z2{t) - Zi(t),D{u2{t) - Ui{t))^,x) 

a.e. with respect to \\D{u2{t) - ui{t))\\ and \\D{u2{t) - ui(^))+||. Hence we can 
conclude that 

0{z2{t) - zi{t),D{u2{t) - Ui (<))"'', a;) > 0 , \\D{u2{t) - Mi(i))’^|| - a.e. 

As a consequence, we have 

/ {Z2{t) - Zi{t),D{{u2{t) 

Jq 

= [ 0{z2{t) - Zi{t),D{u2{t) -Ui{t))~'' ,x)\\D{U2{t) - Ui{t)y\\ > 0 . 

JQ. 

On the other hand, since <^i >^2, from ( 5 . 50 ), it is easy to see that 



(5.52) 



< 0 . 



(5.53) 



[ [Z2{t) - Zi{t),u]{u2{t) - Ui{t)y dn^ ^ 

JdQ 

From (5.51), (5.52) and (5.53), we obtain that 

{Mt)-Ui{t)y dx<0. 

Hence the initial condition 1 x 1,0 > '^ 2,0 gives ixi > 1 x 2 , and the proof concludes. □ 

Proposition 5 . 17 . Let 0 < uq G L^(fl) and 0 < (p E L^{dfl). Then, if u is the 
strong solution of the problem (5.41), we have 

u'{t) < -Y 

The opposite inequality holds ifuo,p < 0 . 



for t > 0. 
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Proof. We shall prove the proposition only when > 0, the other case being 
similar. First, let us see that for A > 0, we have 

X~^u{Xt) = (5.54) 

By Crandall-Liggett’s exponential formula, it is enough to prove that for all // > 0, 

(/ + fj.Ax- 1 ^) ^ (A“^uo) = A“^ (7 + (uo). (5.55) 



In fact: v, 



:= (/ 4- fiAx-i^) ^ (A if and only if 



A ^uo - vx 



>5 



G A 






which is equivalent to the existence of € X{Cl)i, such that 



-div( 2 ^) = 



A ^uq-ua 



[ {z^,Dvy= f \\Dv^l 
Jn Jq 

e sign(A“V - ’v^)- 



Then, we have 



-div(2^) = 



Wo - Xv\ 
Xfi ’ 



f {z^,DXvy= j ||DAwj,||, 

JQ. JQ 

[ 2 ^, p\ 6 sign {if - XVf,), 

Uo - Xv^ 



which is equivalent to saying that ( Xvn^ 

\ A|U 

= X~^ {I + XfiAy~^ (A“^wo), and (5.55) holds. 



G A^, that is, we have 



Fix t > 0. For h > 0, if A^ = ^ + /i, applying (5.54), we obtain 
u{t + h) - u{t) = u{Xt) — u{t) = (1 — X~^)u{Xt) + X~^u{Xt) — u{t) 
= + ^) + e“^*^^-'‘^(A“^uo) - u{t). 

Now, since X~^uq < uq and A“ V ^ by Theorem 5.16, we get 



Therefore, 



and the result follows. 



3 ^^{X ^Uo)<u{t). 



u{t + h) — u{t) < -u{t + h), 

t h 



□ 
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5.6 Existence and Uniqueness for Data in L\Q) 

In this section we are going to prove Theorem 5.6. 



5.6.1 Proof of Theorem 5.6: Existence 

Let uo E L^(0) and {S{t)}t>o be the contraction semigroup in L^{Ct) 
generated by A^. We shall prove that u{t) := S{t)uo is an entropy solution of 
problem (5.1). We divide the proof in different steps. 

Step 1. Since V{Ayp) fl is dense in given uq E there 

exists a sequence uo,n ^ V{Ayp) fl such that rto,n — ^ in Then, if 

Un{t) := 5(t)no,n, we have that Un ^ u in (7([0, T]; for every T > 0. As 

a consequence of Theorem 5.14, Un{t),u'^{t) E p{un{t)) E BV{ft) for all 

p E V and there exists Zn{t) E l|2n(f)||oo 1 and u'^{t) = div{zn{t)) in 

V'{fl) a.e. t E [0,+oo[, satisfying 



- [ {w - p{Un{t)))u'^{t) dx < [ {Zn{t),Dw)~ [ \\Dp{Un{t))\\ 

Jn Jn Jn 

-[ [Zn{t),l']{w -p{ip))dH^~^ - f \p{Un{t)) -p{ip)\dn^~^ 

JdQ Jdn 

for every w E BV{n) fl and p eV. Moreover 

[ {zr^{t),Dp{u^{t)))= [ \\Dp{u^m\ ^VEV (5.57) 

JO. Jn 



and 



[znit),^] E sign{p{(p) ~ p{un{t))) n —a.e. on dVt, \/pEV. (5.58) 



Since || [^n(05 Iloo ^ \\zn{t)\\oo ^ L we can suppose (up to extraction of a 
subsequence, if necessary) that 



[Z^{.),i,]^p a{L°^{ST),L\Sr)). 



Step 2. Convergence of the derivatives and identification of the limit. Since the 
map 1 1 -^ u'^{t) is strongly measurable from [0,T] into L^(fl), and by (5.6), 

\Wn{^)\\BV(Q):^ < II^U^)IIl2(0), 

it follows that this map is strongly measurable from [0, T] into BV (^1)2- Moreover, 
for every w E BV{Q) 2 ^ by Green’s formula (C.IO) we have 

/ u^{t)wdx= / div {zn{t))w dx = — / {zn{t) , Dvu) -E / [zn{t)^iz]w d'H^~^ . 
Jn Jn Jn Jan 
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Hence 






wldn^-^ 



< M\\w\\Bv{n)2 



V n e N. 



Thus, 

\\u'n{'^)\\BV{Q)* < M VnGN and ^g[0,T]. 

Thus, {u'^}neN is a bounded sequence in L°°(0, T; Since T^(0,T; 
BV{D) 2 ) is a vector subspace of the dual space (L^(0, T; HV'(f^) 2 )) , we can find 
a net {u'^} such that 

< ^ C ^ (L'(0,T; W(Q) 2 ))* weakly*. (5.59) 

Since ||zn(^)||oo < 1 for all n G N and a.e. t G [0,T], we can suppose that 
Zn ^ z e weakly*. (5.60) 



Given rj G V{Qt), since rj G L^(0, T; HF(f]) 2 ), we have 
(<^,r/) = lim«,7/) = lim f dt 

^ ^ Jo 

= lim / / u'^{t)r](t) dx dt = lim / / div {za{t))r]{t) dx dt 

^ Jo Jq ^ Jo Jn 

= - lim / / Za{t) • ^rj{t) dxdt=~ z ^ Vrj = {diYx{z),rj) 

^ Jo Jn Jqt 



Hence, 



C = div;c( 2 :) in V\Qt)^ (5.61) 

On the other hand, if we take ri{t, x) = (j){t)'il){x) with 0 G P(]0, T[) and 0 G T>(fl), 
the same calculation as above shows that 



^[t) — divx(^(^)) in V'{D) a.e. t G [0,T]. (5.62) 

We have proved that {z{t)^^{t)) G Z{ft) for almost all t G [0,T], and therefore the 
normal trace [z{t), v\ defined as in Section 5.2 has sense. 

Lemma 5.18. ^ is the time derivative of u in the sense of Definition 5.3. 

Proof. Let ^ G L^(0,T; BV{D)) be the weak derivative of 

eeLliO,T-,BV{n))nL^iQT), 



.e., 4^(t) = / 0(s)ds, the integral being taken as a Pettis integral. By (5.59) we 

Jo 

[ {i{t),^{t))dt = lim [ {u’^{t),<H{t))dt. 

Jo Jo 



have that 
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Now, 



Jo ^ Jo Jn 






Ua{t + h) — u{t) 



dxdt 



lim f I 

^ Jo Jq ^ 



/o 

rT 



f [ ^ f 

= -lim / T Q{s)dsUa{t) 

^ Jo Jn^ Jt-h 

= - / / Q{t,x)Ua{t,x) 

Jo Ja 



dxdt 



I dxdt. 



Passing to the limit in a in the above expression, we obtain 

rT rT 



[ = - f [ Q{t,x)u{t,x) 

Jo Jo Jn 



dxds. 



(5.63) 

□ 



Step 3. Convergence of the energy. In this step we shall prove that for any p G 'P, 
we have 



lim [ [ \\Dp{un{t))\\ dt + [ [ \p{u„{t)) -p{<r)\dn^ ^dt 

Jo Jn Jo Jan 

= f ( \\Dp{um\dt+ f f \p{u{t))-p{ip)\ 

Jo Jn Jo Jan 



(5.64) 



dH at. 



Let us first prove the following result. 

Lemma 5.19. Let w G L^(Qt) be such that w{t) G BV{f}) for almost all t G [0,T]. 
Then the map t ||'?>^(^)||bv( 0 ) from [0,T] into M is measurable, and the map 
1 1 -^ w{t) from [0,T] into BV{Q) is weakly measurable. 

Proof. Let E := Cc(fl)^'^^ and S : BV{Q) E* be the map defined by 




Then, ||tt;||Bv(n) < ||5(u;)||£;=^ < N\\w\\Bv{n)> If we denote by F the closure in E 
of the set 



{{(f)o,(j)i,...,4>N) ■■ (j)ieV{Q.), a.nd4>o=<ivf {4>i,...,(f>N)}, 

then, it is proved in Remark B.7 that S{BV{'[1)) is isomorphic to (^)*, that 
is, G := ^ is the predual of the space BV{Q,). Now, if 0 = ((?!>o,^i, . . . ,</>/^) € 

{S{w{t)),(l)) = [ w{t)(j)o dx-'T [ w{t)^ dx. 

Jn ^ Jn 
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Hence, the map 1 (/>) is measurable. Now, approximating the functions of 
by functions in we get that for every (f) E G, the function 

1 1 -^ 0) is measurable. Thus, since G is separable, it follows that the map 

t ^ ||u;(t)||BV(^ 2 ) = sup {S(w{t)), (/)) 

||c^||<i 



is measurable. 

Given v € BV{Q)*^ let g{t) := (w{t)^v). To see that g is measurable, consider 
Voc E G, such that Va ^ v with respect to cr(G**,G*) = a{BV{fl)* , BV{fl)). 
Prom the above, we know that if ga{t) •= {S{w{t)),Va), g^ is measurable, and 
9(x{t) q{^)' Now, since 

\9a{t)\ < ||^(0llBV($7)||^a||BV(f2)* < R\\'^{t)\\ BV{n) = ^(0 ^ 

and the order interval [— F,F] in L^(0,T) is (j(L^(0,T), L'^(0,T))-relatively com- 
pact, there exists a sequence g ^^ , such that 

in a(Li(0,T),L~(0,T)). 



Hence, g is measurable. 

Taking rc = 0 in (5.56) we get 



□ 






If we denote 



[ l|■Dp(Wn(^))ll + / \p{Un{t)) -p{>f)\< 

Jn JdQ 

<- p{Un{t))u'^{t) dx + / [Zn{t),u]p{p)( 

JQ JdQ 

j{r) := / p{s) ds, it follows that 

Jo 

[ [ \\Dp{Un{t))\\dt+ [ [ \p{Un{t)) - p{p)\dH^~^dt 

Jo Jn Jo Jdn 

< - [ ^ [ Jp(un{t))dx+ [ [ \p{p)\dH^~'^dt 

Jo Jn Jo JdQ 

= [ {Jp{U0,n) - Jp{Un{T)) dx+ [ [ \p{p)\ dn^~^dt < Mp. 

Jn Jo JdQ 

Since the functional -^] - oo, -hoo], defined by 

[ f \\Dw\\-\- [ \w - p{(f)\dH^~^ ii w E BV{D), 

I Jn Jan 



%{w) = 



+ 00 



'dw E L^{n)\BV{Q), 



(5.65) 
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is lower semi-continuous in we have 

^p{p{u{t)) < liminf $p(p(unW) (5.66) 

n— >•00 

= liminf(/' \\Dp{un{t))\\ + [ \p{un{t)) - p{(p)\d'H’^~^ 

n-^oo \J^ Jg^ 

On the other hand, by Lemma 5.19, the map 1 1 -^ \\p{un{t))\\BV{n) is measurable, 
then by Fatou’s Lemma, it follows that 

[ liminft [ \\Dp{un{t))\\+ f \p{un{t)) - p{(p)\dH^~A dt 

<liminf / ( f \\Dp{u„{t))\\ + f \p{Un{t)) - p{(p)\dn^~A dt < Mp. 

Jo \Jq JdQ ) 

(5.67) 

As a consequence of (5.66) and (5.67), we obtain that p{u{t)) € BV{Q) for almost 
alHG [0,T]. 

From Lemma 5.19, if 0 < 77 G P(]0,T[), the map 1 1 -^ p{u{t))rj[t) ^ from [0,T] 
into BV{Cl) is weakly measurable. 

Lemma 5.20. For any r > 0, we define the function , as the Dunford integral 
(see Definition b.l) 



1 

:= - / p{s)p{u{s)) ds e BV{ny\ 

^ Jt-T 



that is, 



{ip' 



1 r 

'^{t),w) = - {p{s)p{u{s)),w) ds, 

T Jt-T 



for any w € BV{n)*. Then ip^ e C{[0,T]; BV{Q)). Moreover, ip^{t) € 
and, thus, ip^{t) € BV{fl) 2 - 

Proof. Given (p 6 

\{V{t),J>)\ [ |77(s)||(p(n(s)),0)| ds 

^ Jt-T 

= 1^ \v{s)\(^jjp{u{s))\\(p\dx^ ds<C||^||oo- 

Thus, 'if^{t) is a finite Radon measure in O. Moreover, a similar calculation shows 

d'lp'^ (t) 

that for every i = 1, 2, . . . , A', — is also a finite Radon measure in ft. Hence, 

uXi 

we have '^^(t) € BV{Q) (see. Exercise 3.2. in [10]), and the Dunford integral of the 
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definition of is a Pettis integral. Moreover, if ^ 0 (for simplicity suppose 
that Gn > 0), given w G BV(Q)* with \\w\\ < 1, we have 






< 



< 



^ I't-j-an 

- V{s){p{u{s)),w)ds-- ’n{s){p{u{s)),w) i 

J t-\-an—T J t—r 

■y f‘t-\-an /*t — T + ttn 

- ri{s){p{u{s)),w)ds-- p{s){p{u{s)),w) ds 

T Jt T Jt-r 

1 nt-\-an 1 nt — T-\-an 

- \v{s)\\\piu{s))\\BV(n) ds+ - |?7(s)|||p(u(s))||Bv(n) 

'I Jt ^ Jt-T 



ds. 



Since the function s |^(5)|||p('u(s))|1bv(Q) is in L^([0,T]), 
lim + o„) - V’’’ WllsK(n) = 0. 



Thus, -4)^ e C([0,T];BF(f2)). 

Moreover, G In fact, given g G L°°{Q,), with H3H2 < 1, since 

g G we have 



\{r{t).g)\ = 



1 

^ Jt-r 






[ v{s){p{u{s)),g) ( 

Jt-T 

-f |r,(s)||b(u(s))||2N|2<M. 
^ Jt-T 



Prom the density of in we obtain that 'ip'^{t) G 



□ 



Lemma 5.21. For r > 0 small enough, we have 

[ dt < — [ [ — — — — ^^^^Jp{u{t))dxdt. (5.68) 

Jo Jo Jq 

Proof. Since'0'^ G C([0,T], BP(fi)) admits a weak derivative in L^(0,T; BF(f]))n 
using (5.63) we have for r > 0 small enough that 

[ dt = f f — '^p{t)p{u{t)) dxdt. 

Jo Jo Jn T 

Now, since p is nondecreasing, we have 



Jp{u{t)) - Jp{u{t + t)) < (u{t) - u{t + T))p{u{t)) 
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and, therefore, for r > 0 small enough, we obtain 



u(t -hr) - u(t) 



Tj(t)p(u(t)) dxdt < 



Jp(u(tFT)) -Jp(u(t)) 



rj(t) dxdt 



rj{s - r) - 7?(s) 



Jp{u{s)) dxdt, 



and this proves (5.68). 



Now, we can conclude the proof of Step 3. As a consequence of (5.68), using 
Green’s formula, we have 



7]{t - r) - r}{t) 



Jp{u{t)) dxdt < - / dt 



r r fi r \ 

= -lim / {t),u'^{t)) dt = —lim / { - / ri{s){p{u{s)),u'^{t)) ds ] dt 

^ Jo ^ Jo Jt-r ) 

= — lim [ (- [ rj{s) ( [ p{u{s)) div Za{t) dx] ds ) dt 

^ Jo \'^ Jt-r \Jq. ) ) 

(1 f \ 

= lim / ( - / v{s) / {za{t), Dp{u{s))) ds ] dt 

^ Jo Jt-r Jn ) 

-lim [ (- [ rj{s) ( [ [zc{t),i^]p{u{s))dH^''^^ ds") dt 

^ Jo Jt-r \JdQ / J 

- f (~ [ 

Jo \'^ Jt-r Jn / 

- [ (~f p{s) ( f p{t)p{u{s)) ds\ dt. 

Jo Jt-r \Jdn ) ) 



(5))|| ds 1 dt 



0 V ' J t—r Jn 
rT / 1 rt / 



Then, taking limit as r 0~^, we get 



p\t)Jp{u{t)) dxdt 



< f v{t) f \\Dp{u{t))\\dt- f T]{t) f p{t)p{u{t)) dn^ Ut. 

Jo Jn Jo Jdn 

Now, since this is true for all 0 < ?7 E 'D(]0,T[), it follows that 

-4 [ Jp{u{t))dx< f \\Dp{u{t))\\- f p(t)p{u{t))dn^-\ 

Ja Jn Jan 




5.6. Existence and Uniqueness for Data in L^{D) 



155 



and, thus, 



{Jp{uo) - Jp{u{T))) dx 



\\Dp{u{t))\\dt 



p{t)p{u{t)) dH^ ^dt. 



Finally, using (5.69), we obtain 



/ \\Dp{u{t))\\dt+ [ f \p{u{t)) -p{ip)\dn^ ^dt 
D Jn Jo Jan 

liminf /" [ \\Dp{un{t))\\dt+ f f \p{un(t)) - p{(p)\dn^~'^dt 

Jo Jn Jo Jan 



< lim inf 



p{Un{t))u'^{t) dxdt + 



[zn{t),i^]p{^)dH^ ^dt 



= [ Jp{uo) - Jp{u{T)) dx+ [ [ p{t)p{p) dn^-^dt 

Jn Jo Jan 

< / [ \\Dp{u{t))\\dt+ f f p{t){p{ip)-p{u{t))dH^~'^dt 

Jo Jn Jo Jan 

< r [ \\Dp{um\dt+ r f \p{u{t))~p{p)\dH^-^dt, 

Jo Jn Jo Jan 

which concludes the proof of (5.64). Moreover, we get that 

p{t) e sign{p{(p) — p{u{t))) — a.e. on ^O, a.e. t e [0, T]. (5.70) 

Step 4. The boundary condition. Let us now prove that 

p{t) — [z{t),v] — a.e. on a.e. t G [0,T]. (5-71) 

In fact, if w e BV{Q) fl L^(fl), and v G R{Q) is such that we have 

that 

/ {Za{s),w)dnds = / (div( 2 :Q,(s)),^’)ds+ / / Za{s) • Vv dxds. 

Jo Jo Jo Jn 



Hence 



lim / {za{s),w)dQds = / {^{s) , v) ds + / / z{s) • \/v dxds 

^ Jo Jo Jo Jn 

= [ {z{s),w)dnds = [ f [z{s),iy]wdH^~^ds. 

Jo Jo Jan 
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On the other hand, since Za{s) G if we apply Green’s formula (C.IO) we 

have that 



/ (div(zc^(s)), i;) ds = — / / Zo,{s) ' \/v dxds / / [za{s)^iy 

Jo Jo Jn Jo Jdn 



wdH^ ^ds. 



Hence 



/ {Za{s),w)dnds = / / [Zojs), 

Jo Jo Jdfl 



u]w dH^ ^ds. 



Taking limits in a, we get 
rt 



( f p{s)wdH^ ^ds= f f [z(s), 
Jo Jan Jo Jan 



u]wdH^ ^ds 



(5.73) 



for all w G BV{Q) fl t G [0, T]. Now, if w e we take Wk G 

BV{Q) n such that Wk\a^ = Tk(w). By (5.73), we have 



/ f p{s)wkdH^ ^ds= ( [z{s),i/\wkdH^ ^ds. 
Jo Jan Jan 

Letting /c ^ cx), it follows that 

f ( p{s)w dH^ ds = f f [2:(s),i 
Jo Jan Jo Jan 



,u]wdH^ ^ds 



for all w G L^(9f7), and t G [0, T], and (5.71) holds. 

Step 5. Next, we prove that ^ = div( 2 ;) in (L^(0,T; 5F(fi)2))* in the sense of 
Definition 5.4. To do that let us first observe that {z,Dw), defined by (5.7), is a 
Radon measure in Qt for all w G L^(0, T; BF(Q)) n L^(Qt)- Let (j) G 
then 



{{z, Dw), (j)) = - f {^{t) - w{t)(t){t)) dt 

Jo 

— f w{z — Za) ' ^xj^dxdt + f {{Za{t)^ Dw{t)),(l){t)) dt. 

J Qt J 0 



Then by (5.59), taking limits in a, we get 



{{z, Dw), (j)) =:\im [ {{za{t),Dw{t)),(f){t))dt. (5.74) 

« Jo 

\{{z,Dw),(l))\<\\(l)\\oo [ [ \\Dw{t)\\dt, 

Jo Jn 



Therefore 
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that is, (z, Dw) is a Radon measure in Qt- Moreover, from (5.74), applying Green’s 
formula (C.IO) we obtain that 

[ {z,Dw) = lim [ {za{t), Dw{t)) dt 
Jqt ^ Jo 

= [ [ div{za{t))w{t) dxdt + [ [ [za{t)^i']w{t) dH^~^dU 

^ \ Jo Jn Jo Jan ) 

= - / dt f ( [z{t),v]w{t)d'H^~^dt. 

Jo Jo Jan 

Step 6. Conclusion. Finally, we are going to prove that u verifies 

-[ ( 3{u{t)-l)r)t+ j ( r]{t)\\Dp{u{t)-l)\\ 

Jo Jq Jo Jn 

+ [ [ z{t) ■ Dr]{t)p{u{t) -1) < f [ [z{t), u]T]{t)p{u{t) - 1), 

Jo Jn Jo Jan 

for all T] G with rj > 0, rj{t,x) = 0(^)^(x), being 0 G P(]0,T[), 

'ip G C^(Q), and p G P, where j{r) = / p{s) ds. 

Jo 

Let 7/ G C^{Qt), with r/ > 0, p{t,x) = (f){t)ip{x), being cp G P(]0,T[), 

-0 G C^(n), and p G P, a G M. Let Hp{r) \= / p{s) ds. Since = div(zn(^)), 

J a 

multiplying by p(un{t))rj{t) and integrating, we obtain that 
/ / —Hp{un{t))r]{t) dxdt = / / p{un{t))u'„{t)p{t) dxdt 

Jo Jn ® ^0 Jn 

= / dW{zn{t))p{un{t))ri{t) dxdt 

Jo Jn 

= -/ [ {Zn{t),D{p{Un{t))r){t))dt+ [ [ [Zn{t),l']p{Un{t))p{t)dn^~^dt 



f]{t)\\Dp{Un{t))\\dt- / Zn{t) -Vr]{t) p{Un{t))dxdt 

! Jo Jn 

[Zn{t), v]p{Un{t))r]{t) dn^~^dt 



- / / ri{t)\\Dp{unit))\\dt - / / Zn{t) -Vr]{t) p{un{t))dxdt 

Jo Jn Jo Jn 

f f \p{un{t)) -p{(fi)\r]{t)dn^~'^dt+ [ f [zn{t),u]p{(p)Tj{t)dH^~'^dt. 
0 Jan Jo Jan 
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Hence, having in mind that ry(0) = ry(T) = 0, we get 



[ [ 'n{t)\\Dp{un{t))\\dt+ [ [ \p{u„{t)) - p{p)\r]{t) dn’^ ^dt 

Jo Jn Jo Jdn 

= -[ [ Zn{t) p{u„{t))dxdt+ f f [Zn{t),iy]p{ip)r]{t)dn^~'^ 

Jo Jn Jo Jan 

/>T p ^ 

- J —Hp{Un{t))T]{t) dxdt 

= -[ [ Zn{t) -Vr]{t) p{un{t))dxdt+ f [ [Zn{t),v]p{ip)ri{t) 

Jo Jn Jo Jan 

- f f ^{Hp(un{t))r]{t))dxdt+ ( f Hp(un{t)) rjt 

tj 0 V n 0 n 



dW^-'dt 



> dxdt 



= - f f Zn{t) -Vpit) p{un{t))dxdt+ f [ [Zn{t),u]p{ip)p{t)dH‘^ ^dt 

Jo Jn Jo Jan 

+ / / Hp{un{t)) rjtdxdt. 

Jo Jn 



Letting n oo, it follows that 

pT r 



\dW^-^dt 



< liminf 

n— >oo 



lim inf 

n— +00 



[ [ rj{t)\\Dp{u{t))\\dt+ [ j \p{u{t))-p{pMt) 

Jo Jn Jo Jan 

[ [ v{t)\\Dpiun{t))\\dt+ [ [ \p{u„{t)) - p{p)\r]{t) 

Jo Jn Jo Jan 

- [ [ Zn{t) ‘ Vr]{t) p{Un{t)) dxdt 

Jo Jn 

[ [ [zn{t),i']p{(p)rj{t)dH^~^dt-\- [ [ Hp{un{t)) pt dxdt 

Jo Jan Jo Jn 

j f z(t) • Vp(t) p{u{t)) dxdt 
Jo Jn 

( f [z{t),iy]p{^)p{t)dH^~^dt-\- f ( Hp{u{t)) ptdxdt. 

Jo Jan Jo Jn 



dn^-^dt 
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Now, using that \p{u{t)) — p{p)\ = [z{t) ^ i']{p{(p) —p{u{t)))^ we have 



+ 




Hp{u{t))r]tdxdt+ [ [ p{t)\\Dp{u{t))\\ dt 

Jo Jn 

z{t) • V? 7 (t) p{u{t)) dxdt 



< [ ( [z{t),v]p{u{t))p{t)dH^ ^dt. 

Jo Jdfl 



(5.76) 



Finally, given I G R and p e V, since q{r) := p{r — 1) is an element of V, and 
taking a = /, we obtain (5.75) as a consequence of (5.76). The concludes the proof 
of existence. 



5.6.2 Proof of Theorem 5.6: Uniqueness 

To prove uniqueness we show that the entropy and the semigroup solutions 
coincide. As a consequence of semigroup theory, this will imply (5.8). The proof 
follows by using the doubling variables technique introduced by Kruzhkov ([143]) 
to prove the -contraction property for entropy solutions of scalar conservation 
laws. Since the same method will be used in Chapter 7 for proving uniqueness of 
entropy solutions of a more general class of equations we shall not give the proof 
in detail here and we refer to Remark 7.17 in Subsection 7.4.2 (see also [14]) . 



5.7 Regularity for Positive Initial Data 



In this section we prove that when the initial data are nonnegative, semigroup 
solutions are strong solutions. 



We need to consider truncations Ta^bi cl < b (see Section 3.6). 

Proposition 5.22. Let uq G (p G L^{dQ). Let (5(t))^^Q be the semigroup 

generated by A^. Then, if u{t) = S{t)uQ, 



(i) [ j{u{t))dx+ f $(p(u(s)))ds < [ [ 

Jvt Jo Jo Jd^ 



/ j{uo)> 
Jvt 



)dx I ^{p{u{s)))ds <11 \p{<p)\dTL^ ^ds I j(uo)dx 

Jo Jo JdQ Jvt 

where p is a truncation (p — Ta^h ), j is the primitive of p and ^ is the 

functional defined by (5.25). 



(ii) p{u)t G L^^^(0, r; L^(f])), for every truncation p as above. Moreover, we have 
the estimate 

Hp{u{t))) + I f bWtP ^ c, 

Js Jq 

where C > Q depends on s, ||uo||li 5 II^IIli andp. 
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Proof, (i) Assume first that uq G L‘^{Q). Then 



dt 



/ j(^) = / p{u)utdx— / p{u)6\y{z)dx 
Jq Jq Jq. 

= - [ {z,Dp{u))+ f [z,u]p{u)dn^~^ 

Jn Jan 

= - / \\Dp{u)\\ + [ [z,v]{p{u)-p{(p)+p{p))dn^~'^ 

Jn Jan 

= - [ \\Dp{u)\\- [ \p{u) - p{p)\d'H^~^ + f [z,i']p{ip)dn^~\ 

Jn Jan Jan 

Integrating this expression, we obtain 

f j{u{t))dx-\- f ^{p{u{s))) ds < f f \p{(p)\d'H^~^ds f j{uo)dx. (5.77) 
Jn Jo Jo Jan Jn 



Since j has linear growth at infinity, if uq G the estimate in (i) follows by 

approximating uq by functions uon G and passing to the limit. 

(ii) Assume first that uq G Let 5 > 0 and t,s > 5 such that (u(t), -Ut{t)), 

(u(s), —Ut{s)) G A^p. We know that 



/ {pHt)) 
Jn 

+ / h- 

Jan 



-w)ut{t)dx< [ {z{t),Dw)- [ \\Dp{u{t))\\ 
Jn Jn 

p(p)\dn^~^ - [ \p{u{t)) - p{(f)\ dn^~^ 
Jan 



(5.78) 



for all w G fl L^(fi). Setting w = p{u{s)) in the above expression we have 



- ^{p{u{s))) < [ Ut{t){p{u{s)) - p{u{t))) dx. 

Jn 

Using the estimate (A. 36) for semigroups generated by subdifferentials in we 
have 

^(p(«W)) - ^ip{u{s))) < C(<5)||wo||2|b(u(s)) -p(^i(^))|| 2 . 

Since a similar estimate holds with s and t interchanged, we have 



mp{<m - ^(pw^)))i < c(,5)ii«oii2iiKt*(s)) -pno)i|2. ( 5 . 79 ) 

Since u G r; L^(fi)), i.e, u is a locally absolutely continuous function of 

time, then so also is p(u), and, from (5.79), we deduce that $(p(u)) is absolutely 
continuous in [0, r] for all r > 0. Let t G [0, 00 ) be such that p{u)^ ^(p{u)) are 
differentiable at t and (u(t), —Ut{t)) G A^,. Set w = p{u(t + e)), ic = p{u{t — e)) in 
(5.78) to obtain 

[ (p(^W) - ± ^))ht(t) < Hp{u{t ± e))) - ^{p{u{t))). 

Jn 
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Letting e ^ 0"^ we have 

^^ip{u{t))) + J^p'{u{t))ut{tf = 0 . 

In particular, since p' is either 0 or 1, we have 

^^p{u{t))) + lp(u)t(t)|2 < 0. 

Hence ^{p{u{t)) is a decreasing function of t. If uq G BV{fl) fl 1/^(0), integrating 
from 0 to t we get 



^{p{u{t))) + [ [ \p{u)tf < ^{uo)- 

Jo Jfl 

Observe that by (i), if uq G then u{s) G BV (fl) D L‘^ (fl) for almost all s > 0 

and we have ^ 

Hp{u){t)) + [ [ \p(u)t\^ < Hp{u)(s)), 

Js Jn 

for almost all 0 < s < L Now, let uq G and -uon ^ be such that 

uon Uq in L^(fl). Then, if Un{t,x) denotes the solution corresponding to the 
initial datum uon we have 



^{P{un){t))+ [ [ \p{Un)t\^ <^{p(Un){s)), (5.80) 

Js JSI 

for almost all 0 < s < ^ and all n. Now, observe that by the estimate in (i), 

[ ^{p{un){r))dr <C 
Jo 



for some constant C > 0. Let 5 > 0. Then 

rt r5 



[ ^(p(wn)(T))rfr > f $(p(u„)(r))dr > $(p(u„)(J))<S, 

Jo Jo 



and ^{p{un){s)) is a bounded sequence for almost all s > 0. Thus, for a.e. s > 0, the 
left-hand side of (5.80) is bounded. Hence, we may assume that p{un{t)) 
in (Q) for a.e. ^ > 0. Now, we may pass to the limit in (5.80) and use the lower 
semi-continuity of the left-hand side to obtain that 






[ [ \p{u)t 
Js Jn 



<C, 



(5.81) 



where C depends on s, ||uo1|l1j 



□ 
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Theorem 5.23. Let uq G (p G Suppose that UQ-\-M>0,(p-\-M>0 

(or uq — M <0; (f — M < 0) for some M > 0. Let {S{t))^^Q be the semigroup 

generated by A^. Then, if u{t) = S{t)uo, Ut G 

Proof It is easy to check via the resolvents that the semigroup solution corre- 
sponding to the data uq ± M,(f ± M coincides with the semigroup solution cor- 
responding to the data UQ,(p plus the constant M, i.e., S{t){uo ± M,(f ± M) — 
S{t){uo,(f) ± M. Thus, without loss of generality we may assume that M = 0. 
Let us prove the theorem in case > 0, the other case being analogous. We 
know, by the homogeneity estimate. Proposition 5.17, that Ut is a Radon measure 
in [s,t) X f], for all 0 < s < L Thus, its mass is bounded, i.e.. 




Now, taking p = Ta^b^ Ihe estimate in (ii) of the previous proposition says that Ut is 
a function in L‘^{Qa^b)i for all a <b, where Qa,b = G Q : a < u{t,x) < b}. 

Thus, this with the last integral bound, prove that Ut G LU0,t;L\Q)). □ 

Remark 5.24. Under the assumption of the above theorem, since Ut is an element 
of L/^^(0,T; L^(n)), working as in Chapter 2 we can prove that u is a strong 
solution. Consequently, existence and uniqueness can be obtained in an easier way 
than in the general case using the same technique as in Chapter 2. 

Observe also that for (p = 0, the operator Ay^ is homogeneous as in the Neu- 
mann problem. In that case, working as in Chapter 2, it can be proved that for 
every initial datum in L^{Q) the entropy solution of the homogeneous Dirichlet 
problem is a strong solution. Moreover, as it was shown for the Neumann and 
Cauchy problems, there is no regularizing eflFect in general, but the L^-L^ regu- 
larizing effect holds. 




Chapter 6 

Parabolic Equations Minimizing 
Linear Growth Functionals: 
L^-Theory 



6.1 Introduction 

Let be a bounded set in with boundary dfl of class . We are inter- 
ested in the problem 

^ 3u 

— = div a(x, Du) in Q = (0, oo) x 

^ u(t,x) = (f{x) on S = (0, oo) X dil, 

^ u{0^x)=uq{x) in X G n, 

where (p G L^{dQ.), uq G 1/^(0) and a(x,^) = V^/(x,^), / being a function with 
linear growth in ||^|| as ||^|| ^ oo. One of the classical examples is the nonparamet- 
ric area integrand for which /(x,^) = y/l + ||^|p. Problem (6.1) for this particular 
/ is the time-dependent minimal surface equation, and has been studied in [145] 
and [90]. Other examples of problems of type (6.1) are the following: The evolution 
problem for plastic antiplanar shear, studied in [208], which corresponds to the 
plasticity functional / given by 



m = 



if iia<i, 

if 



evolution problems associated with Lagrangians 






F. Andreu-Vaillo et al. Varaholic Quasilinear Equations Minimi^^ngl^inear Growth Yunctionals 
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where the functions aij are continuous and satisfy aij{x) 
aij{x)^i^j < for all ^ G and the Lagrangian 









II^IP < 



which was considered by S. Bernstein ([46]). On the other hand, problem (6.1) was 
studied in [129] for some Lagrangians /, which do not include the nonparametric 
area integrand, but include instead the plasticity functional and the total variation 
flow for which /(^) = ||^||. An application of this type of equations to faceted 
crystal growth is studied in [140]. 

The first results about existence and uniqueness of solutions for problems 
of type (6.1) were given for the time-dependent minimal surface equation by A. 
Lichnewsky and R. Temam in [145]. The corresponding steady-state problem is 
the nonparametric Plateau problem^ which can be formulated in the following way: 
Find a real function u such that 




Jenkins and Serrin [128] showed that a necessary condition for the solvability of 
problem (6.3) is that the mean curvature of dQ with respect to the interior normal 
he everywhere nonnegative. This condition turn out to be also sulBBicient (see [97], 
[119]). Moreover, from the a priori estimate for the gradient of solutions of the 
minimal surface equation given by Bombieri, De Giorgi and Miranda [56], follows 
the next existence result: 

^‘Let Q be a hounded open set in with -boundary of nonnegative mean curva- 
ture, and let ip be a continuous function on dfl. Then the Dirichlet problem for the 
minimal surface equation (6.3) is solvable in C^(Q) nC(fi). Moreover, a function 
u G C^(fl) n C{D) is a solution of the Dirichlet problem (6.3) if and only if it 
minimizes the area integral among all functions taking boundary values (p on dfl 

The minimal surface equation was studied, using a combination of techniques 
from geometric measure theory and PDFs, by many authors including Federer, 
Fleming, De Giorgi, Bombieri, Giusti, Miranda, Finn, Nitsche, Jenkins, Serrin 
and others. The interested reader may consult the books [124] and [97]. 

Temam in [191] (see also [109]) deflnes a “generalized solution” (also called 
pseudo-solution) of the problem 



min I y v^l + |Vup dx : u G IF^’^(fl), u = p) on (6.4) 

by making use of the relations between problem (6.4) and its dual in the sense of 
convex analysis. He proved that if G (fl), then there exists a unique (modulo 
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an additive constant) generalized solution of (6.4) (also called pseudo-solution) 
u € VT^’^(fl), which is a solution of the minimal surface equation. Moreover, every 
minimizing sequence {un} of (6.4) converges to u in the following sense: 

Un u in Vun Vu in (I//^^(0))^. 

In [109] the authors proved that the pseudo-solution u of (6.4) is a solution of the 
variational problem 



mini f yj\ + |Vup dx -h f \cp — u\dH^ ^ : u G W^^’^(fl) | , (6.5) 

Un Jdn J 

which makes the connection with De Giorgi’s approach to the problem. Besides 
including the boundary datum (p in the functional, the Italian school (De Giorgi, 
Giusti, Miranda, . . . ) extended it to the class of functions of bounded variation. 

In the same spirit of Lebesgue’s definition of the area of graphs of continuous 
functions, the relaxed area of the graph of an L^-function u : Q ^ R, where 
C R^ is an open bounded set, can be defined by ([182]) 

^(u, n) := inf I liminf / >/l -h dx : Uk-^uinL^{Q) 

Now, it is well known (see for instance [119]) that 

A{u^n) < 00 u G BV{Q>) 



and 

A{u, Q) — 

supjy {On+i + u'Y^Di6i)dx : 6 = {6i, . . . ,6 n+i) & |6>| < l| , 

i.e., for u G A{u,Q) is the total variation of the vector- valued measure 

{Diu , . . . , Dnu^ — ^^), very often denoted by 

/ y'l + lDul^. 

Jn 

In this framework, the relaxed energy functional is given by 

%{u) := + \Du\‘^ + [ \9-u\dn^-^ ( 6 . 6 ) 

Jdn 

and for any (p G L^{dQ) the functional attains its minimum in BV{Q). More- 
over, the following result is well known (see for instance [119]): 
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‘Tet ft be a bounded open set in with Lipschitz boundary of non-negative mean 
curvature, and let ip be a continuous function on dQ. Then the Dirichlet problem 
for the minimal surface equation (6.3) is solvable in nC(0). Moreover, the 

solution is unique and is the only minimizer of (6.6) in BV{Q>)’\ 

Coming back to the time-dependent minimal surface equation, the approach 
given by A. Lichnewsky and R. Temam in [145] is closely related to the above one 
for the steady-state problem. They proved existence and uniqueness of a kind of 
solutions, named pseudo-solutions, for the problem 



du ( Du \ 

u{t, x) = (p{t,x) 



in Qt = (0,T) X n, 
on St = (0,T) x dQ, 



(6.7) 



[ u(0,x) = uo{x) 



in X e ft, 



when the initial datum uq G L^(fl) fl if/^^(f7) fl W^'^{ft) and (p G For 

simplicity, we assume that p is independent of time. Then, the concept of pseudo- 
solution coincides with the one obtained by considering the abstract Cauchy 
problem in L^(fi) associated to the relaxed energy functional Note that 
since is convex and lower semi-continuous in L^(0) (with 4>(^(u) = -hoo if 
u G L‘^{ft) \ BV{ft)), the existence and uniqueness of a solution of the abstract 
Cauchy problem 



( u'(t) + d^^(u(t)) 3 0 ^g] 0, oo[, 

< ^ (6.8) 

[ u{0) = uq uq e Lp‘{fl) 

follows immediately from the nonlinear semigroup theory (see Appendix A). Now, 
to get the full strength of the abstract result derived from semigroup theory a 
characterization of is needed. This was done by F. Demengel and R. Temam 
in [90] by means of the duality method of convex optimization introduced by R. 
T. Rockafellar in [170]. 

In [208], X. Zhou studies the evolution problem associated with the plasticity 
functional (6.2), more precisely the Dirichlet problem for the equation 



du 

'm 



*(|V„l) 


if |Vw| > 1, 


Au 


if |Vm| < 1. 



This problem arises from the study of plastic antiplanar shear deformation, where 
the scalar function u represents the vertical displacement of the homogeneous 
planar material in $1 x E. In this problem, the portion of ft where |Vul < 1 is 
referred to as the elastic region while the complement is called the plastic region. 
The problem is studied in the same framework of Lichnewsky-Temam’s paper and, 
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with similar techniques, existence and uniqueness of solutions are proved when the 
initial datum is in BV(Q)nL^(Q) and the boundary datum is in L^(dQ). Using 
similar techniques, these results were generalized by R. Hardt and X. Zhou in [129] 
for some Lagrangians /(^) which do not include the nonparametric area integrand, 
but include instead the plasticity functional and the total variation flow. Again, 
the concept of solution is the one obtained by considering the abstract Cauchy 
problem in associated to the relaxed energy, but the subdifferential of the 

energy functional is not characterized. We point out there is a viscosity approach 
to (6.1), given in [120] and [121], when the space dimension is 1. 

In general, problem (6.1) does not have a classical solution. In this chapter we 
introduce a concept of solution of the Dirichlet problem (6.1), for which existence 
and uniqueness for initial data in is proved. To do that we use the nonlinear 

semigroup theory and we characterize the subdifferential of the energy associated 
with the problem. In the next chapter we study the same problem for initial 
conditions in T^(fl), as we did with the Dirichlet problem for the total variational 
flow in Chapter 5. 



6.2 Preliminaries 

In order to consider the relaxed energy we recall the definition of function of 
a measure (see for instance, [26] or [90]). Let g : Q x ^ E be a Caratheodory 
function such that 

|5(x,0l<M(l + 11^11) V(x,e)enxE^, (6.9) 

for some constant M > 0. Furthermore, we assume that g possesses an asymptotic 
function, i.e., for almost all x G O there exists the finite limit 

^lim i5(a;, I) = (6.10) 

It is clear that the function g^{x,^) is positively homogeneous of degree 1 in 
i.e., 

g^(XjS^) = sg^(x,^) for all x,^ and s > 0. 

We denote by A^(fi,E^) the set of all E^-valued bounded Radon measures 
on Q. Given fi G Ad(0,E^), we consider its Lebesgue decomposition 



/i — /i^ + , 



where is the absolutely continuous part of /i with respect to the Lebesgue 
measure of E^, and /i^ is singular with respect to . We denote by /i®(x) 
the density of the measure with respect to and by (d/i^/d|/i|^)(x) the density 
of with respect to |/i|^. 
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Given p G we define p G by 

fiiB) := {n(B),C^{B)), 
for every Borel set B C Then, we have 

p = p^ + p^ = p^{x)C^ + p^ = {p'^{x),Xq)C^ + (/x^0). 
Hence, we have 






dp^ 

d\p^ 



dp^ 

d\p^ 



, 0 \p^\-a.e. 



For p G and g satisfying the above conditions, we define the 

measure g{x,p) on 0 as 



dp^ 



“/b g{x,p^{x)) dx + L 



( 611 ) 



for all Borel sets B C In formula (6.11) we may write {dp/d\p\){x) instead of 
{dp^ / d\p\^){x) ^ because the two functions coincide \p\^-a.e. 

Another way of writing the measure g{x^p) is the following. Let us consider 
the function g : Q x x [0, +oo[^ R defined as 






9%x,0 



if t > 0 

if t = 0. 



( 6 . 12 ) 



As it is proved in [26], if p is a Caratheodory function satisfying (6.9), then one 
has 

(a;, ^(x), ^^(a;)) da, (6.13) 

where a is any positive Borel measure such that \p\ + a. 

Due to the linear growth condition on the Lagrangian, the natural energy 
space to study (6.1) is the space of functions of bounded variation. For information 
concerning functions of bounded variation we refer to Appendix B. 

Let ^ be a function satisfying (6.9). Then for every u G BV{Q) we have the 
measure g{x,Du) defined by 

j g{x,Du)= j g{x,Vu{x)) dx P j g^{x,D^u{x)) d\D^u\ 

Jb Jb Jb 

for all Borel sets B C fi. If we assume that Q has Lipschitz boundary, and p(x,^) 
is defined also for x G we may consider the functional G in BV(Q) defined by 

G{u) [ g{x,Du)-\- ( g^ {x,v{x)[p{x) - u{x)\) dH^~^ , (6-14) 

Jdn 

where Lp G is a given function and v is the outer unit normal to dO.. 
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In [26], G. Anzellotti proves the lower semi-continuity of the functional G. In 
order to get this result let us give first some lemmas. 

Lemma 6.1. Assume is continuous, and let u,Un G BV{^) be such that 

Uji ^ u in Then, 



(i) if 



one also has 



( \J\ + \\Dun\\^ [ \/l + \\Du\\‘^ for n 00 , 

Jn 

/ g{x,Dun) / g{x,Du) 

t/ 0 



for n 00 . 



(ii) If g{x,^,t) is convex in (^,t) for all fix x E Q and 

[ \\Dun\\ <C Vn€N, 

Jfi 

one also has 

liminf / g{x,Dun) > / g{x,Du). 

Jn Jn 



Proof. The proof is an immediate consequence of (6.13) and Reshetnyak’s conti- 
nuity and semi-continuity theorem (Theorem 3 and 2 of [169], see also [10]). □ 

Lemma 6.2. Assume g{x,(,t) is continuous. Then, for all u G BV{Q) and (p G 
L^{dQ) there exists a sequence of functions Un G C^{rt)r\BV{Q>) such thatUn\dn = 
(f and 

Un ^ u in I/^(Q), G{Un) G{u). 

Proof. By Theorem B.3, there exists a sequence of functions Vn G C^{Q)nBV{Q) 
such that Vn\dn = Vn u in L^{Q) and 

[ ^/lTW^dx-^ [ ^/l + \\Du\\^ for n ^ oo. 

Jn Jn 

On the other hand, by Lemma C.l and having in mind Theorem B.3, we can find 
functions Wn G C^(fl) fl BV{Q) such that, for each n G N, we have 



^n\dn = T - Wn{x)^0 if dist(x,9fi) > -, 

n 



\Wn\ dx < -. 
/o ri 



[ \Vwn\dx< [ \u-(p\dH^ ^ + -, [ 

JQ Jan ^ Jn 

Set Un := Un + tUn- Obviously, we have that Un\an = T for all n G N and 

in L^(0), 



Un u 
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lim [ a/ 1 4- |Viinp dx = [ + f \u-(p\dH^ ^ 

Jq Jn Jan 

If we consider the R^-valued measures on Q defined by 

Pn{B) := / Vundx, p{B) \= / VudxP / {ip-u)udH^~^ 

JBnn J Bnn JBndQ 

for all Borel sets B C 0, and the -valued measures 

an{B) := a{B) := {fx{B),C^ {B)), 

then we have 



an OL weakly as measures in 0, 



lim |on|(0) = \a\{Q). 



Therefore, since 



G{u) = _g{x,a), G{un) = _g{x,an), 
Jq Jq 



the proof concludes by using Reshetnyak’s continuity theorem (Theorem 3 of [169], 
see also [10]). □ 



Lemma 6.3. Assume that g{x,^^t) is lower-semi-continuous on fix x [0, +oo[, 
convex in (^,t) for each fixed x E fl, and (6.9) is satisfied. Then, for any fixed 
g) € L^{dfl) and for any sequence Un G BV{fl) such that Un ^ u in L^[ft) one 
has 



liminfG('Un) > G{u). 



Proof. Let Oi be some ball containing fl and consider the function : Qi x 
R defined as 

if X eft, 
if X ^ fli\fl. 



•= 



M(l + ||a) 



By (6.9) we know that g* is lower-semi-continuous. Let (j) G W^J{fli) be such 
that (j)\dQ == For each function u G BV{fl), consider the function u* G BV{fli) 
defined as 



u*{x) 



u{x) if X ^ fl 
(j){x) if X ^ fl\\fl. 



Then, 




x,Du"^) = G{u)pM 




dx. 



Since Un u in L^{fl) implies that ix* u* in L^(^li), to conclude the proof we 
only need to apply (ii) of Lemma 6.1 to g*, having in mind that for this part of 
the lemma we only need the lower-semi-continuity of g. □ 
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From Lemmas 6.2 and 6.3 we obtain the following result. 

Theorem 6.4. Assume that g{x,^,t) satisfies the assumption of Lemmas 6.2 and 
6.3; then G is the greatest functional on BV{fl) which is lower-semi- continuous 

with respect to the {Q)- convergence and satisfies G{u) < / g{x^Vu{x)) dx for 

Jn 

all functions u G fl with u = (p on dQ. Moreover one has 



inf Giu) — inf 
ueBV{n) 




g{x^S/u{x))dx : u e BV (Q,) D (Q) , 



u — p on 




6.3 The Existence eind Uniqueness Result 

In this section we define the concept of solution for the Dirichlet problem 
(6.1) and we state the existence and uniqueness result for this type of solutions 
when the initial data are in 

Here we assume that Q is an open bounded set in N >2^ with boundary 
dQ of class and the Lagrangian f : Q, x — > R satisfies the following 

assumptions, which we shall refer to collectively as (H): 

(Hi) / is continuous on fl x R^ and is a convex differentiable function of ^ with 
continuous gradient for each fixed x G fl. Furthermore we require / to satisfy the 
linear growth condition 

Colieil-Ci </(x,0<M(||^+C2) (6.15) 

for some positive constants Co, Ci, C 2 . Moreover, exists and /^(x, -^) = 
/^(x,^) for all ^ G R^ and all x G f2. 

(H 2 ) /(x,^,i) is continuous on fl x R^ x [0,+oo[ and convex in (^,t) for each 
fixed X G fl. 

We consider the function a(x,^) = V^/(x,^) associated to the Lagrangian 
/. By the convexity of /, 

< f{x,v) - (6-16) 

and the following monotonicity condition is satisfied 

{a{x,7])-a{x,^))-{r]-^)>0. (6.17) 

Moreover, it is easy to see that 

|a(x,^)| < M V (x,^) G fl X R^ . (6.18) 

We consider the function /i : fl x R^ — > R defined by 



h{x,^) := a(x,0 C 
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From (6.16) and (6.15), it follows that 

Com-D^<h{x,0<Mm (6.19) 

for some positive constant Di. 

We assume that 

(Hs) h{x, > 0, hP exists and the function h is continuous on x x [0, +oo[. 
We need to consider the mapping defined by 

a^(x,(^) := lim a(x,t^). 

t— »-+oo 

Observe that 

h\x,^)=er{x,0-^ and Co||^|| < < M||^||. 

(H4) a"^(x,^) = V^/®(x,^) for all ^ ^ 0 and all x eQ. 

In particular, as a consequence of Euler’s theorem, we have 

f{x,0 = a°°(a:,0 

for all ^ € R^ and all x G fl, and, therefore, 

Collin </°(x,0<M||^|| VxeH. (6.20) 

(H5) a(x,^) . Tj < h^{x,r]) for all ^,?7 G and all x G Q. 

Either from (H4) or (H5) it follows that a"^(x,^) • rj < hP{x,rj) for all G 
R^ ^ ^ 7^ 0, and all x G Ct. Indeed, it suffices to replace ^ by in (H5) and let 
t + 00 . 

Definition 6.5. Let cp G L^{dfl) and uq G L‘^{Q). A measurable function u : 
(0,T) X ^ M is a solution of (6.1) in Qt = {0,T) x Q if u G C([0, T], L^(Q)), 
u(0) = Uo, u'{t) G L^{n), u{t) G BV{n) n L^{n), a(x, Vu(^)) G X{n)i a.e. 
t G [0,T], and for almost all t G [0,T] u{t) satisfies: 

u'(t) == div(a(x, Vu(t)) in V'{Pt), (6.21) 

a(x, Vu{t)) • D^u(t) = f{x, D^u(t)), (6.22) 

[a(x, Vu(t)), v] G sign((/? - u{t))f^{x, z^(x)) - a.e. on dft. (6.23) 

Our main result is the following: 

Theorem 6.6. Let (p G L^{dfl) and assume we are under assumptions (H). Given 
uq G LP{Q), there exists a unique solution u of (6.1) in Qt for every T > 0 such 
that u(0 ) = Uq. 
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6.4 Strong Solution for Data in L^(Q) 

To prove Theorem 6.6 we shall use the theory of nonlinear semigroups. Given 
(p G L^(dQ) we define the energy functional associated with the problem (6.1) 
[ 0 , 4 - 00 ] by 

$y(u) := [ f{x, Du) + [ p{x,i'{x)[if - u]) 

Jq JdQ 

if u e BV{n)nL'^in) and 



%{u):=+oo if ue L'^{n)\BV{Q). 



Note that, on the boundary, the integrand can be written in the form 



f{x, u{x)[(f - It]) = \tp- u\f{x, l/(x)). 



Functional is clearly convex and has the form given in (6.14). Then, as a 
consequence of Theorem 6.4, we have that is lower-semi-continuous. Therefore, 
the subdifferential of i.e., the operator in L^(Q) defined by 

V G d^^{u) ^ — u) dx V G T^(f2), 

Jn 

is a maximal monotone operator in (see Appendix A). Hence, existence and 

uniqueness of a solution of the abstract Cauchy problem 



u'{t) -h d^p,{u{t)) 3 0, t g]0, oo[ 
u(0) = uo, uoeL‘^{Q) 



(6.24) 



follows immediately from nonlinear semigroup theory (see Appendix A.l). Now, 
to get the full strength of the abstract result derived from semigroup theory we 
need to characterize To get this characterization, we introduce the following 
operator Bp> in L^(0). 

(u,v)eBp, ^ ue BV{n)nL^{Q),v e L^^in) 
and a(x, Vu) G ^(fl)! satisfies : 

— = div a(x, V^x) in V'{Q), (6.25) 

a(x, Vu) • D^u = f{x, D^u) = f{x, D^)\D^u\, (6.26) 

[ai{x, Vu), i/] G sign {ip — u)f^{x, iy{x)) - a.e. (6.27) 
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Let (u,v) e and w G BV{Q) n Multiplying (6.25) hj w — u, and 

using Green’s formula (C.IO), we obtain 

{w — u)vdx = — / {w — u) div a(x, Vu) dx 

Jq Jq 

= ( {a{x,Vu),Dw — Du) — f [ai{x, V u), i']{w — u) dH^~^ 

Jn JdQ 

= f (a(x, Vu), Du;) - / [sl{x,Vu),i>]{w - (p) dH^~^ 

Jq J 8Q 

- f (a(x, Vu),Du) - f [a{x,Vu),u]{(p - u) dTi^~^ 

Jq JdQ 

= [ (a(x, Vu), Du;) - f [ai{x,Vu),u]{w - (f) dH^~^ 

Jq J dQ 



■D^u 



- / a(x, Vu) • Vu dx — / a(x,Vu) 

Jq Jq 

-[ \‘fi-u\f{x,u{x)) 

JdQ 

= / (a(x, Vu),Du;) - / [a(x, Vu), u](u; - (/;) 
Jq JdQ 

- f h{x,Du)~ I \(f-u\f{x,i'{x)) 

Jq JdQ 

Therefore, if (u,u) e we have that 

/ {w — u)v dx — / (a(x, Vu), Du;) — / [a(x, Vu), i/](u; — (/:;) 
Jq Jq JdQ 

- [ h{x,Du)~ [ \if-u\f{x,i'{x)) 

Jq JdQ 



dH^-^ 
dn^-\ 



dn^-^ 
dn^-\ 



(6.28) 



for all w e BV{n) n L‘^{Q). 

Theorem 6.7. Let cp € L^(dQ). Assume we are under assumptions (H), then the 
operator has dense domain in L^(0) and 

d% = 



We not e that, i n the particular case of the nonparametric area integrand 
/(x,^) = characterization of the subdifferential of given in 

Theorem 6.7 coincides with the one given by F. Demengel and R. Temam in [90], 
Theorem 3.1, where they use a different approach. More precisely, they charac- 
terize the subdiflFerential by means of the duality method of convex optimization 
introduced by R. T. Rockafellar in [170]. To prove Theorem 6.7 we need the fol- 
lowing proposition. 
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Proposition 6.8. Let (p G L^{dD). Assume we are under assumptions (H), then 
C R{I + B^) and D{B^p) is dense in 

To prove Proposition 6.8 we need to introduce the following sequence of 
auxiliary operators. For ip G let 

:= {u gW^'‘^{Q) : u\dn = ip - a.e.} . 

For every n G N, consider a(x,^) + — We define the operator 

in Lf^{fY): 

{u,v)eAn,^ ^ ueW^^^{n)r\L^{n),v e L^{D), and 

{w - u)v dx< a„(a:, Vu) 'V{w - u) dx ^ w e 
Jn Jn 

A similar proof to the one given in Proposition 5.9 gives us the following result. 

Lemma 6.9. Let ip G H L^{dQ.). Then for every n e N the operator 

An^^p satisfies 

L^{n)cR{I + An,p). 

We also need an approximation lemma similar to the one given by Anzellotti 
in [27]. The proof of this lemma will be given in Section 6.6 

Lemma 6.10. Let fl be an open bounded set in , N >2, and assume that dfl 
is of class C^. If v^u G BV{fl) and g G L^{dft), then there exists a sequence of 
functions vj G (fl) such that 





Vj g in L^{dfl)^ 


(6.29) 


n 


Vj ^ V in 

/• n 


(6.30) 


/ Jl + \^Vj{x)\^dx / i/l + |£)vp+ / \g-v\d'H’^ \ 

Jn '' Jn Jdn 


(6.31) 




Vvj{x) — > Vv{x) -a.e. in fl, 


(6.32) 




00 a..d ~ |0»l‘ in SI, 


(6.33) 




00 and |D.|“ «,e. in SI, 

|Vz;,(x)| \Du{x)\ ' ' 


(6.34) 



where \Du\^^ denotes the part of the singular measure \Du\^ which is singular with 
respect to \Dv\^ , 
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/VAX \ oo 



Vvj{x) g{x) — v{x) 
|Vuj(a;)| ^ \g(x)-v{x)\‘ 



^ a.e. in {a; € : g{x) / ^’(a;)}, 

|V„,(x)| - oo and (6^36) 

a.e. in {x e dft : g{x) = v{x)^u{x) ^ ^( 2 :)}. 

Next three Lemmas will be used to prove Proposition 6.7 and Theorem 6.8. 

Lemma 6.11. Lei (p,(fn ^ L^{dQ>), <pn ^ ^ in L^{dQ). Let Un,u e BV{Q>) and 
z e X(fi)i with div( 2 :) G ITe assume that 

^^Un) (6.37) 

a{x^\/Un) ^ z weakly* in L^(0), (6.38) 

|[ 2 ;,i/(x)]| < f^{x,u{x)) a.e. in (6.39) 

\z ' D^u\ < f^{x, D^u) as measures in Q, (6.40) 

lim [ h{x,DUn)+ [ \Un - ^n\f^{x,1^{x)) dH^~^ 

Jan /r A-^\ 



= f h{x^Du)-\- f \u — (p\f^{x^u{x)) dH^ ^ 

Jn Jan 

f h{x, Du) P f \u - (p\f^{x,u{x)) dH^~^ 

Jn Jan 

< f {z,Du)+ f [z,iy]{(p - u) dH^~^ . 

Jn Jan 

/ 2 : • Vu dx= h{x, Vu) dx= a(a:, Vu) • Vu dx, (6.43) 

Jn Jn Jn 

D^u = f{x,D^u), (6.44) 



[z, u] G sign {(f - u)f^{x, iy{x)) ^ - a.e. 
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Proof. By the convexity of /, we have 
/ ai{x,Vun) ’Vu dx 

Jn 

< / ai{x.,SIUn) 'VUn dx 4- / f{x^Vu)dx- / f{x,VUn)dx 

Jq Jn Jn 



< I 3i{x,'VUn) -VUn dx + [ f^{x,D^Un)-\~ / \Un ~ (fn\f {x, dH 

Jn Jn Jdn 

+ [ \^n - ^\f{oc,iy{x)) dn^~^ + [ f{x,Vu)dx 
Jdn Jn 

-( [ f{x,VUn) dx + [ f{x,D^Un)-\- / \Un ~ (f\f {x , u{x))dH^ 
\Jn Jn Jdn 

= f h{x,DUn) dx [ \Un - (Pn\f^{x,jy{x)) dH^~^ 

Jn Jdn 

+ [ \(fn - dn^~^ 4- f f{x,\/u) dx - ^^{Un). 

Jdn Jn 

Letting n ^ oo, and using (6.37), (6.38) and (6.41), we obtain 

f z-Vudx< [ h{x,Du)-\- [ \u — (f\f^{x,u{x)) dH^~^ 

Jn Jn Jdn 

+ / fix^^u) dx — ^^{u) = / a(x, Vu) • Vix dx. 

Jn Jn 

Now, using (6.39) and (6.40), we have 

|[2, P]{ip - U)\ < \U - iflfix, Z/(x)) 



N-1 



and 

\z^D^u\ <f{x,D^u). 

Hence from (6.42), we obtain (6.43), (6.44) and (6.45). □ 

Lemma 6.12. (i) Let Un G BV{fl) fl L^(fl) and z G X{fl)i. Suppose that 





a{x,Vun) ^ z weakly* in L°°(fi,R^) 


(6.46) 


and 




div (a(x, Vun)) div(z) weakly in 


(6.47) 


Then 




[a(x, Vun), z^(x)] [z^v{x)] weakly in LS{dfl) and 


(6.48) 




\z{x) • i'{x)\ < /^(x,i/(x)) a.e. in dfl. 


(6.49) 
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(ii) Let Un G Let an(x,^) = a(x,^) + Suppose that 



\\unW 2 is bounded in (6.50) 

l|Vu„|->0 in L‘^(Q), (6.51) 

n 

a^(x, Vun) 2 : weakly in (6.52) 

and 

div (an (x, V-Un)) ^ div( 2 :) weakly in L^(f2). (6.53) 

Then 

[din{x,Vun)^J^{x)] ^ [z^u{x)] Weakly in and (6.54) 

\[z{x)^i'{x)]\ < f^{x,jy{x)) a.e. in dO,. (6.55) 



Proof. Since both proofs are based on similar arguments, we shall only prove (ii). 
Observe that, if a G L^(fi,R^) and div(a) G I/^(J1), we can define [a, u] using the 
integration by parts formula 

I [a,iy]'ipdli^~^ = j div(cr)'0dx+ j a'W'ipdx (6.56) 

Jan Jn Jn 

for all -0 G ly^’^(fi). This is consistent with the classical notion of trace at the 
boundary and it defines [<j, z/] as an element of . According to the 

assumptions (6.52), (6.53) we have that [a.n{x,Vun),i'{x)] — > [z,i'{x)] weakly in 
p^i/ 2 , 2 (^^)* analogous conclusion (6.48) follows from the results in 

[25] and the fact that a(x, Vun) is uniformly bounded in L^(fl). In this case, the 
traces [ai{x^Vun),i'{x)] are in L^{dQ). 

To prove (6.55), again, we observe that (see [141]) if a G L^(0,R^) and 
div(a) G T^(n), then there is a sequence ak G satisfying 

Gk ^ (J in L^(ri,M^), (6.57) 

div((7/e) ^ div(cr) in L‘^{Q). (6.58) 

We recall the construction in [141]. We use a partition of unity 9j, j — 1, 2, . . . ,p, 
in with 0 < 6j < 1, 9j e (7^(E^), such that if the support of 9j intersects 
then for some bounded open cone Kj with vertex 0, every x e 80.0 supp{9j) 
satisfies {x + Kj) fl fl = 0, and for some r > 0, every x G fl (supp(0j) + B(0, r)) 
satisfies (x - Kj) C 0. For each j, we choose pj G C^(R^), 0 < pj < 1, with 

/ pjdx = 1, and let Pj,k{^) = Pj{kx). If j is such that the support of 9j 

JR^ 

intersects 80^ we choose pj such that supp(pj) C Kj. Then we define 



p 

Gk — ^ ^ Pj,k * {9 jGXfi) . 
j=l 
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As it was proved in [141], ak satisfies (6.57) and (6.58). As in the first part of the 
proof, we have that 



JdQ JdO, 



for all ^ G VF^’^(Q). We shall use this observation for a = an(x, Vu^). Pre- 
viously, we extended as a function in W^’^(R^) such that ||'Un||wi- 2 (iR^) < 
(7||un||wi-2(Q), for some constant C > 0 depending only on Cl ([2]). Then we de- 
fined 

VUr, 



^ ^n) — ^ ^ Pjjk * ( V Un)\Q -f- 6^^ 

3 = 1 ^ 

Now, since an,fc(a:,Vun) G C^(fl), [an,fc(x, V-u^), i^(a:)] can be understood in a 
classical sense. For a given function -0 G W^/^’^(9fl), we may write 

[ [an,fc(x, Vlin), dn^~^ 

JdQ 

P f 

Vun)Xn), iy{x)]'ilj{x) dn^~^ 

j=i 

P 1 r 

H-y]- / [pj,k^{OjVun),Ty{x)]'il;{x)dn^~\ 

By taking k sufficiently large, we may assume that all 6j used in the above ex- 
pression are such that supp(0j) intersects dQ. We observe that 

f \[pj,k * {Oja{xyun)XQ),u{x)]\\'il;{x)\dn^~^ 

Jdn 

< [ f pjA^ -yWj(y)\^{yy'^n{y)) -^{oo)\\i^{x)\dydn^~\x) 

Jdn Jn 

< / [ pjA^-y)^j{y)f{y^^i^)M{^)\(^yd^^~\^)’ 

Jdn Jn 



Since 

we may write 



^ UfiO j — ^ {U'fiO Ufi^Oj^ 



)dH 



/ [Pj,k * {^j'^Un),l'{x)]lp{x) 

Jdn 

= I ['^Pj,k* {OjUn),l^{x)]‘lp{x)d'H^~'^ - I [pj^k*{V6jUn),l'{x)]'4){x) 

Jen Jan 



dU 



N-l 
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We estimate both integrals in the right-hand side of the above expression. First, 

/* d 

/ < —(pj,k * (UnOj)) IIV’||wi/2.2(afi) 

< C\\pj^k * (^n^j)||M/i’2(f^)||'0||vyi/2,2(^^) < C\\pj^k * (^n^j)||wi.2(MN)||'0||vyi/2,2(5Q) 

< C\\Un0j\\w^^^{R^)\\'4’\\w^/^^^{dn) ^ C'||Un||wi-2(]f^N)||'0||^yi/2,2(5Q) 

^ C'||^n||wi.2(Q)||t^||vi/i-2(^2) 

for some constant C > 0 (which may change from line to line). A similar analysis 
proves that 

/ [Pj,k*{'^0jUn),i'{x)]ip{x) < C'||u„||u/i.2(n)||^||n/i.2(n) 

Jan 

for some constant C > 0. Taking all the above into account , we obtain 

I [a^,/c(x, S/un),iy{x)]'ip dH^~^ 

Jan 

<y'/' f pjA^-yWj{y)f{y^^i^))\H^)\dydn^~\x) 

• 1 Jan Jn 



+ ~||'^n||lVC2(Q)||'0||vvi,2(^2)- 



Letting A: — > oo, and taking into account the fact that 9j is a partition of 
unity in Q and our assumptions on 6j and Kj , we obtain 

f [an{x,'^Un),l'{x)]i)dn^~^ 

JdQ 

< [ /°(x,y(x))|V’(x)|dW^‘'^ + — ||M„||M/i.2(n)||V’lliv>.2(n). 

Jdn ^ 

Now, letting n — > oo, and using (6.50), (6.51), we obtain 

/ [z,iy{x)]'ip d'H^~^ < f f^{x,iy{x))\'ip{x)\dH^~^ (6.59) 

Jan Jan 

for all 'll; G W^’^(ft). Now, since 2 : G and div( 2 ) G L^(fi), [z^u] coincides 

with the trace given in Section C.l, and, therefore, [z,u] G L°^{dQ). Hence, from 
(6.59), we conclude that \[z{x),u{x)]\ < f^{x,u{x)). □ 

Lemma 6 . 13 . Suppose that any of the assumptions of Lemma 6.12 hold. Moreover 
we assume that 



a(x, Vm„) • D^Un = /°(x, D^Un), 



( 6 . 60 ) 
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Un ^ u in and \\un\\ BY is bounded. (6.61) 

Then 

z{x) = ai{x,Vu{x)) a.e. x £ Ct. (6.62) 

Proof. Again, since both proofs are based on similar arguments, we shall only prove 
(6.62) under the assumptions given in (i) of Lemma 6.12. Let 0 < (j) £ Cq{Q) and 
g £ C^(fi). We observe that 

/ </)[(a(x, Vun), D{un - g)) ~ a(x, Vg)D{un - g)] 

Jn 

= / (l)[aL{xyun) - Si{xyg)) -V{un - g)] dx 
Jvt 

+ / 0[a(x, Vun) - a(x, Vp)] • D^(?in - ^/)). 

Jn 

Since by (H 5 ), (6.17) and (6.60) both terms at the right-hand side of the above 
expression are positive, we have 

[ 0[(a(x, Vun),D{un - g)) - a(x, Vg)D{un - g)] > 0. 

Jn 



(j){ai{x,Vun),D(un - g)) 



= - div {di{x, V Un)) (t>{Un - g) dx- {Un - g)8i{x,\/Un) -Vcf) dx, 

Jn Jn 

we get 

lim / (l){ai{x,Vun),D{un- g)) 
n^ooJn 

= - div (z) (l){u - g) dx- {u — g)z ' V(f) dx = / (j){z, D{u - g)). 
Jn Jn Jn 

On the other hand, 

lim / (j)ai{x,S/g)D{un- g) = / (j)ai{x,y g)D{u - g). 

Jn Jn 



Hence, we obtain 



f <t>[{z,D{u-g))-a{x,Vg)D{u-g)]>0, V 0 < <^ 6 
Jn 
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Thus, the measure {z, D{u - g)) - a(x, Vg)D{u - ^) > 0, and, therefore, its abso- 
lutely continuous part 

(z — a(:r, V^)) • V(n — ^f) > 0 a.e. in 0. 

Since we may take a countable set dense in we have that the above in- 
equality Jiolds for all x e Cl, where C is such that \ fi) = 0, and all 

g e Now, fixed x e Cl and given ^ G there is ^ G C^(f2) such that 

Vg{x) = Then 



(z{x) - a(a;,0) • (Vw(a;) - 0 > 0, V ^ . 

These inequalities imply (6.62) by an application of Minty-Browder’s method in 

□ 



Proof of Proposition 6.8. We divide the proof in three steps. 

Step 1. Suppose first that ^ G Let v G We shall find u G BV{Q>) fl 

such that {u,v - u) G That is, there is a{x,Vu) G X{Q)i satisfying 

{v -u) = -div a(x, Vu) in P'(fi), (6.63) 

a(x, Vw) • D^u = f^{x, D^u) and (6.64) 

[a(x, Vu),v] G sign {(p - u)f{x, iy(x)) - a.e. (6.65) 

By Lemma 6.9, we know that for any n G N there exists G W^’^(f]) fl 
L^{Q) such that {un,v — Un) G Hence 

{w - Un){v - Un) dx< 3in{x, XUn) ' W {w - Un) dx (6.66) 

Jn Jn 

for all w G W^’^(f2). Let Mi := sup{||(/?||oo, ||^^||oo}. Then, taking w = Un — 
{un - Mi)+ as test function in (6.66), we obtain 



/ 

Jn 



{Un - Mi)'^{Un —V)dx< 0. 



Hence, 



/ {Un~Mi)‘^dx < / {Un - Mi){Un - v) dx 

J{Un>Mi} J{Un>Mi} 

= {Un- Mi)~^{Un -v) dx < 0 , 
Jn 



and, thus, Un < Mi a.e. in fl. In a similar way, taking w = Un P (un + Mi) as 
test function, we get -Mi < Un a.e. in fl. Therefore, 



'^n||cx) ^ Ml 



for all n G N. 



(6.67) 
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Taking w = wq e fl L^(Q) in ( 6 . 66 ), applying Young’s inequality, and 

using (6.67) we get 



[ a(x, Vun) • ^Un dx + — [ \Vun\‘^ dx 
Jn ^ Jn 

< I a(a:, Vun) • Vwq dx -\ — [ Vun • Vwq dx + 

Jn ^ Jn 



< M2 
^ M4 “h 



|Vwo|^ dx) + 
n J 2n 






dx + 



2n 






Un\ dx. 



2^ Jn 

Hence, by (6.19), we obtain 




Un){Un - V) dx 
^ dx Ms 




dx < M 5 



V n E N 



(6.68) 



and 




dx < Mq 



VneN. 



(6.69) 



Thus, {un : n G N} is bounded in IT^’^(fi) and, by extracting a subsequence if 
necessary, we may assume that Un converges in L^(fi) and almost everywhere to 
some function u G L^(fi) as n — ^ + 00 . Now, by (6.67) and ( 6 . 68 ), we have that 
Un u in L^(f2) and u G BV{Q) fl L^{D). 



Observe that by (6.18) and (6.69), {an(x, Vun) : n G N} is bounded in 
Hence, we may assume that 



an(x, Vun) -^ 2 ^ as n ^ 00 , weakly in L^(fl, 
Given 7 /; G C^(fi), taking w = Un:t ip in (6.66) we obtain 

/ 'lp{v — Un) dx= an(x, VUn) ‘ dx. 

J n J n 

Letting n + 00 , we obtain 

{v — u)ip dx = / 2: • V'lp drr, 

Jn Jn 

that is, 

v — u = —div{z)^ in V'{fl) 



(6.70) 



(6.71) 



and 



div an(x, Vifcn) div(z) weakly in L^(fl). 



(6.72) 
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Since, by (6.69), 



-\Vun\^0 in 



as a consequence of (6.70), it follows that 



a(x, Vun) ^ 2 : as n 00 , weakly in L^(fi, 



Moreover, by (6.18) we may assume that 



a(x, Vun) ^ > 2 : as n ^ 00 , weakly* in L^(f],M^). 



Let us prove that 



lim / a{x Un) ' V Un dx — / {z^Du) — / [z^-u\{u — (f) dTi^ ^ (6.76) 

Jn Jq Jdn 

By (6.66), we have 

{w — Un){v — Un) dx~\- a(x, VUn) ‘ VUn dx 

Jn Jq 

f If 

< / a{x^\/Un) ‘ dx -\ / VUn-'Vwdx 

Jn ^ Jn 

for all w e By Lemma 6.10, there exists Vj G C^(fi) such that Vj\dQ = cp, 

Vj IX in L^(0). If we set w = Vj in (6.77), taking the upper limit when n — ^ oc, 
we get 

/ {vj — u){v — u) dx -h lim sup / a(x, Vix^) • Vix^ dx < / 2 : • Vfj dx. (6.78) 

n^oo 

Now, by Green’s formula (C.IO) we have 

/ 2 ; • Vvj dx = — dW{z)vj dx-\- [z,i'](p dH^~^ 

Jn Jn Jdn 

= [ {v-u)Vjdx-{- f [z,u](p dH^~^ . 

Jn Jdn 

Hence, taking limit as j ^ oc and applying again Green’s formula we obtain that 

lim [ z • Vvj dx — [ (z,Du) — f [z,iy]{u — (p) dH^~^. (6.79) 

Jn Jn Jdn 

Letting j ^ 00 in (6.78) , we have 

limsup / a.{x,Vun) - Vun dx < / {z,Du)— / [z,i']{u - p?) dH^~^ . (6.80) 
n -^00 Jn Jn Jdn 




6.4. Strong Solution for Data in L^(Q) 



185 



On the other hand, 



/ a(x, Vun) ■ Vu„ dx= (a(x, Vm„) - a(x, Vn^)) • V(u„ - Vj) 
Jn Jn 



dx 



Hence 



lim inf 

n— >cxD 



> lim 

n— >oo 



■ / ai{x,S/Un) ’ VUn dx 

Jn 

/ 3.{x,Vun)''^Vj dx- 3i{x,Vvj)'Wvj dx~\- di{x,Vvj)-Vun dx 
\Jn Jn Jn 

If we consider the -valued measures on which are defined as 

fln{B) := / VUn dx, 

Jb 



I Bnn 



Du + 

fBnn JBndn 



[ - u)iy dH^ ^ 

Jsndn 



m ■.= [ 

Jb 

for all Borel sets B cD, we have 

liri weakly as measures in D. 

Then, since a(x, Vuj(x)) G we have 



lim 

n — >•00 



/ di{x,Vvj) ’Vun dx — / Si{x,Vvj) dDu+ / sJx,Vvj)'u[ip — u) 
Jn Jn Jan 



dn 



N-l 



Therefore, we have 
lim inf 



iminf / a(x, S/un) * Vun dx > / z • Vvj dx — a(x, Vvj) • Vvj dx 
Jn Jn Jn 

/ 3i{x,Vvj) dDu / 3i{x, Vvj) ' ^{ip - u) dH^~^ . 

Jn Jan 



T 

In ' Jan 

Now, by Theorem 7.4 of [27], we have 



lim / ei{x, Vuj) • Vvj dx — a(x, Vu) • Vu dx 
Jn Jn 

I 3L^{x, D^u) ‘ D^u I a.^{x,{(p — u)u) ' h'{(f — u) i 

Jn Jan 



N-l 
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On the other hand, as a consequence of Lemma 6.10, we have 

lim / a{x,\/vj) dDu = lim I / a(x, Vt’j) • Vu dx + / a.{x,Vvj)dD^u\ 
Jn \Jn Jn J 



= / a(x, Vifc) • dx + / aC^{x^ D^u) ■ D^u 

Jq Jq 



lim / a(x, Vvj) • — u) dH^ 

JdQ 



Collecting all these facts, we obtain 



= / a"^(x, — ^iy]'u{(f-u)dH^ 

JdQ V l^-^l / 

= f [x,{ip - u)iy) ’ u{(p - u) dH^' 
JdQ 



lim inf / a(x, Vn^) • Vun dx > lim / z-Vvjdx 

n^oo j^oo Jq 

= [ {z,Du)- j [z,u]{u - (f) dH^ 
Jq JdQ 

Combining this inequality with (6.80), we obtain (6.76). 

Our next purpose will be to show that 



/ h{x,Du)-{- / \^ — u\f^{x,i'{x)) dH^ ^ 

Jq JdQ 

= f {z,Du)~ f [z,iy]{u - (f) dH^~^ . 

Jq JdQ 

According to Lemma 6.2, there exists a sequence {wj} C C^{Q) fl such 

that Wj\dn = (f, 

Wj^u in L^((l), and ^>^^(u;j) ^ ^(^(u). 

Now, by the convexity of /, we have 

/ f{x,VUn) dx< / a(x, VUn) • VUn dx— / a(x, VUn) • dx+ / f{x^\/Wj) dx. 
Jq Jq Jq Jq 



^ip{Un) < / a(x, VUn) • VUn dx - / a{x,Vun)’'^Wjdx-\~^^{wj). 

Jq Jq 



Thus 
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Using (6.76), it follows that 



lim sup ^^(un) 



/ (z^Du) - / [z^i/]{u - (f) dH^ ^ - lim / a(x, Vitn) * dx + 

Jn Jdii Jn 

/ (z^Du)— / [z,i']{u - (f) d'H^~^ - / z • Vwj dx ^ip{wj). 

Jq Jdn Jn 



lim / Z'Vwj dx = lim ( — / d[v{z)wj dx-\- [z,i/](f dH^ 

Jn \ Jii Jdn 

= - I div {z)u dx 4- [ [z,i/](p dH^~^ 

Jn Jan 

= [ {z,Du)~ [ [z,iy]{u-(p) dn^~\ 

Jn Jan 

letting j ^ oo in the above inequality, we obtain 

lim sup < lim = ^^{u). 



Thus, by the lower-semi-continuity of we get 



^^{u) = lim ^^{un)- 



^^{u) = _f{x,fi) and ^^{Un) = _f{x,lln)- 
Jn Jn 



Hence, (6.82) yields 



lim / f{x,fin)=^ / 

Jn Jn 



Then, applying Theorem 3 of [169], it follows that 



/ h{x,jji)= lim / h(x^jin)= lim / a(x,Vu„)-' 
Jn Jn Jn 
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Since 

dx + j_h^x,^^^{x)^ d\fi^\ 

= J_h{x,iJ.°-{x),l) dx + J_h 

= ^ft(x,^/“(x)) c(a; + /i° (^a;, 

= [ h{x,Vu(x)) dx+ [ h^ix^D^ulx)) d\D^u\+ I h^(x ,}^ — ^ ^ 

J9. Jq Jdn V 

= f h{x,Du)+ f \(p - u\f^{x,i>{x)) d'H’^~^ , 

Jn Jan 

(6.81) follows from (6.76) and (6.83). 

By (6.73), (6.74) and (6.72), applying Lemma 6.12 (ii), we get 

\[z{x),i'{x)]\ < f^{x^iy{x)) a.e. in 

Let Vj G C^(fl) be a sequence such that Vj ^ u in L^(fi) and / \Vvj\ 

Jn 

According to (H5), we have 

|a(x, Vwn) • 

Then, if -0, 0 G C^(fl), with 0 < -0 < 0, we have 



/ a(x,Vun) 
Jn 



Vvj “0 dx\ 



< 



[ f{x,Vvj)'ip dx, 
Jn 



and, letting n ^ 00, we get 



/ 2: • Vuj 0 dx 

Jn 



< I f^{x,S/vj)'ip dx. 

Jn 



Now, since 



/ z • Vvj 0 dx 

Jn 



letting j ^ 00 we obtain that 
\{{z,Du),ip)\ = 



/ div(z)t»j0 dx — / VjZ ' V0 dx 

Jn Jn 



— / div(z)n0 dx — / uz ■ V0 dx 

Jn Jn 



< ( Ip f{x, Du) < f (pf{x,Du). 
Jn Jn 



dU^-^ 



(6.84) 

- P«||. 
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Hence 



Thus, we have 



{\{z,Du)l(j)) < / (j)f{x,Du). 
Jn 



\{z,Du)\ < f^{x,Du) as measures in 0. 

Then, the singular parts also satisfy a similar inequality, 

\z • D^u\ < f^{x,D^u) as measures in Q. (6.85) 

Now, by (6.82), (6.75), (6.84) and (6.85), the assumptions of Lemma 6.11 are 
satisfied, and we have 

/ Z’Vudx= / h{x,Vu)dx— / a(x, Vw) • Vrt dx, (6.86) 

Jn Jn Jn 

z • D^u = /^(x, D^u), (6.87) 

[z, v\ G sign ((/? - u)/^(x, iy{x)) - a.e. (6.88) 

Moreover, since the aissumptions of Lemma 6.13 hold, we have that 

z{x) — a(x, Vii(x)) a.e. x e D. (6.89) 

Observe that (6.63) follows from (6.71) and (6.89); (6.64) is a consequence of 
(6.86), (6.87) and (6.89); and (6.65) follows from (6.88) and (6.89). This concludes 
the proof in the case (p G C^{D). 

Step 2. Suppose now we are in the general case, that is, p G L^{dQ). Take 
pj G C^(n) such that pj p in L^{dQ). Given v G I/^(fi), from Step 1, there 
exists Uj G D{3^.) such that {uj^v — Uj) G B^.. Hence, we have 

— div(a(x, Vuj)) = v - Uj, in (6.90) 

a(x, Vuj) • D^Uj = /°(x, D^Uj), (6.91) 

[a(x, Vuj),iy] G sign{pj - uj)f^{x, i'{x)) — a.e. (6.92) 

By (6.90), (6.91) and (6.92), we get 

I a(x, Viij) • ViXj dx + f f^{x,D^Uj) -\- f \pj — Uj\f^{x,u{x)) dH^~^ 

Jn Jn J dn 

dx = / UjV dx + / (a(x, Vuj) • iy)pj dH^~^. 

Jn Jn Jdn 

(6.93) 

Prom (6.93), using Young’s inequality and (6.19), we obtain that 

Co\\Duj\\-\-Co [ \pj - Uj\f^{x,iy{x)) dH^~'^ dx < C V j G N, 

Jan ^ Jn 
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for some constant C > 0. It follows that there exists u G BV{Q) H such 

that 



Uj u weakly in Uj u in L^{Q) V 1 < g < 



N 



N-1 



(6.94) 



Hence, 



/ 

Jn 



V? dx < limsup / dx. (6.95) 

Jn 



jf-^oo Jn 

After passing to a subsequence, if necessary, we may assume that 



a(x, Vuj) ^ z as jf' — > 00 , weakly* in 



(6.96) 



and 



dx. 



— div( 2 :) = V - u in V\Q). (6.97) 

By Lemma 6.2, there exists a sequence {wk} C C^(fl) fi BV{Q) such that 

'Wkldn = 

Wk u in L^(Q) and ^^{wk) ^<^(u). (6.98) 

Now, by the convexity of / we have 

/ f{x,Vuj) dx 
JQ 

< / a(x, Vuj) • Vuj dx - / a(x, Vuj) • Vu;/c dx + / f{x,Vwk) 

Jq Jo, Jn 

Thus, having in mind (6.90), (6.91) and (6.92), we get 

= [ f{x,Vuj) dx-\- [ f{x,D^Uj)-y [ \uj - cpj\f{x,iy{x)) 

Jfi Jn Jdo. 

< / f{x,Vwk)dx-{- / a(x, Vuj) • Vuj dx + / f^{x,D^Uj) 

J ^ J ^ J df 

/ \uj — (fj\f^{x,i'{x)) dH^~^ — / a(x, Vuj) • Vwk dx 

Jdn Jq 

/ /(x, Vu;fc) dx + / (i; - Uj)uj dx 

J ^ «/ ri 

/ [a(x, Vwj), dH^~^ — / a(x, Vwj) • Vu;/e dx. 

J dQ J ri 

Using (6.95) and (6.96), it follows that 



dW 



N-i 



+ 



< 



+ 



lim sup {uj ) = lim sup {uj ) 

j— >oo j—^OO 

< / f{x,Vwk) dx uv dx — / u^dxy [z,u](p dH^~^ — j 
Jfl Jfl J dQ J Q. 



— I z ’ \/wk dx 
n 



< 



/ /(x, Vwk) dx + — u)u dx + / div{z)wk dx. 

Jft JQ, Jq 
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Hence, by (6.97), letting k ^ oo, we arrive to 



limsup$^(^j) < lim ^^(wk) = 



J-^OO 



k—*oo 



(6.100) 



Thus, by the lower-semi-continuity of we get 

= lim (6.99) 

j^OO 

Applying Theorem 3 of [169] as in Step 1, it follows that 

lim [ h{x^Duj)-\- [ \uj — (pj\f^{x,u{x)) dH^~^ 

0-^^ Jn Jdn 

= f h{x,Du)-\- [ \u — ip\f^{x,u{x)) dH^~^ . 

Jq Jdn 

On the other hand, by Green’s formula, (6.90), (6.91) and (6.92), we have 

f h{x,Duj) 4- f \uj — (pj\f^{x,i'{x)) d'H^~^ 

Jn Jdn 

= / (^a.{x,Vuj),Duj) 4- / [si{x,Vuj),i']{ipj — Uj) dH^~^ 

J n J dn 

= / Uj{v-Uj)dx4- / [a{x,Vuj),i']cpj dH^~^ . 

J n J dn 

Since [a.{x,Vuj),u] [z,u] weakly* in L"^{dQ), letting j +cx), and using 

(6.100), it follows that 



jN-l 



[ h{x,Du)4- [ \u - (p\f^{x,iy{x)) dH 

Jn J dn 

< / u{v-u)dx4- / [z,i']cp dH^~^ = / {z,Du)-\- / [z,iy]{cp 

Jn Jdn Jn Jdn 

Now, by Lemma 6.12 (i), we have 

\[z{x),iy{x)]\ < /°(x,z/(x)) — a.e. in dfl. 

Moreover, as in the Step 1, we get 

jz • D^u\ < /^(x, D^u) as measures in D. 
With this, and using Lemma 6.11, we obtain 

/ z • Vu dx= h{x, Vu) dx= a(x, Vu) • V^^ dx, 
Jn Jn Jn 

z ‘ D^u = f^{x,D^u), 



- u) dH 



N-l 



(6.101) 



( 6 . 102 ) 
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[z, ly] G sign {^p - u)f^{x, iy{x)) ^ ~ a.e. 

As in Step 1, to get that {u,v - u) G we only need to prove that 
div(z) = div a(x, Via) in 



(6.104) 



[z, i/] = [a(x, Via), i/] ^ — a.e. on dCt. 



(6.105) 



Now, by (6.90), (6.94) and using Fatou’s lemma, we are able to adapt the proof 
of Lemma 6.13 obtaining that z(x) = a(x, Via(x)) a.e. in Q and this implies both 
(6.104) and (6.105). 

Step 3. To prove the density of D{B^) in L^(fi), we prove that C^{Q) C 

D{B^)^ Let V G C^{Q). By the above, v G R{I + ^B^) for all n G N. 
Thus, for each n G N, there exists Un G D{B^p) such that {un,ri{v — Un)) G B^. 
Consequently, we have a(x, Via^) G X(f^)i, n{y — Uj^) — — div(a(x, Vu^)) in D'(fi) 
and 

{w — Un)n{v — Un) dx 

Jn 

= f (a(x, Vu„),Dw) - [ [a{x,Vun),i^]{w - ip) 

Jn Jan 

- [ h{x,Dun) - [ \p - Un\f°{x,u{x)) 

Jn Jan 

for every w G BV{Q) fl LS{Q). Taking w = v, we get 

f {v-Un)‘^ dx = —( I a(x, ViAn) • Vt’ dx - f [ai{x,Vun),iy]{v - (p) d'H^~^ 

Jn '^\Jn Jon 

- [ h{x,Dun)~ [ \ip-Un\f{x,iy{x))dH^~^^ 

Jn Jdn J 

<-( [ 3i{x, Vun) ' Vv dx - [ [a.{x,Vun),Jy]{v-(p)dH^~^] 

^ V do Jan J 

<—( [ |V'A;|dx+ [ \v-ip\dH^~^\ 

\Jn Jan ) 



Letting n ^ oo, it follows that Un v in L^(fl). Therefore v G D(B^) and 
the proof is complete. □ 
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Proof of Theorem 6.7. First, we prove that C d^p. Let {u,v) G Bp and 
w e Then, by (6.16), and applying Green’s formula (C.IO) we get 



{w - u)v dx = — / {w - u) div a(x, Vu) dx 

Jn Jvt 

— / {a{x,Vu),Dw - Du) - / [a(x, Vu), - u) dW 
Jn Jdn 

= / aL{x,Vu) ■ Vw dx — / a(x, Vu) • Via dx - / a(x,Vu)-D 
Jn Jq Jq 

- f [a{x,Vu),u]{(f - u) dH^~^ 

Jan 

< I f{x,Vw)dx- I f{x,Du)dx— f \(p — u\f^{x,u{x)) d? 
Jn Jn Jan 



N-l 



^p{w) - ^p{u). 



Suppose that w G BV{D) n According to Lemma 6.2, there exists a 

sequence Wn G with Wn ^ w in L‘^{D) and ^p{wn) ^p{w). Then, by 

the above inequality, we have 




- u)v dx < ^p{Wn) - ^p{u). 



Now, letting n ^ oo, we get 



{w - u)v dx < ^p(w) - ^p{u), 

Jn 

and therefore, {u,v) G d^p. 

Since Bp C d^p, and, by Proposition 6.8, L^(0) c R{I -h Bp), we have 

d^p — Bp^ To finish the proof we only need to prove that the operator Bp is 
closed. Let {un,Vn) G Bp and assume that {un,Vn) — » {u,v) in L^{Q) x L‘^{D). Let 
us prove that {u,v) G Bp. Since {un^Vn) G Bp, we know that a(x, Vi^n) G X{D)i 
is such that 

= div a(x, Vun) in D'{D), (6.106) 

a{x, Vu„) • D^Un = f{x, D^Un), (6.107) 

[a{x,'Vun),i'] G sign (</? - u„)f^{x,v{x)) - a.e. (6.108) 

Multiplying (6.106) by Un and applying Green’s formula we obtain 
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I 



U-nVn dx 



[ [a{x,VUn),P](f dH'^ f h{x,DUn)- f \(f - Un\f{x,u{x)) 

Jd^ Jn Jan 



dn 



N-1 



Hence, 



/ h{x,Dun)< / UjiVn dx i- / [a(x, Vlin) , 
Jfl Jo, J dft 

Prom (6.19) and (6.109), we have 



N-l 



(6.109) 





h{x,Dun) dx 

UnVn dx / [3.{x^VUn)^l']^ dH^~^ 

Jan 



Hence, 




dx < Ml 



VneN. 



(6.110) 



Therefore, u G BV{Q.) 0 L^(Q). On the other hand, since ||a(x, Vun)||oo ^ M^ we 
may assume that 



a{x,Vun) ^ z in the weak* topology of L®°(11,IR^), (6.111) 

with Halloo ^ Moreover, since Vn ^ v iri T^(H), we have that v — — div(z) in 
V'{Vt). By the definition of the weak trace on dVt of the normal component of 2 :, 
it is easy to see that 



[a{x,Vun),i']-^[z,v\ weakly* in L"^{dQ). (6.112) 



Now, we prove the convergence of the energies. According to Lemma 6.2, 
there exists a sequence wj G C^(Jl) fl HP(0), with Wj\an = '^j ^ in L^(Jl) 

and Moreover, looking at the proof of Lemma 6.2, we have that, 

Wj = with Wj\dn = u|an and Wj u in L^(fl), w‘j\dn = (f-u\dn, w‘^ ^ 0 

in L^(n), and, using Lemma C.8, we have that 
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By the convexity of / and taking (6.107) and (6.108) into account we have 

= [ fix^Un) dx+ [ f°{x,D^Un)+ [ \u„ ~ (f\f {x, v{x)) 

Jn Jn Jon 

< / a(x, Vun) • Vun dx — a(x, Vun) • Vwj dx-\- f{x, Vwj) dx 

J ^ »/ r2 r2 

+ / a{x,Vun) ' D^Un+ I [a(x, Vt/n),H(^ “ '^n) 

Jq Jan 

= / (a{x,WUn),DUn) - / a{x,WUn) 'VWj dx -{- ^^{Wj) 

Jq Jn 

+ [ [a(x, VUn), 1^]{^ - Un) dn^~^ 

Jan 

= - / a(x, Vun) • dx — div(a(a:, Vun))un dx 

Jn Jn 

+ [ [a{x,Vun),i^]^ dH^~^ 

Jan 

= ^^{wj)~ / a(x, Vun) • dx + / dx + / [a(x, Vz/n), 

JQ dn dari 

Hence, by (6.111) and (6.112), it follows that 
limsup ^(^(u„) < ^(^(iCj) — / (z,Dt(;j)+ / uv dx -\- / [ 2 ;, 

n — ^00 df] d^2 da^^ 

= $,^(i(;j)- f {z,Dw])~ ( {z,Dw‘j)~ ( di\Y[z)udx^- f [z,u]ip dH^~^ 

Jn Jn Jn Jan 

— ^^{wj) - / {z,DWj)-\- / div( 2 ;)ic| dx + / [z,i^]u dH^~^ — / div(z)u dx. 
d^7 Jn Jan Jn 

Letting j — > 00 , we have that 

limsup^(^(un) < ^cp(t^) - / {z,Du)+ / [ 2 :, z/]w dH^“^ - / div(z)u dx 
n -^00 d^ dan dn 






Finally, by the lower-semi-continuity of we obtain 



^^{u) = lim ^Jun). 

n^oo 



If we consider the M^-valued measures /^n, on which are defined 

Hn{B) := [ DUn+ [ {if-Un)vdn^~'^, 

J Bnn J Bnan 
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p{B) / Du-\- / {(f — u)i/ 

JBnn JBndQ 



dH 



N-l 



for all Borel sets 5 C we have 

/ij p weakly as measures in ft. 

Moreover, 






,{u)= 

JQ 



and ^^{un) 



_f{x,Pn)^ 

Jn 



Hence, (6.113) yields 



lim / f{x,pn)= / 

Then, applying [169], Theorem 3, it follows that 

/ h{x,p)= lim / h{x,pn) 

Jq Jn 

= lim / h{x,Dun)-\- [ \un - (f\f^{x,u{x)) dH 
Jn Jan 

[h{x,jl)^ [ h{x,Du)T f \(p-u\f{x,u{x)) 

Jq Jq JaQ 



N-l 



Since 



dH 



N-l 



we have 



f h{x,Du)-\- ( \ip - u\f^{x,v{x)) dH^ ^ 
Jq JdQ 

/ h{x,DUn)+ / \Un - <fi\f°{x,l'{x)) 
Jq JdQ 



= lim 

n—^oo 



Now, since 

lim / h{x,DUn)+ / \Un - (f\f{x,u{x)) 
Jq JdQ 



dU 



N-l 



dH 



N-l 



(6.114) 



lim / a(x, Vrtn)-Vun dx-h / f^{x,D^Un)+ [a{x,Vun),i^]{(f-Un) dH 

^-^^Jq Jq JdQ 

im / {a{x,Vun),Dun) + / [a{x,Vun),i^]{(p - Un) dH^~^ 

Jq JdQ 

/ [a.{x,'S/Un),r']^ dH^~^ — / div(a(x, Vun))'^n dx 

JdQ Jq 

f [z,iy](f dH^~^ — f div{z)u dx — ( {z^Du)-\- f [z,i']{(f — u) dH^' 

JdQ Jq Jq JdQ 



= lim 



= lim 

n^oo 
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we finally obtain 



f h{x,Du)+ [ \ip-u\f{x,i/{x)) 
Jn JdQ 

= ( {z,Du)-\- f [z,i']{(p - u) dH^ 

Jq Jan 



dU 



N-l 



(6.115) 



Again, by (6.111) and (6.112) we can apply Lemma 6.12 obtaining that 
\[z{x),i'{x)]\ < f^{x,u{x)) a.e. in dfl. 

Moreover, acting as in the proof of Proposition 6.8, we get that 
\z • D^u\ < f^{x^ D^u) as measures in fl. 



(6.116) 



(6.117) 



Hence by (6.113), (6.114), (6.115), (6.111) (6.117) and (6.116), we can apply 
Lemma 6.11, to obtain 



/ 2 • Vu dx= h{x, Vu) dx — a(x, Vu) • Vu dx, (6.118) 

«/ r2 J ^ J ^ 

z-D^u = f{x,D^u), (6.119) 

[z,^] E sign {ip — u)f^{x,i'{x)) (6.120) 

Now, using Lemma 6.13, we have 

div(z) = div a(x, Vii) in (6.121) 

and 

[z, i/] = [a(x, Vii), i/] on dfl. (6.122) 

Since v — — div( 2 :) in H'(0), taking (6.121) into account, we get 

V = -div{di{x,\/u)) in T>'(yt), 
and, using (6.118), (6.119) and (6.121), we obtain 

a(x, Vu) • D^u = /^(x, D^u). 

Finally, by (6.120) and (6.122) 

[a(x, Vu), u] G sign {ip - u)f^{x, i'{x)) - a.e. 



Therefore, (u, u) G □ 

Proof of Theorem 6.6. Let {S{t))t>o be the semigroup in L^(fl) generated by the 
subdifferential of Then by the theory of nonlinear semigroups (see Appendix 
A), given uq G 1/^(0) = D{d^^), u{t) = S{t)uQ is the only strong solution of 
problem (6.24). Thus, by Theorem 6.7, we have that for almost all t G [0, +oo[, 
u{t) G D{B^) and —u'{t) G B^{u{t)). This concludes the proof. □ 
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We have the following weak form of the maximum principle. 



Theorem 6 . 14 . Suppose ui and U 2 are two solutions of (6.1) corresponding to 
initial data Ui^o and U2,o and boundary data (pi and (f 2 i'^ L^{dfl), 

respectively. If 

^1,0 > '^>^2,0 and ipi > (p 2 , 

then ui >U2. 



Proof. For almost all t G [0, +cxd[, we have u[{t) G Ui[t) G BV{Q) fl 

a(x, Vui(t)) G X(0)i, and 

U 2 {t) - u[{t) = div[a{x,'Vu 2 {t)) - B.{x,Vui{t))] in V'{Q), (6.123) 

a(x, Vui{t)) • D^Ui{t) = f{x, D^Uiit)), (6.124) 

[s.{x, \/ui{t)), u] e sign{(pi - Ui{t))f^{x,i'{x)) - a.e. on dQ. (6.125) 

Multiplying in (6.123) by {u 2 {t) — ui{t))^ , integrating in fl, and using Green’s 
formula, we get 



1 f d 

2 



= / dW[a.{x,'Vu 2 {t)) - a{x,'Vui{t))]{u 2 {t) - ui{ty dx 

(6.126) 

= - / (a(a;,Vw2(t)) -a(a;,Vui(i)),I>((u2(f) -ui(O)"^)) 

Jq 

+ [ [a{x,Vu 2 {t)) - a{x,'Vui{t)),u]{u 2 {t) - ui{t)y 

Jan 

Now, by the chain rule for BV-functions ([10], [129], Lemma 1.2), there exists a 
scalar function r]{t)^ with 0 < r]{t) < 1, such that 



dx 



f [a{x, Vu 2 {t)) - a(a;, D{{u 2 {t) - ui(i))'^)) 

Jn 

= I (a(a:, Vu2(t)) - a(a;, Vui(f)) • (Vu2(i) - Vwi(i)) 

J {U2>ui} 

+ [ J?(^)(a(a:, V«2(0) -a(a:,Vwi(^)) ■ D^{u 2 {t) -ui{t)). 

Jq 

Observe that, by the monotonicity of a, (H5) and (6.124), we have that 

f (a{x,Vu 2 {t)) - a{x,\'ui{t)),D{{u 2 {t) - ui{t)y)) >0. 

Jq 



(6.127) 
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On the other hand, since from (6.125), it is easy to prove that 

f [ai{x,Vu2{t)) - a.{x,S/ui{t)),i'](u2{t) - ui{t))^ dH^~^ < 0. (6.128) 

JdQ 

From (6.126), (6.127) and (6.128), it follows that 

dx<0. 

Since ui^o > t/ 2 , 0 ) we have ui > U 2 , and the proof is concluded. □ 



6.5 Asymptotic Behaviour 

We shall now prove that the solution u{t) of problem (6.1) stabilizes as ^ ^ 
-f 00 by converging to a solution of the steady-state problem. To do that, we follow 
the proof of Theorem 4.2 in [145]. 

Theorem 6.15. Suppose uq G L^(fl) fl BV{Qs) and (p G L"^{d^l). Assume that 
0 < /(^,0 all X G ft and ^ G Then the solution u{t) of (6.1) converges 
as t ^ +00 to some limit w G in the following sense: 

u{t) w strongly in L^{fl) and weakly in L^{ft). 

Proof. Since is the subdifferential of by a classical result of Bruck ([60], 
Theorem 4), to prove the weak convergence in I/^(f2), it is sufficient to prove that 
attains its minimun in L^(Q). In fact, let {un} be a minimizing sequence for 
Without loss of generality, we may assume that Un G BV (ft) D L‘^ (ft) . Now, by 
approximation, we may assume that G W^'^(ft) fl L‘^(ft). Denote by J : M — > M 
the truncation function 



-Halloo if r < -||(/p||oo, 

J(r) := { r if |r| < ||(^||oo, 

Halloo if X>\\(p\\oo^ 

If we take Wn := J oun, Wn G W^'^(ft) fl L^(ft), and using that | J'| < 1, we have 






,(Wn) = f f(x,VWn) dx-{- / \Wn ~ (p\f (x, iy(x)) dH^ ^ 

J Ct J dCl 

= / f(x,VUn)dx-\- / \J o Un - J O p>\f^(x,v(x)) dH 

J {\un\<\\^\\oo} JdQ, 

< [ f(x,Vun) dxy- [ \un - (f\f^(x,u(x)) dH^~^. 

Jq Jan 
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Thus, is still a minimizing sequence for Moreover, this sequence is 

bounded inlT^’^(f2)nL^(n), hence, relatively compact in L^(n). We may extract 
a subsequence converging in to some u G L^(f2) fl BV{Q). Therefore, 

^^{u) = inf ^Ju). 

Then, by Bruck’s result ([60], Theorem 4), there exists w G B~^(0), such that 
u{t) w weakly in L^(Q). Finally, we prove the strong convergence in 
Since (u(t), -u'{t)) G by (A.35), we have 

^4>y,(w(s)) = - f u{s)‘^ dx < 0, 
ds Jq 

hence, 

V t > 0. 

Thus, {u{t) : t > 0} is bounded in and therefore relatively compact in 

The result follows. □ 

6.6 Proof of the Approximation Lemma 

In this section we give the proof of Lemma 6.10. Before giving the proof, let 
us construct a substitute for the distance function to the boundary d(., dQ). That 
construction would be unnecessary if dQ would be of class W‘^'^ ([27]). We follow 
the proof of Lemma 5.1 in [27] for domains. 

If dfl is a manifold of class then there is some e > 0 such that for all 
points y G such that d{y,Q) < e there is 2: G dO. and t G (0,e) such that 
y — z — tu{z)^ y[z) being the outer unit normal to dVi at 2; ([88]). In other words, 
{x ePt \ X = y — tv{y), y G dPl, t G (0, e)} is open. Then there is a function 
D G C^(Q) such that D = 0 on 9^1, D > 0 on ^7 and VD{x) — —i'{x) for all 
X G dPt. This is a consequence of Withney’s extension theorem ([133], p.48, [110], 
p.245). Indeed, since 

X — y 

r ^0 a^ X, 2/ p, x^y, x,y e dQ, 

1^ - y\ 

by Withney’s theorem , we know that there exists a function D G C^{Q) such that 
i) — Q on dQ and VD{x) = -i^{x) for all x G dQ. Now, let y e dQ and t G (0, e). 
Using the mean value theorem, we know that 

D{y - tu{y)) = b{y) - tVD[y - sv{y)) • u{y) = -tVD{y - su{y)) • u{y). 

Since D G C^{Q), we have 



D{y-tv{y)) = t{lPu{t)) 
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where cj(t) — o(l) as t ^ OP and is the modulus of continuity of VD. Without 
loss of generality we may aissume that c > 0 is such that cu(t) < - for all t G (0, e). 
In particular, we have that 

D{x) > 0 for all x e LL. (6.129) 

We shall modify D so that the modified function is strictly positive in 0. Let 
Tj e C([0,oo)), rj{t) > 0, for all t G (0,oo), r]{t) = o{t) as t 0+. Let Qi be an 
open set, C with smooth boundary dfl\ C such that 0 < 5 - rj{d) < 
D{x) < 5 + r]{S) for all x G dfli for some J > 0. Let an open set with 

smooth boundary such that ^ v{^) ^(51^1,9^2) < 2?7((S), where 

d{dfli,dQ' 2 ) = inf{|x — ^1 : x G dQi, y G dQ' 2 }. Let be the distance function 
to dLl' 2 , > 0 in negative outside. Let d^n'^^n = pn being a positive 

regularizing kernel. Observe that || Vd^^^^nlloo L We may choose n large enough, 
and ^2 such that ^2 C ^ d{dfli,dfl 2 ) < 2r/(J), 0 < < p{^) in dfl 2 i 

and dQQ^f^^ri > 0 in ^2- Let B\ 2 = Lli \ ^2- Then, using again Withney’s extension 
theorem, there is a function R G C^{Bi^ 2 ) such that R = D — 5 and Vi? = VD on 
9fli, and R = dQQ'^^ni Vi? == VdQ^y on 9f^2- Moreover, ||Vi?||oo is bounded by 

a constant depending on ||0||oo,aOi, l|dao^,„||cx),aQ2. l|Vi>||oo,afii, ||Vdaf2^,„||oo,ao2 
and 

\D(x) -S- dan' ,n(2/)| ^ 2r]{5) 

1 - "777 ^ 2 . 

x£dn^,yedQ2 \^-y\ Vyo) 

We define D : D —^Rhy 

D — i) in fii, 

D = Rp 5 in B\^ 2 , 

D — ddiy^^riA^ in ^2- 

Then D G D — 0 on D > 0 on Lt and VD{x) = —v{x) for all x G 9^2. 

Proof of Lemma 6.10. We may conclude that u and v are extended as BV func- 
tions in R^ in such a way that 
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Also, from (6.130) it follows that 

[ \/l + \^Zj{x)\^dx^ f y/l + \Dl 

Jn ^ JQ 



(6.133) 



This implies, by the theorem of convergence of traces for BV functions (Theorem 
B.ll) that 

Zj\dQ^v\dQ inL^idQ). (6.134) 

By the theorem of differentiation of measures ([27]), we obtain 

Wzj{x) Vv{x) a.e. in n. (6.135) 

Indeed, since Dzj = r]j * Dv -f- * Du, this is a consequence of the four following 

limits: 

\ira[rjj * V^’]((r) = Vv{x) a.e. in f], (6.136) 



\im[r]j * {DvY]{x) = {DvY{x) =0 a.e. in D, 

3 

lim -[ 77 . * \/u]{x) = S/u{x) lim - = 0 a.e. in Q, 
3 j 3 j 

\im^[r]j * {DuY]{x) = 0 a.e. in Q, 

^ J 



(6.137) 

(6.138) 

(6.139) 



since [DuY , {DvY are singular with respect to and |V 7 i(x)| < 00 a.e. in 
ft. In the same way, using the theorem of differentiation of measures, we have 



\im[r]j * Vt;](x) = 0 \Dv\^ a.e. in ft, 



lim[r 7 j * Vu](x) = 0 \Dv\^ a.e. in ft, 



\im[rjj * {DuY^]{x) = 0 \Dv\^ a.e. in ft, 

3 



(6.140) 

(6.141) 

(6.142) 



lim -[? 7 o * {DuY^]{x) = {DuY^{x) lim - = 0 \Dv\^ a.e. in ft, (6.143) 

3 J J 

where {DuY^^ (Du)^^ denote the absolutely continuous and singular part of {DuY 
with respect to {DvY, obtain 






= lim - 



Dzj{x) 



Dv 

T* \Dzj{x)\ “T \[r}j * (Dw)®]|(x) \Dv\ 
Similarly 



{x) \Dv\^ a.e. in ft. (6.144) 



\im\Dzj{x)\ = lim|[? 7 j * |Dt;|^](x)| = 00 \Dv\^ a.e. in ft. 

3 3 



(6.145) 
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Next, we prove that for a suitable choice of the numbers tj one has 



lim - 



Dzj(x) 



Du 



(x) \Du\^^ a.e. 



J C^/MVj *\Du\^^]{x) \Du\ 

Assuming this, it is easy to prove that 

Dziix) Du , . 
hm . — \ a.e 



j \Dzj{x)\ \Du\ 



(6.146) 



(6.147) 



Indeed, 



Dzj — T]j * Dv{x) + -Tjj * Du{x) — T]j * Vu(x) + rjj * {DvY{x) 

+ * Vu{x) + ^r]j * {DuY^{x) + * (DuY^{x). 

Since rjj * V^;(a:) ^ 0, rjj * {DvY{x) 0, jrjj * Vu{x) 0, jrjj * (DuY^{x) — > 0 
|Dii|^^-a.e., we see that (6.147) follows from (6.146). To prove (6.146) we observe 
that 



[rjj * Du] (x) 

* |£’u|**](a:) {l/j)[r)j * ' [rjj * |DM|®^](a:) ‘ 



Dzj{x) 



[rij * Dv]{x) 



+ 



Since 



[rjj ^ Du]{x) Du 



[rjj * |Du|^^](x) \Du 

it is sufficient to prove that 

[rjj * Dv]{x) 
jlVj * ^ 

To prove (6.150), we define 

ar{x) 



(x) \Du\^^ a.e.. 



0 \Du\^^ a.e. 



[rjr * Dv]{x) 



[rjr * |Du|^^](x) 

Since Dv and \Du\^^ are mutually singular, then 

ar{x) — > 0 \Du\^^ a.e. 

Thus, if we consider the sets 

E(T,j) = jar G : |ar(a;)| > , 

for any fixed j € N we have 



(6.148) 

(6.149) 

(6.150) 

(6.151) 



lhn|£»nr“(E(r,i))=0. 
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For each j G N, there is some Tj such that 

\Dur{E{Tj,j)) < G 

that is 

This easily implies that 

lim ja-r {x) = 0 \Du\^^ a.e., 

j^oo ^ 

which is exactly (6.150). Moreover, we may choose Tj such that 

-[r]j * \Du\^^]{x) oo jDi^l^^a.e. 

Prom this, and (6.146), it follows that 

\Dzj\{x) 00 \Du\^^ a.e. (6.152) 

We observe that up to now we have used neither the hypothesis on the regularity 
of 5n nor the regularity of g. 

On the other hand, the functions Zj that we have constructed satisfy some 
of the requirements of the lemma but not all of them, in particular, (6.29), (6.31), 
(6.35), (6.36) have yet to be satisfied. For that, we construct suitable correction 
functions aj and pj around the boundary and we shall define 



~ ^3 ^3 P 3 • 

Let Qj G C^{dVl) be such that Qj g m L^{dQ). We shall construct the sequence 
of functions (Tj G (ft) such that 



for all xjj G C(fl, 



Oj = gj — Zj on 

[ K-1^-0, 

Jvt 

(Jj{x) 0 if D{x) > €j + ej, 
/ xj; • Daj 'ip • u{g — v)dH 

Jq JdVL 



N-l 



[ \Daj\-* [ \v~g\d'H’^ \ 

JQ Jan 



(6.153) 

(6.154) 

(6.155) 

(6.156) 

(6.157) 
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\D{aj + Zj){x)\ — > 00 ^ a.e. mT — {x e dO, : g{x) ^ t’la:)}, 

D{uj + Zj){x) g{x) - v{x) 

\D{a,+z,){x)\ \g{x)-v{x)\ ^ > 

a.e. in T = {a; € : g{x) ^ n(a;)}. 



(6.158) 

(6.159) 



Construction of Gp 

For each number e E (0,eo) we consider a function he{t) : [0, oo) 
that 

/le € C^([0,Oo)), 

K{t)<0, K{0) = --^, 

h[{t) is not decreasing, 



he(0) = 1, he{t) = 0 for t > e + 6^. 
Let {€n}^=i be a decreasing sequence of numbers such that 



[0, oo) such 



2ei < €o < 1, limcj — 0. 



Now, let G G such that = g. Since gj G C^{dLt), we may consider a 

function Gj G (7^(0) which is an extension of gj. We may assume that Gj G 

in L^{Q) and f |VGj| ^ f |VG|. We define 

Jq Jn 

<7j = \Gj{x) - Zj{x)]h,jD{x)). (6.160) 



Clearly, Gj G 

Gj = gj — Zj on 

and, if D[x) > Cj + ej, then h^.{D[x)) — 0, and, therefore 

Gj[x) =0. 



Now, 

f = [ k,r/(”-) < / |G,(x) - 

Jq JQ2ej J^2ej 

where, for any e > 0, we denote 



fie = {x G Cl : D{x) < e}. 



The functions Gj , Zj being independent of Cj , we may choose €j > 0 small enough 
such that 



[ |G,(x)-z,(:r)r/(^-i) 

JQ2€. 
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Hence 

^.|iV/(iV-l) 

Let ^ G C(n,E^). Since 




0 as jf ^ oo. 



Vcjjix) = V{Gj - Zj){x)h,^{D{x)) + {Gj - z,){x)K^{D{x))VD{x), 

we have 

/ 'ip{x) • V(Tj{x)dx = / ^^{x) ' {VGj{x) — Vzj{x))h^.{D{x))dx 
Jn Jq 

+ [ {Gj(x) - Zj{x))ip{x) ■V{h,^{D{x)))dx 

Jn 

= f 'ip{x) • {VGj{x) - V Zj{x))h^.{D{x))dx 

+e2 

e^+e. 

+ [ {Gj{x) - Zj{x))^{x) • hl{D{x))VD{x)dx 

3^ 3 

Again, since |/ie| < 1 for all e > 0, a proper choice of Cj guarantees that 

[ iP{x ) . {VGj{x) - Vzj{x))h,.{D{x))dx 0 






as j ^ oo. Now, by our choice of Gj, (6.133), and a proper choice of cj, we have 
that 

lim f (Gj{x) — Zj{x))'il;{x) ' h'^.{D{x))\/D{x)dx = f 'ip ^ iy{g — v)dH^~^ . 

^ Jn ^2 ' Jdo. 

^3 

(6.161) 

Indeed, using the change of variable formula ([110], p. 118, [179], p. 96), 

{Gj{x) — Zj{x))'ip{x) • h'^.{D{x))VD{x)dx 

= “ ^Mmy) • K^{D{y))^^^dn^-Hy)d\ 

= (ej + ef) {Gj{y) - Zj{y))il){y) ■ 

for some \j G (0,Cj + e^) by the intermediate value theorem. Now, since Gj^zj 
do not depend on our choice of 6^, by choosing Cj — ^ 0+ sufficiently fast, we 
obtain(6.161). Hence 
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as j ^ 00 . In particular, we have 

liminf f \Vaj{x)\dx> f \g — v\dH^~^. (6.162) 

^ Jn JdQ 

On the other hand, we have 

I \Vaj{x)\dx < I \VGj{x) — Vzj{x)\dx 
Jq .,2 

J j 

+ [ \Gj{x) - zjix)\\K.{Dix))\\VD{x)\dx. 

j 

Again, a suitable choice of Cj guarantees that 

[ \VGj{x)-Vzj{x)\dx-^0 

as j ^ 00 . Similarly, the properties of Gj, Zj and a choice of Cj imply that 

[ \Gj{x)-zj{x)]\h' {D{x))\\VD{x)\dx-^f \g{x) - v{x)\dH^-\ 

,9 Jan 

3 ^ j 

Hence 

limsup f \Vaj{x)\dx < ( \g{x) — v{x)\dH^~^ . 

j J Oi J do, 

This, together with (6.162) proves that 

lim I \V(jj{x)\dx — I \g — v\d'H^~^ . (6.163) 

Jo Jan 

Finally, since 

Daj + Dzj = VGjh,^{D) + Vzj{l - h,^{D)) + (G,- - Zj)h[^{D)VD, 
we may write on 



Daj + Dzj = VGj - {Gj - Zj)h[.{0)i'{x). (6.164) 

Hence, on we have 

Daj + Dzj ^ VGj-{Gj-Zj)h'^.{0)i^ + {Gj - Zj)i^ 

\Daj Dzj\ \^Gj — {Gj — Zj)h^^^{0^u\ |cjVGj + (Gj — Zj^u\ 

Now, choosing Cj such that ^jVGj — > 0 as j ^ oo, we obtain that 

Daj + Dzj g{x) - v{x) 

\D(jj + Dzj\ ^ \g{x) - v{x)\''^^ 



(6.165) 
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a.e. in T — {x ^ dO, : g{x) ^ ^(^)}- Next, a proper choice of tj in (6.164) 
guarantees that 

\Daj{x) + Dzj{x)\ 00 (6.166) 

a.e. in T. 

Next, we construct a sequence of functions pj e C^{fl) such that 

Pj=0 on on, (6.167) 




pj =0 if D{x) > Sj 

for some 5j >0, 

[ \Dpj\^0. 

Jq 

for -a.e. x G T, 3 jo(^) such that Dpj{x) =0 V j > jo(^)- 

If we set Vj = Zj + aj + pj then (6.36) holds. 

Construction of pj. 

For all (5 > 0 consider a function : [0, oo) ^ [0, oo) such that 

tps € C'([0,oo)), 

'^<5(0) = 0, 'ipsit) = 0 for t 
\ips{t)\ < for t € (0,<5^), 

i>6{0) > 



We define ( : 90 E. 




\ips{t)\dt < 26. 



(6.168) 

(6.169) 

(6.170) 

(6.171) 

(6.172) 



( u{x) - g{x) 

({x) = \ kW -ffWI 



if g{x) = v{x) and g{x) ^ u{x) 



elsewhere. 



(6.173) 



Let (j be a sequence of functions in C^(90) converging to ( in L^{dQ). Now, we 
may assume that ( is the trace of a function 0 G W^’^(O) and (j are traces of 
functions 0j G C^(0) such that 0^ ^ 0 in L^(0) and \DC)j \ |D0|. Let 

Sj be a decreasing sequence of positive numbers that converges to 0 and consider 
the functions 



Pj(x) = e^(x)ipsj(d)(x)). 



(6.174) 
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Clearly, pj G pj{x) = 0 if x E dfl. Also (6.169) holds. Since, by our choice 

of the functions ips, we have 

<2(5. (6.175) 



Now, 



[ <25j [ 

Jn Jn 



/Q Jn 

which tends to 0 as j — > oo, which proves (6.168). 

Our purpose now is to choose the functions (j such that (6.171) holds. For 
that, we consider the sets 

7V+ = {x E : C(^) = 1}, 

N~ — {x e dLl : C{x) — -1}, 

N = N^UN~. 

We consider increasing sequences of compact sets C K~ C N~ such that 

\imn^-\N^ \ Kf) = \ K~) = 0. 

j j 

We consider also decreasing sequences of open sets 2 N+, Gj 'D N~ such 
that 

limW^-^(G+ \ iV+) = Iim7f^-^(G7 \ N~) = 0. 

Now, we take functions C/,C7 ^ G^(9f^) with values in [0, 1] such that 



II 

1 - 


XXI XXj , 


(6.176) 


10 


in dn\G+, 




fl 


in K~ , 




C7(^) = 


J 


(6.177) 


lo 


in dn\Gj, 





and we set 

The functions (^j satisfy 



= { 



C7 = c-cr- 



1 in K+\GJ, 

0 indil\ (G+ U GJ 

[-1 in K-\G+. 



(6.178) 
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Moreover 

lim7^^-^(Tn(G+UG-)) = 0. (6.179) 

j J J 

Recall that the functions Qj are extensions of Cj to Now, 

Vpj{x) = VQj{x)i^sAD{x)) + Qjix)i^',^iD{x))^D{x). 

U X e Oft, then 

Vpj{x) = -ej{x)tp's.{0)i'{x). 

Now, using (6.179), for almost all x G T = {x G dO, : ^(x) ^ ^(^)}, there exists 
jo{x) G N such that Cj(^) = 0 for all j > jo{x). Hence, also 

Vpj(x) = 0 for all j > jo{x). 



Next 



/ |Vp,| < 2<5, /'|Ve,| + ||e,||oo||V£»|U / Ws.{D{x))\dx 

JQ Jn Jn^2 

j 

< 25j f \Ve,\ + \\Qj\U\VD\\^y [ dx. 

Jn ^3 Jn,2 



Now, for j large enough 



/ 

Jq,2 Jo J\d 



dn'^-^z) 



dX<2 



[' [ dn^-^{z)dX<C6], 

Jo J[D=\] 



f[D=X] 

"j 

where C depends on Per(9fl). Hence 

[ \Vpj\<25, [ |Ve,l + ||0,||oo||VD||oo4C^,. 
Jn Jq 

Now, choosing Sj we may guarantee that 



/ 

Jn 



\Vpj\ ^0 as j oo. 



Since 



\/vj — \/Gjh^. + \^Zj{l — he^.) H- {Gj — Zj)h[^{D)WD + 
on dU, we have 

'^Vj{x) = VGj{x) - {Gj{x) - Zj{x))h[.{ 0 )u(x) - Qj{x)i>s.{0)p{x) (6.180) 
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and we may write on dQ, 

Vvj _ VGj - (Gj - Zj)h[. (O)t' - Sj'tp's. (O)i^ 

“ |VG,- - {Gj - z,)K.{0)u - (0)i.| 

djVGj - 5j{Gj - Zj)K. (0)u - 

\5jVGj - Sj{Gj - z,)K^ (O)i. - (0)H ‘ 

Now, we choose Sj such that SjVGj —> 0, Sj{Gj — Zj)h'^.{0) 0, as j ^ oo, and 

we obtain that 

g{x) - u{x) 

|V^,| ^ ^ 

a.e. on {x € dCl : g{x) = v{x),u{x) ^ ^(a:)}. By choosing <5^ to converge 
sufficiently fast to 0, from (6.180), we obtain that 

|Vn^(a;)| oo 

a.e. on {a; € dfl : g(x) = v(x),u(x) ^ '^(a:)}. 

Let us now check that Vj = Zj + aj + pj satisfies the required properties. 
Since Vj = gj on dQ, (6.29) follows immediately. The property (6.30) follows from 
(6.132), (6.154) and (6.168). To check (6.31), let ^ G G\Q,R^), i) = (^i, . . . ,^n) 
and ^iv+i G C^(fl,R). Using (6.29) and (6.30), we obtain 

f ^ 

lim / [Vv^^(x)A^j(^) -h^iv+i(^)]c^^ 



= — lim / div'0(a;)uj(x)dx + / gj'il^'vd'H^ ^ + / 'ipN+i{x)dx 
j Jn Jdn Jn 

= — div 'ip{x)v{x)dx -\- / g'll) ' 1/ dH^~^ P / 'ipN+i{x)dx 
J ^ J do, J 

= f [il>{x) ■ Dv{x) +'4>N+iix)]dx + [ {g - v)il> ■ 

Jo J do 

Now, because of the lower semi-continuity of the total variation with respect to 
weak convergence, we have 

f ^/T~P~\D^ ( l^f - < liminf f Jl-f \Dvj\^dx. 

Jo Jdo ^ Jo ^ 

On the other hand, since 

f JlP \Vvj\^dx < I \/l + \S/zj\‘^dx -h [ \Waj\dxA j \Vpj\dx, 

Jo ^ Jo ^ Jo Jo 

using (6.133), (6.157) and (6.170) we obtain that 

limsup f \Dvj\^dx < f \/l -h |Dup -f f \g ~ v\dH^~^. 

j Jo '' Jo JdO 
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This proves (6.31). Now, using (6.135), (6.155) and (6.169) we obtain (6.32). Next, 
we observe that (6.33) is a consequence of (6.144), (6.155) and (6.169). In the same 
way, (6.34) is a consequence of (6.147), (6.155) and (6.169). We observe that (6.35) 
follows from (6.159) and (6.171). Finally, (6.36) has already been proved. □ 




Chapter 7 



Parabolic Equations Minimizing 
Linear Growth Functionals: 
L^-Theory 

7.1 Introduction 

Let Q be an open bounded set in with boundary dO, of class CL We are 
interested in the Dirichlet problem 

— = div a(x, Du) in Q = (0, oo) x 

^ u(t,x) = (^{x) on S = (0, oo) X dD, 

^ u{0,x)=uq{x) in X € n, 



where (f € L^(9H), ito G L^{D) and a(x,^) = V^/(x,^), / being a function with 
linear growth in ||^|| as ||^|| -^ oo. In the previous chapter we proved existence and 
uniqueness of solutions of problem (7.1) for initial data in L^(fl). Our aim here is 
to solve this problem for initial and boundary data in L^(fl) using the technique 
introduced in Chapter 5 to solve the Dirichlet problem for the total variation flow. 
To do that we use some techniques introduced by Benilan et al. in [41] to get an 
existence and uniqueness -theory of solutions of nonlinear elliptic equations in 
divergence form when the associated variational energy has growth in | Vu[ of order 
p with p > 1, and also the doubling variables technique introduced by Kruzhkov 
to prove uniqueness of scalar conservation laws. Let us give a brief description of 
these ideas. 



F. Andreu-Vaillo et al. Parabolic Quasilinear Equations Mimmi^ing l^mear Growth Eunctionals 
© Birkhiiuser Verlag 2004 
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Let Q. C an open set, 1 < p < oo and assume that a : x R^ ^ R^ is 

a Caratheodory function which is monotone satisfying: 

(a(x,^),^) > All^P for every ^ G R^ and a.e. x e Q> (7.2) 

and 

|a(x,^)| < A{j{x) + for every ^ G R^ with j G (fl). (7.3) 

Associated with a we may consider the Dirichlet problem 



— div a(x, Via) = f in 0, 
u = Q on 9f2. 



(7.4) 



When / G (D), J. Leray and J.L. Lions ([144]), using variational meth- 

ods, solved problem (7.4). They proved that there exists a function u G 
satisfying 

[ (a(x,Vu),Vt/;) = {f,w) V u; G Wo’^(fi). 

Jn 

Hence, if / G I/^(fi) and p > N, problem (7.4) has a solution. The case 1 < p < TV 
presents several difficulties. The first one is to give a sense to the notion of solution 
for p close to 1, more precisely for 1 < p < 2 - (;^). In fact, we cannot expect 
the solution to be in (see [41]) and consequently, the gradient appearing 

in the divergence operator can not be taken in the usual distributional sense. 
This difficulty is solved in [41] by introducing a new space in which the 

gradient of u can be defined by pasting together the gradients of the truncations 
Tk{u)^ which turn out to be locally integrable. The second difficulty appears with 
the question of uniqueness. This question was open even in the linear elliptic case. 
Indeed, as it is known from the work of J. Serrin [183], in the general linear elliptic 
case, there is no uniqueness of distributional solutions u in (with q < 2). 

To overcome these difficulties Benilan et al. introduced in [41] the concept 
of entropy solution. To avoid technical difficulties we assume that is bounded. 
In this case, the space T^’^(f]) is defined as the set of all measurable functions 
lA : > R such that Tk{u) G W^’^(n) for all A: > 0; and the space is the 

set of all u G ThP(f^) such that for every A: > 0 and every smooth cutoff function 
p G C^(R^), pTk{u) G W'q’^(O). Then, a function u G 7^^’^(f]) is said to be an 
entropy solution of problem (7.4) if 



[ {ai{x,Du),DTk{u- (t)))dx < [ Tk{u - (f))f dx 
Jn Jn 

for all test functions (j) G C^{Q) (or, equivalently, 0 G 7^^’^(H) fi L"^{Q)) and 
all A: > 0. It is proved in [41] that for every / G L^(Q) there exists a unique 
entropy solution u of problem (7.4). For linear elliptic equations, the uniqueness 
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of distributional solutions u such that Tk{u) G for all /c > 0 is an open 

question (see [42]). 

Let us mention some parallel developments. The notion of renormalized so- 
lution was introduced by R. J. DiPerna and P.L. Lions [99] in the context of 
Boltzmann equations. This notion was adapted to the study of some nonlinear el- 
liptic problems by L. Boccardo, D. Giachetti, J.I. Diaz and F. Murat [55] when the 
right-hand side is in and by P. L. Lions and F. Murat [147] (see also 

[160]) when the right-hand side is in L^(D) + (fi). The concept of renormal- 

ized solution can be proved to be equivalent to the concept of entropy solution. 
In [20], the notion of entropy solution was extended to elliptic problems of the 
form (7.4) with nonlinear boundary condition of the form — (a(x, Dit), r^) € /3{u), 
P being a maximal monotone graph in M x M. Existence and uniqueness of entropy 
solutions for the corresponding parabolic problem was obtained in [21] (see also 
[168], for similar results in the case of Dirichlet boundary conditions). In parallel 
with the elliptic case, D. Blanchard and F. Murat [49] introduced the concept of 
renormalized solution for nonlinear parabolic problems with data and proved 
existence and uniqueness of these solutions. Nowadays there is an extensive liter- 
ature dealing with entropy /renormalized solutions. 



As it is well known, for initial value problems for scalar conservation laws of 
the form 



( Ut + f{u)^ = 0, 
\ w(0, •) = uo, 



(7.5) 



the concept of weak solution is usually not stringent enough to single out a unique 
solution (see for instance [57]). In some cases, as it happens for Burger’s equation, 
an entire family of weak solutions can be found. Consequently, in order to achieve 
uniqueness, the notion of weak solution must be supplemented with further admis- 
sibility conditions. Motivated by physical considerations, the concept of solution 
is the following: A locally integrable function u : [0, oo) ^ E is an entropy solution 
of (7.5) if u(0, •) = uq and 



j j {\u~ k\ipt + sign(u- k)(f(u) - f(k))ipx} dxdt>0 (7.6) 

for every constant /c E M and every function ^ > 0 with compact support in 
[0, oo) X E. 

In [143], S. Kruzhkov proved an estimate of the distance between any two 
bounded entropy solutions of (7.5), and, in particular, that the entropy solution 
of (7.6) is unique, within the class of functions. To do that he introduced the 
doubling variables technique. This method has been very useful to prove unique- 
ness in different contexts. Carrillo [61] was the first to apply Kruzhkov’s method to 
parabolic equations. In this monograph we use Kruzhkov’s method several times 
to prove uniqueness. 
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7.2 The Main Result 

In this section we give the concept of solution for the Dirichlet problem (7.1) 
and we state an existence and uniqueness result for this type of solutions. 

Here we assume that 0 is an open bounded set in N >2, with boundary 
dQ of class and the Lagrangian f : fix R satisfies the assumptions (H) 

given in Section 6.3. Moreover, additionally we need to consider here the following 
assumption: 

(He) We assume that 



|a(a:,0 -a(y,OI <^^(lk-2/ll) (7-7) 

for all a:, y G Q, and all ^ G where u){r) is a modulus of continuity. 

Prom the definition of a^, 



Hence 

^ - a°°(2/,0 • < o;(||x - yWMl (7.8) 

Remark 7.1. We note that assumption (He) is only needed to prove uniqueness. 
The Lipschitz continuity in x of the fiux is a common assumption to prove unique- 
ness of Kruzhkov’s solutions of scalar conservation laws ([143]). 

Recall that in Chapter 5 we have introduced the set 
T={Tfc,r+,T,- : k>0}. 

where Tk{r) — [k - {k - |r|)+]signo(r), /c > 0, r G M. 

Our concept of solution for the Dirichlet problem (7.1) is the following. 

Definition 7.2. A measurable function u : {0, T) x ft ^ R is an entropy solution of 
(7.1) in Qt = (0,T) xQHue C{[0,T]; L^fl)),^p{ui)) G Li,(0,T, W(0)) for all 
p and there exists ^ G (l/^(0, T, BP(ft) 2 ))* such that: 

(i) {a{x,Vu{t)),at)) e Z{n) a.e. tG[0,Tj. 

(ii) ^ is the time derivative of u in (T^(0, T, BV ( 11 ) 2 ))* in the sense of Definition 

5.3. 

(hi) ^ = div(a(x, Vu(t))) in (L^(0,T, HP(0)))* a.e. t G [0,r] in the sense of 
Definition 5.4. 



(iv) [a(x, Vu(t)), i/j G sign(p({/?) — p{u{t))) f^{x,u{x)) a.e. in ^ G [0,r] for all 

peT. 
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(v) The following inequality is satisfied 



— f f j{u{t) - l)rjtdxdt j f T]{t)h{x, Dp{u{t) - 1)) dt 
Jo Jvt Jo Jn 

[ [ di{x^Vu{t)) • S/rj{t)p{u{t) — 1) dxdt 

Jo Jn 

< j f [aL{x,Vu{t)),u]rj{t)p{u{t) - 1) dH^~^dt, 

Jo Jdn 



for all I G E, for all p G C^{Qt), with ry > 0, p{t,x) = 0(^)'0(x), being 

(j) G P(]0, T[), 'll; G and p G T, where j{r) = / p{s) ds. 

Jo 

The main result of this chapter is the following existence and uniqueness 
theorem. 



Theorem 7.3. Assume we are under assumptions (H) and (Hq) of Chapter 6, and 
let uo G and ip G Then there exists a unique entropy solution of 

(7.1) in (0,T) X Q for every T > 0 such that u{0) = uq. Moreover, if u(t),u{t) are 
the entropy solutions corresponding to initial data uo,uo, respectively, then 

l|(w(i)-u(0)'^lli < ll(wo-wo)‘^l|i and ||ti(«) - u(0lli < l|wo - wolli (7.9) 



for all t >0. 



7.3 The Semigroup Solution 



To prove the existence part of Theorem 7.3 we shall use the techniques of 
completely accretive operators and Crandall-Liggett’s semigroup generation the- 
orem. In Chapter 6, using nonlinear semigroups, we studied the Dirichlet problem 
(7.1) for initial data in L^. For that we have considered the energy functional 
: L‘^{Q) [0, +oo] defined by 

$^(u) := f f{x,Du)+ [ f°{x,i'{x)[(f - u]) 

Jn Jon 

if u G BV{^1) n L^{n) and 

$^(n);=+oo if u e {Q) \ BV (Q) . 



Since is lower-semi-continuous, the subdifFerential of is a max- 
imal monotone operator in L^(Q). Thus, existence and uniqueness of a solution of 
the abstract Cauchy problem 



u'{t) + d^y,{u{t)) 3 0 
u(0) = Wo 



t g]0, oo[, 
Wo € 



(7.10) 
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follows immediately from the nonlinear semigroup theory (see Appendix A.l). 
Now, to get the full strength of the abstract result derived from semigroup theory, 
d^^p{u) was characterized. To get this characterization, the operator in 
was introduced in Chapter 6, Section 6.4. Let us recall its definition. 

ueBV{n)nL^{Q),veL^{n)and 
a(a:, Vu) € A'(n)! satisfies : 

— u = div a(x, Vu) in (7.11) 

a(x, Vu) • D^u = f{x, D^u) = f{x, (7.12) 

[a(a:, Vu), z/] G sign {p{^) — p{u))f^{x, r'ix)), M p eV — a.e. (7.13) 

Proposition 7.4. Let ip G L^{dQ>). Assume we are under assumptions (H). Then 
the operator B^p = d^p is completely accretive. 

Proof. Let us consider the functional Tp : L^(Q) -^] — oo, +oo] given by 

Tp{u):= [ f{x,Vu)dx-\- [ f{x,i>{x)[p-u])d'H^~^, 

Jfl JdQ 

iiueW^'\n)nL^{Q) and 

r^(u) +00 if ue L^{n) \ 

Let us prove that Tp satisfies 

Tp{u + p{u - u)) -h r^(u - p{u - u)) < Tp{u) -h Tp{u) (7.14) 

for all G L^(fi), p G Pq. In fact, we may assume G If v 

u + p{u — u) and v := u — p{u — u), then 



— [ f{x,XVu-\- {1 - X)Vu) dx 

Jo. 

+ [ f{x, u{x))\a{p - u) 4- (1 - a){p - u)\ dH^~^ 
Jdfi 

r(^({)) = j f{x,X\/u-\- {I — X)Vu) dx 

Jq 

+ [ fix, u{x))\a{if - u) + (1 - a){ip - u)| 

Jaa 



X = p'{u-u) and a = X{u^u} 



p{u — u) 



where 
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By the convexity of f{x,^) with respect to we have 

f{x, Wu + (1 - A) Via) + /(x, AVu + (1 - A) Vu) 

< A/(x, Vu) + (1 - A)/(x, Vu) + A/(x, Vu) + (1 - A)/(x, Vu) 

= f(x,Vu) i- f{x,Vu), 

In the same way 

\a{(f — li) + (1 - a){(f - u)| + \a{(f - 2 /) + (1 — a){(f — u)\ <\(p — u\ + \(p — u\. 

Then, integrating, we obtain T^{v) + r(^('0) < T^{u) -h T^{u). 

Since T^p satisfies (7.14), by Lemma A. 48, we have that the operator dV^ is 
completely accretive. Now, by Theorem 6.4, the lower semi-continuous envelope 
of the functional is the functional Hence, by Lemma A. 49 and Theorem 
A. 50, we get that is completely accretive. □ 

To associate an m-completely accretive operator in L^(0) to problem (7.1) 
we need to consider the function space 

TBV{n):^{ueL\n) : Tk{u) e BV{9), V fc > O} , 

and to give a sense to the Radon-Nikodym derivative Vii of a function u G 
TBV'(O). A similar problem was treated in [41] where the authors had to give 
a sense to the derivative of functions whose truncations are in a Sobolev space 
(in their notation, for functions in TJ^^^(fl), p > 1). Notice that the function 
space TBV{Ct) is closely related to the space GBV{fl) of generalized functions 
of bounded variation introduced by E. Di Giorgi and L. Ambrosio ([86], see also 
[10]). Using the chain rule for BV-functions (see for instance [10]), with a similar 
proof to the one given in Lemma 2.1 of [41], we obtain the following result. 

Lemma 7.5. For every u G TBV{0>) there exists a unique measurable function 
V : Q such that 



VTfc(u) = - a.e. (7.15) 

Thanks to this result we define Vit for a function u G TBV{Q) as the unique 
function v which satisfies (7.15). This notation will be used throughout in the 
sequel. 

Lemma 7.6. If u ^ TBV{fl), then p(u) G BV{Q>) for every Lipschitz continuous 
function p : M ^ E satisfying p^{s) — 0 for |s| large enough. Moreover, Vp{u) = 
p\u)Vu £^-a.e. 

Proof. The proof of this lemma is straightforward since p{u) = p(Tk{u)) for k 
large enough. Hence, p{u) G BV{Q) and by the chain rule, 

Vp(w) = Vp{Tk{u)) = p'{Tk{u))\/Tk{u) = p\u)Vu = p'{u)Vu. □ 
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Let P be the set of truncation functions defined in (3.16). 

We define the operator in by 

{u, v) e u,v G (fl) , p{u) G BV {Q) for all p G P 

and a(x, Vifc) G X(fi)i satisfies : 



diva(x,Vu) in 



a(x, Vu) • D^p{u) = f^{x, D^p{u)) V p G P, 

[a(x, Vu), v] G sign {p{p) - p{u))f^{x, i^{x)), V p G P - a.e. 

Taking into account Lemma 7.6, we have that if {u^v) G A^p^ then 

/ {w — p{u))v dx = / {a{x,Vu), Dw) — / h{x,Dp(u)) 

Jn Jn Jvt 

- f [s.{x,Vu),iy]{w - p{p)) dH^~^ 

Jdn 

- f \p{u) - p{v>)\f{x, u{x)) dn^~^, 

Jdn 

for all w G BV{ft) f1 and for all p G P. 



Lemma 7.7. If {u, v) G A^^, for a,b > 0, we have 



^ [ a(x, \/u) • Vu dx 

^ J {a<|n|<a+6} 



< 



[ \v\ dx [ |[a(x, Vii), i/]l ^ 

J{\u\>a} J{\ip\>a} 






(7.16) 

(7.17) 

(7.18) 



(7.19) 



(7.20) 



In particular, 

lim / a(x, Vu) • Vu dx = lim / |Vn| dx = 0. (7.21) 

J {a<\u\<a-\-b} J {a<\u\<ai-b} 

Proof. We consider the truncation function Ta^b{s) := Tb{s — Ta{s)). Since Ta^b is 
an element of V, applying Green’s formula (C.IO), we have 
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■ / vTa^i{u) dx= div(a(x, Vix))Ta,6(ii) dx 

Jq Jq 

= - / {di{x,\/u),DTa^b{u)) + [ [ai{x,Vu),u]Ta^b{u) d7 

Jfl J df2 

= - [ a(x, Vw) • VTa,6(w) dx- f a{x, Vu) • D^Ta,b{u) 
Jn Jo, 

+ / {a{x,Vu),u]Ta,b{u) dn^-^ 

JdVL 

= - [ a{x,Vu) -Vu dx - f f{x,D^Tafi{u)) 

^{a<|u|<a+6} JQ. 

+ [ [a{x,Vu),iy]Ta,b{u) dU^-\ 

JdQ 



N-l 



Since 



[ [a{x,Wu),i']Ta,b{u) dn^ ^ 

JdQ 

= [ [a{x,Vu),i']{Ta^b{u) -Ta^bi^p)) dn^~^ + [ [a{x,Vu),v]Ta^b{p) 

JdQ JdQ 

= -/ \Ta,b{u) -Ta,b{‘p)\f{x,i'{x)) dn’^~^ + [ [a{x,'Vu),i']Ta,b{p) dU 
JdQ JdQ 

< [ [a{x,Vu),u]Ta,bip) dn^~'-, 

JdQ 



N-l 



N-l 



it follows that 



/ a(x, Vu) • Vu dx 

J {a<|u|<o+f>} 

< [ vTa^b{u)dx+ [ [a(x, Vtt),Z/]Ta,b(^) 

Jq JdQ 

<bl I \v\ dx + I |[a(x, Vu), z/]| dW 
W{lul>a} J{\(p\>a} 



and the result follows. 



□ 



The main result of this section is the following. 

Theorem 7.8. Let (p G L^(dQ). Assume we are under assumptions (H). Then, 
C and the operator is m-completely accretive in L^(Q) with dense 
domain. Moreover, if {T{t))t>o is the semigroup of order preserving contractions 
in L^{Q) generated by the operator A^p, then its restriction to coincides 

with the semigroup generated by the operator Bp> . 
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Proof. First, let us prove that C A^. If {u, v) € then u e BV{Q.) n 
V € L?{Q) and a(a;, G satisfies 



— t) = div a(a;, Vm) in V^Cl), 

a{x,Vu) ■ D^u = f{x,D‘u) = f{x,D^)\D^u\, 
[a{x,'Vu),i'] e sign {ip - u)f^{x,u{x)), V p G "P 



— a.e. 



(7.22) 

(7.23) 

(7.24) 



Since the functions of V are nondecreasing, (7.18) follows from (7.24). On the 
other hand, by (7.23), we have 

0(a(x, Vu),Du, x) = /^(x, D^u) \D^u\ — a.e. (7.25) 

Then, given p gV, by Corollary C.16, for every Borel set B C fl, we have 

/ a(x, Vn) • Vp(ix) dx-\- a{x,Vu) • D^p{u) = / (a(x, Vu), Dp(u)) 

J B J B J B 

= j e{a{x,Vu),Dp{u),x)\\Dp{u)\\= [ 6{a{x,Vu), Du,x)\\Dp{u)\\ 

JB J B 

= j 0{a{x,Vu),Du,x)\Vp{u)\ j 6{a.{x,Vu), Du,x)\D^p{u)\ 

J B J B 

= f 6{s.{x,Vu),Du,x) ' p\u)\Vu\ dx ( f^{x,D^u)\D^p{u)\ 

J B J B 

= f a{x,\/u) • Vp{u) dx f f^{x, D^u)\D^p{u)\. 

J B J B 

Hence, a(x,Vti) • D^p{u) = f^{x, D^u)\D^p{u)\ = f^{x, D^p{u)). Thus, (7.17) 
holds and, therefore, we have proved that C Ap. Moreover, since the domain 
of Bp is dense in L‘^{Q>) (Theorem 6.7), we also obtain that the domain of Ap is 
dense in L^{fl). 

Next we are going to prove that the operator Ap is accretive in L^(Q). We 
must show that 

f \u-u\< [ I/- /I 

Jn Jn 

whenever / G w + ApU^ f E u-\- ApU. Indeed, for r, /c > 0, we have 

[ \{f-u)-{f-u)]Tr{n{u)-Tk{u)) dx 

= [ (a{x,Vu) - a{x,Vu),DTr{Tk{u) -Tk{u))) 

Jn 

- [ [a(a;, Vn) - a{x, Vu), iy]Tr{Tk{u) - Tk{u)) 

Jan 



(7.26) 
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If we write 



we have 



= / (ai{x,Vu) - 3.{x,Vu)) 'VTr{Tk{u) -Tk{u)) dx 

Jn 

+ [ (a(a;, Vu) - a(x, Vu)) • D^Tr{Tk{u) - Tk{ii)) 

Jq 

- [ [a(x,Vu) -a(x,Vw),i/]r,(Tfc(u) -Tft(u)) dH^-\ 
JdQ. 

Ir,k := [ (a(x, Vu) - a(x, Vu)) • VTr{Tk{u) - Tk{u)) dx, 

Jq, 

Jr,k ■= [ (a(x, Vu) - a(x, Vu)) • D^Tr{Tk{u) - Tfc(u)), 
Jq 

[ [a(x, Vu) - a(x,Vu),u]T,(Tfe(u) - Tfc(u)) < 0, 

JdQ 

/ (u - u)Tr{Tk{u) - Tk{u)) dx 



< -Jr,k - Jr,k + {f ~ f)Tr{Tk{u) - Tfc(u)) dx. 
Jq 



Now, if Clk,r := {\Tk{u) - Tk{u)\ < r}, then 



Ir,k = [ (a(x, Vu) -a(x,Vu)) • V(Tfc(u) -Tfc(u)) 

J Ql. „ 



/ {a{x,Vu) — a.{x,Vu)) ‘ {Vu — Vu) dx 

J r2fc,rn{|w|</c,|tt|<fc} 

+ / (a(x, Vu) - a(x, V-u)) • dx 

^S7fc,rn{|lt|</c,|'u|>/c} 



- / (a(x, Vi^) - a(a:, Vu)) • Vu dx 

^r2fc,rn{|u|>/c,|ii|<A;} 

> / (a(x, Vu) - a(x, Vu)) • Vu dx 



/Qfc,r'n{|li|>/c,|'u|<fc} 



(a(x, Vu) — a(x, Vu)) • Vu dx. 



On the other hand, by Lemma 1.2 of [129], there exists a nonnegative function 
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such that 



Jr,k = [ - a{x,Vu)) • ^r{D^Tk{u) - D^Tk{u)) 

JQ 

= [ {fix, D^Tkiu)) - a{x, Vu) ■ D^Tkiu)) 

JQ 

+ hr {fix, D^Tkiu)) - a{x, Vu) ■ D^Tk{u )) . 

JQ 

Then, by (H5), we have > 0- Hence, letting fc ^ 00 in (7.27), it follows that 



/ {u — u)Tr{u — u)dx < / {f — f)Tr{u — u) dx 

Jn Jn 



- lim [ 

L 



^fe,rn{|li|</e,|'u|>/c} 



(a(x, Vu) — a(x, Vu)) • Vu dx 



+ lim 



(a(x, Vu) — a(x, Vu)) • Vu dx. 



Now, by Lemma 7.7, 



lim 

k-^oo 



< 



I 

lim [ 

k^oo Js 



^A:,rCl{|n|>/c,|'u|</c} 



(a(x, Vu) — a(x, Vu)) • Vu dx 



^fc,rn{|w|</e,|li|>/c} 

l(a(x, Vu) — a(x, Vu)) • Vu\ dx = 0 



{k — r<\u\<k} 



and 



lim 

fc -^00 



/ 

jQk, 

in. f 



< lim 

.1 {k-r<\u\<k] 



{a{x, Vu) — a{x, Vu)) • Vu dx 
a(a:, Vu) — a(a:, Vu)) • Vu\ dx = 0. 



Consequently, we get 

- f {u — u)Tr{u — u) dx f (/ - f)Tr{u - u) dx < ( \f - f\ dx. 

Jn Jn Jn 



Passing to the limit as r 0"^, (7.26) follows. 

Having in mind Theorem 6.7 and Proposition 7.4, to finish the proof, we only 

need to prove that C A^. Let (un,Vn) E B^ be such that (un,Vn) (^,'^) 

in L^{Q) X L^{Q). Let us prove that {u^v) G ^4^^. Since {un^Vn) ^ B^ C. we 
have a{x,Vun) E X(f])i satisfying 



-Vn = div a{x,VUn) 



in V'{Tt), 



(7.28) 
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a(x, Vun) • D^p{un) = /^X, D^p{un)) ^pEV, (7.29) 

[a(a:, Vw„), G sign (p(</?) - p(u„))/°(a;, u{x)), M pEV 77^“' - a.e. (7.30) 
Then, given p eV, we have 



/ Vnp{un)dx= {&{x,Vun),Dp{u„)) - / [a(x, Vu„), i/]p(u„) 

xo ./S2 xari 

= / a(x, Vu„) • Vp(w„) tix+ [ f°{x,D^p{un)) 

Ja Jn 

- [&{x,VUn),p]p{Un) dn‘ 

Jan 

-I 

Jq 



dn 



N-l 



a(x, WUn) • Vp{Un) dx + 



[ 

Jn 



D^p{Un)) 



+ [ \p{v) -p{un)\f{x,iy{x)) dn^ [ [a(x, Vn„),i/]p(v5) 

xan Jan 

Hence, by (6.19) and (6.20), it follows that 

[ ||Zlp(u„)|| = [ \Vp{Un)\dx+ [ \D"p{Un)\ 

[ a(x, Vp(w„)) • Vp(n„) dx + f f{x, D^p{un)) + DiC^ (Q.) 
Jn Jn 



Co 



<T(/ VnP{un)dx+ [ [a(x, Vu„),i/]p(<^) ^+I>i£^(fi) 

^0 \Jn Jan 



Thus, 



/ ll-Dp(u„)|| < MiIIpII, 
dn 



VneN. 



(7.31) 



Therefore, p{u) e BV{Q) for any p eV. On the other hand, since 



||a(x, VlXn)||oo < M, 

we may assume that a.{x,Vun) ^ z in the weak* topology of with 

ll^^lloo < M. Moreover, since Vn ^ v in T^(n), we have that v = — div(z) in P'(Q). 
By the definition of the weak trace on dQ of the normal component of 2 , it is 
easy to see that 



[3i{x,\/Un),i^] [z.i'] weakly* in (7.32) 



On the other hand. 
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lim 

n— >oo 



lim 

n— >-oo 



[ h{x, Dp{Un)) + [ \p{p) - p{Un)\f{x, v{x)) 

Jdo, 

[ Vnp(u„)dx+ f [a{x,Vun),i']p{<p) 

= f vp{u)dx-\- ( \z,i']p{ip) dH^~^ 

Jn Jan 

= - [ dW{z)p{u)+ [ [z,iy]p{p) dn^~\ 

Jn Jan 

Now, applying Green’s formula (C.IO) we get 

[ h{x,Dp{un))P [ \p{ip) -p{un)\f{x,u{x)) d7 
J 517 

[ {z,Dp(u))+ f [z,iy]{p{ip) -p{u)) dn^~\ 

517 5517 



dU 



N-l 



lim 

n-^oo 



N-l 



It is not difficult to see that 



(7.33) 



lim / (a(5:, Vun) - a(a:, Vp(rin))) ' Vp{u) dx = 0 

n^oo 

for all p G 'P. Consequently, 

lim / a(x, Vp(t/n)) • Vp('u) dx = z • Vp{u) dx V p G P. (7.34) 

JQ Jn 

Let us now prove the convergence of the energies. We consider the energy functional 
[0, +oc] defined by 



:= 



[ f{x,Dv)+ [ \(f - v\f^{x,i/{x)) dH^ ^ ifveBV{Q), 

517 5517 

ifveL\n)\BV{n). 



+00 



As a consequence of Theorem 6.4, the functional is convex and lower-semi- 
continuous. By the convexity of /, we have 



’J'p(v)(pK)) 

= [ f{x,Vp{Un)) dx+ f f{x,D^p{Un)) + [ \p{Un) ~ p{p)\f{x,l'{x)) 
517 517 5517 



dU 



N-l 
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< / f{x,Vp{u))dx+ / a{x,Vp{un)) -Vpiun) dx 

Jq Jq 

- / a{x,Vp{un)) -Vpiu) dx + / a(x, Vu„) • D*p(w„) 

+ [ [a{x,Vu„),u]{p{p) -p{un)) dn^~'^ 

Jan 

= / /(a;,Vp(u)) da;+ / (a(a;, Vu„),Dp(u„)) 

- / a(a;, Vp(u„)) • Vp(u) rfa; + / [a(x, Vu„), - p(u„)) 

Van 

= / f{x,Vp{u)) dx - / div(a(x, Vu„))p(u„) dx 
./n in 

- I a(x, Vp(u„)) • Vp(u) dx + I [a(x, Vu„),y]p(v?) 

dn dan 



dW 



iV-1 



/n 

Then, by (7.34), letting n ^ oo, we obtain 



limsup^p(<^)(p(^/n)) < / f{x,Vp{u)) dx- div {z)p{u) dx 
n-^oo Jq Jq 



dx 

dn^-^ 

du^-\ 



- [ Z- Vp(u) dx+ [ [z, iy]p{p) dJi^ ^ = [ /(x, Vp(u)) 
dn dan dn 

+ f{z,Dp(u))- [ z-'^p{u) dx+ [ [z,i>]{p{ip) ~p{u)) 

Ja dn dan 

= f f{x, Vp{u)) dx+ [ z- D"p{u) + / [z, H(p(</?) - p{u)) 

Jq Jq JdQ 

Now, by (H 5 ) 

[ Z'D^p{u)= lim [ dL{x,Vun) ' D^p{u) < [ f^{x,D^p{u)). 

Jq Jq Jq 

Moreover, by (7.30) 

[ [z,iz]{p{<p) -p{u)) dn‘^~'^ = lim [ [a{x,'Vun),iz]{p{p) -p{u)) dU 

< f f{x,i'{x)) \p{p) - p{u ) I dn^~^ 

Jan 

Hence, we have 

limsup'I'p(^)(p(u„)) < [ f{x,Vp{u)) dx+ [ f{x,D^p{u)) 

n Jq Jq 

+ [ f{x,i'{x))\p{p) - p{u)\ dn^~^ = «'p(^)(p(u)), 

JdQ 



N-1 



dx 
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and, having in mind the lower-semi-continuity of this yields 

lim ^'p(^)(p(w„)) = «'p(y)(p(u)). (7.35) 

n^OO r'VT'/ 

If we consider the R^-valued measures M on which are defined by 

fln{B) := f Dp{Un)+ [ {p{(f) - p{Un))l^ (7.36) 

JBnn J BndQ 

li{B) := [ Dp{u) + [ {p{(f) - p{u))i^ dn^-^ (7.37) 

JBnn J Bndn 

for all Borel sets B C 0, we have 

jin pi weakly as measures in f2. 

Moreover, 

^p(v.)(p(^)) = /_/(^,m) and ^p(^)(p(?/n)) = Ifix.ftn). 

Jfi Jn 

Hence, (7.35) yields 

lim / f{x,jjn)= / f{x,ft). 

Jq m 

Then, applying Theorem 3 of [169], it follows that 

/ h{x,p)= lim / h{x,jln) 

m m 

= lim [ h{x,Dp{un))+ [ \p{un) ~ p{(p)\f{x,u{x)) dH^~^ . 

Jq Jqq 

Now, it is easy to prove that 

[h{x,p)= ( h{x,Dp{u))+ [ \p{p) -p(u)\f{x,p{x)) 

Jq Jq Jon 



dn 



N-l 



JQ JQ 

hence, we obtain 



lim 

n—^oo 



dn^-^ 
dn^-\ 



[ h{x,Dp{Un))+ f \p{Un) -p{p)\f{x,l'{x)) 

' Jq JdQ 

= [ h{x,Dp{u))+ [ \p{ip) -p{u)\f{x,i^{x)) 

Jq JdQ 

By (7.33) and (7.38), we get 

f h{x,Dp{u)) -h f \p{:p) -p{u)\f{x,iy{x)) d'H^~'^ 
Jq JdQ 

= f {z,Dp{u))+ [ [z,i']{p{p) -p{u)) dn’^~\ 

Ju. Jon 



(7.38) 



(7.39) 
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Now, (7.39) can be written as 



[ a(x, Vu) • Vp('u) dxT [ f{x,D^p{u)) + / \p{(f) - p{u)\f{x,iy{x)) dH^ 
Jn Jn Jan 

= f z ' Vp{u) dx + [ z ' D^p{u) -f f [z, i']{p{(p) - p{u)) d'H^~^. 

Jn Jn JdQ 

(7.4 

On the other hand, by Lemma 6.12 (i), we get 

- a.e. on {7.4 

Let Vj G C^{Q) be a sequence such that Vj p{u) in L‘^{Ct) and f^{x,Vvj) 
f^{x,Dp{u)) weakly as measures. According to (H5), we have 

\a{x,VUn) • V'UjI < fix^Vj). 

Then, if -0, 0 € Cl (f^), with 0 < t/; < 0, we have 

/ a(x, Vun) • Vxj 0 dx < / /^(x, dx, 

Jn Jq 

and, letting n ^ oc, we get 

/ Z'Vvj^dx < / f^{x^Vvj)ilj dx. 

Jo, Jn 

Now, since 

/ • Vvj 0 dx = — / diY{z)vj'ij; dx — / VjZ ' V0 dx , 

Jn Jn Jn 



letting j 00 we obtain that 



\{{z,Dp{u)),^ 



Hence 



Thus, we have 



0)1 = — / dw{z)p{u)'ip dx ~ / p{u)z ’Vip dx 

Jq Jq 

< f ipf{x,Dp{u))< [ (j)f{x,Dp{u)). 

Jn JQ 

{\{z,Dp{u))\,(j)) < [ (j)f{x,Dp{u)). 



\{z,Dp{u))\ < f^{x^Dp{u)) as measures in Q. 



Then, the singular parts also satisfy a similar inequality, 

\z • D^p{u)\ < /^(x, D^p{u)) as measures in ft. 



(7.42) 
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By the convexity of /, we have 



/ a{x,Vp{un)) -Vpiu) dx 
Jn 

< / a{x,Vp{un)) -Vpiun) dx + / f{x,Vp{u)) dx - / f{x,Vp{Un)) dx 

< I a(x,Vp(u„)) • Vp(u„)dx+ [ hP{x,D^p{un)) 

JQ Ja 

+ [ \p{un) -p{<f)\hp{x,u{x)) dn^~'^ + f f{x,\/p{u))dx 

Jaa. Jn 

-( [ f{x,'^p{Un)) dx+f f{x,D^p{Un))+ [ \p{Un) -p{tp)\f {x, l>{x)) 

\Jn Jn Jan J 

= [ h{x,Dp{Un))+ [ \p{Un)-p{(p)\f°(x,p{x)) dn^~'^ 

Jn Jan 

+ / f{xyp{u)) dx - ^'p(^)(p(u„)). 

Jn 

Letting n — > oo, and using (7.34), (7.35) and (7.38), we obtain 

/ 2 • Vp{u) dx< a(x, Vn) • Vp{u) dx. (7.43) 

Jn Jn 

Now, from (7.40), (7.41), (7.42) and (7.43), we finally obtain 

/ z • \/p{u) dx= h{x^ Vp(u)) dx= a(x, Vu) • Vp{u) dx, (7.44) 
Jn Jn Jn 

z ■ D^p{u) = /°(x, D^p{u)), (7.45) 

[z,i/] E sign {p{(fi) — p{u))f^{x,i'{x)) — a.e. on dCt. (7.46) 

Let us see now that 

z{x) = a(x, Vu(x)) a.e. x e ft. (7.47) 

Let 0 < 0 G C'o(H) and g G C^{ft). We observe that 

/ <?!>[(a(x, Wun),Dp{un - g)) - a(x, Vg)Dp{un - 5 )] 

Jn 

= / </)[a(x, Vu„) - a(x, Vg')) • Vp(u„ - 3 )] dx 
Jn 

+ / (j>[a{x,Vun) - a{x,Vg)]- D^p{un - g)). 

Jn 
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Since both terms at the right-hand side of the above expression are positive, we 
have 



/ 

Jn 



{a{x, Vun), Dp{un - g)) - a(x, Vg)Dp{un - 5 )] > 0 . 



Since 



/ (j){a{x, VUn), Dp{Un - g)) 

Jn 

/ div(a(x, Vu„))#(ti„ - g) dx - / p(u„ - g)a{x, Va„) • V 0 dx, 

Jq Jn 



we get 



lim 

n — 4 00 



/ (j){3i{xyUn),Dp{Un- 9 )) 

' Jn 

= — div{z)(l)p{u - g) dx - / p{u - g)z • dx= (j){z^ Dp{u - g)). 
J n J n J n 

On the other hand, 

lim / (j)Si{x,Vg)Dp{un - g) = / (j) ai{xy g)Dp{u - g). 

Hence, we obtain 

f 4>[{z, Dp{u - g)) - a{x, Vg)Dp{u - g)] > 0, V 0 < <^ G Cq (fi). 

Jn 



Thus the measure [z,Dp{u — g)) — a.{x,Vg)Dp{u — ^) > 0. Then its absolutely 
continuous part 



{z — di{x,Vg)) • Vp{u — g)) > 0 a.e. in Q. 

Hence, 

{z — 3i{x,Vg)) ’ V{u ~ g)) > 0 a.e. in Q. 

Since we may take a countable set dense in we have that the above 

inequality holds for all a: G where ^ C is such that C^{fl \ 0 ) = 0 , and all 
g G Now, fixed x E Q and given ^ G there is ^ G such that 

Vg{x) = Then 



{z[x) - a(x,^)) • (Vu(a:) -0^0, V ^ G 

These inequalities imply (7.47) by an application of the Minty-Browder method 
in M^. Now, since v = -div( 2 :) in V'{U), by (7.47) we get 

u = — diva(x, Vw) in T>\Q). 
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Finally, by (7.42), (7.47), (7.45) and (7.46), we get 

a(x, Vu) • D^p{u) — /^(x, D^p{u)) V p E P 

and 

[a(x, Vu), i/] G sign (p(p) - p{u))f^{x, iy{x)) Ti^~^ - a.e. on dQ, V p G P. 
Therefore, {u,v) G and the proof concludes. □ 

7.4 Existence eind Uniqueness for Data in L\n) 

In this section we are going to prove Theorem 7.3. 



7.4.1 Proof of Theorem 7.3. Existence 

Let uq G L^(f]) and {T{t))t>o be the contraction semigroup in L^(fi) 
generated by A^p. We shall prove that u{t) := T{t)uo is an entropy solution of 
problem (7.1). We divide the proof in several steps. 

Step 1. Since V{Ap) n is dense in I/^(fi), given uq G L^{Q) there 

exists a sequence Uo,n ^ P{Ap) D L^(0) such that uo,n ^ in 1/^(0). Then, 
if Un{t) := T(t)uo,nj we have that — > u in C([0, T]; L^(0)) for every T > 0. 

As a consequence of Theorem 7.8, Un{t),u'^{t) G 1/^(0), Un{t) G BV{Ct), Zn{t) := 
8i{x,Vun{t)) G X{Q)i a.e. t G [0,T], and for almost all t G [0,T] Un{t) satisfies 

= div{zn{t)) in P'(n), (7.48) 

r Zn{t) ■ D^Unit) = f{x, D^Un{t)), 

\ Zn(t) ■ D^p{Unit)) = f^{x,D^p{Un{t))) ^ p ^ V , ’ 

\zn{t), v] € sign {p{ip) - p{un{t)))f{x, v{x)) V p e P - a.e. (7.50) 

From (7.48), (7.49) and (7.50), it follows that 



- f {w - u„{t))u'„{t) dx = ( {zn{t),Dw)- [ h{x,Dun{t)) 

J ^ J ^ J ^ 



[Zn{t),l']{w - <p) dn^ 



\Un{t) - ip\f{x,l^{x)) dn^ 



for every w G BV{Q) fl L^(fl). 

On the other hand, since ||[2:n(^)? HIloo < ||^n(^)||oo < Af, we may assume (up 
to extraction of a subsequence, if necessary) that 



[z.(-),H-P a{L^{ST).L\ST)). 
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Step 2. Convergence of the derivatives and identification of the limit. Since the 
map t is strongly meatsurable from [0,T] into L^(n), and, by (5.6), 

it follows that this map is strongly measurable from [0, T] into BV{Q.) 2 . Moreover, 
for every w G BV{D) 2 ^ if we take Un{t) — w as test function in (7.51), since 

[ h{x,DUn{t))= [ (Zn{t),DUn{t)), 

Jq Jq 



we get 



[ u'^(t)wdx = - [ {Zn{t),Dw) [ [Zn{t),i']w dH^ ^ 

JQ Jq JdQ 

[ u'^{t)wdx <M [ \\Dw\\ 4-M [ \w\ dH^-^ < Mi\\w\\BviQ), V n G N. 
Jq Jq JdQ 



Hence 



Thus, 

\\Unii)\\BV{Q)* < Ml VnGN and tG[0,T]. 

Therefore, is a bounded sequence in L^(0,T; HF(fi) 2 ). Now, since 

the space L^(0,T; ^^(fi)^) is a vector subspace of the dual space 
(L^(0,T; Hy(r^) 2 ))*, we can find a subnet {w^} such that 

< $ G {L\0,T-BV{il)2)Y weakly*. (7.52) 

Since ||2;n(0lloo ^ M for all n G N and a.e. t G [0,T], we may also assume 

that 

Zn ^ z e weakly*. (7.53) 

Given r] G D{Qt), since rj G L^(0, T; Hl/(f]) 2 ), we have 



(^, 77 ) = lim«,ry) = lim [ (u^(t),rj(t)) dt 
^ ^ Jo 

= lim / / u'^{t)r]{t) dxdt = \im / / div {z ^ (t)) rj {t) dxdt 

^ Jo Jq ^ Jo Jq 

= — lim / / Za{t) • Vr/(t) dxdt = — z • Vt/ dxdt = (divx( 2 :), rj). 

^ Jo Jq Jqt 



Hence, 



^ = diva:(z) in V\Qt). (7-54) 

On the other hand, if we take r/(t, x) = (f){t)'ip{x) with </> G 7^(]0, T[) and 'ip G V{Vt), 
the same calculation as above shows that 



$(^) = diva,(z(t)) in V\Q) a.e. t G [0, T]. 



(7.55) 
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Hence, € Z{Q) for almost all t G [0,T], and the trace [z{t),iy] defined 

as in Section 2 has a sense. 

With a similar proof to the one given for Lemma 5.18, we get the following 
result. 

Lemma 7.9. ^ is the time derivative of u in the sense of Definition 5.3. 

Step 3. The boundary condition. Let us now prove that 



p(t) = [z{t),iy] ^ — a.e. on dD, a.e. t G [0,T]. (7.56) 



Indeed, ii w e BV{Q.) fi L°^{Q) and v G R{D) are such that = tc|an, we have 
that 




ds= (div(2:c.(s)),t;) 
Jo 




• Vv dxds. 



Hence 



im / {zoc{s),w)dn ds = / {^{s),v)dsT / / z(s) • 

^ Jo Jo Jo Jq 

= [ {z{s),w)gQ ds = [ [ [z(s), 
Jo Jo Jdfi 



Vv dxds 



u]w dH^ ^ds. 



(7.57) 

On the other hand, since Zo,{s) G if we apply Green’s formula we have that 

rt r rt 



[ {div {Za{s)), v) ds = - [ [ Za{s) 'Vv dxds d- [ [ [2^a(5), 
Jo Jo Jq Jo Joq 

/ {Za{s),Uj)dQ ds = / / [Za{s),iy] 

Jo Jo JdQ 



iy]w dH^ ^ds. 



Hence 



w dTL^ ^ds. 



Taking limits in a, we get 



f f p{s)w dH^ ^ds= f f [> 2 ^( 5 ), 
Jo JdQ Jo JdQ 



i']w dH^ ^ds 



(7.58) 



for all w G BV{Q,) fl L^{Q) and t G [0,T]. Now, if tc G L^(50), we take Wk G 
BV{D) n L^{fl) such that Wk\dQ — Tk{w). By (7.58), we have 



f [ p{s)wk dH^ ^ds= f [z{s),i']wk 
Jo JdQ JdQ 



dH^-^ds. 



/o JdQ 

Letting fc 00 , it follows that 

rt 



f ( p{s)w dTL^ ^ds= f f [z{s),u] 
Jo JdQ Jo JdQ 



i/]w dH^ ^ds 



for all w G L^(90) and t G [0,T]. Therefore, (7.56) holds. 
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Step 4. Next, we prove that ^ = div( 2 :) in (L^(0,T, BV{fl) 2 )Y in the sense of the 
Definition 5.4. To do that, let us first observe that {z,Dw), defined by (5.7), is a 
Radon measure in Qt for all w G Ll^{0,T, BV{Q)) fl L^(Qt)- Let (j) G V{Qt), 
then 



((z,Du;),(/)) = - [ {^{t) - u'^{t),w{t)(t){t)) dt 
Jo 

— ( w{z - Zq,) 'V x(j> dxdt f {{za{t),Dw{t)),(j){t)) dt. 
J Qx 0 



Then, taking limits in a, and using (7.52), we get 



((z, Dw),(l)) = lim / {{za{t),Dw{t)),(f){t)) dt. (7.59) 

^ Jo 

Therefore 

\{{z,Dw),ct>)\<M\\ct>\\^ r [ \\Dw{t)\\ dt. 

Jo Jq 

Hence, {z^Dw) is a Radon measure in Qt- Moreover, from (7.59), and Green’s 
formula we obtain that 



f {z,Dw) = lim f (za{t),Dw{t)) dt 
JQt ^ 

= limf- [ [ diy{za{t))w{t) dxdt + [ [ [za{t)^i']w{t) dH^~^dt 

^ \ Jo Jn Jo JdQ 

= - [ {^{t),w{t)) dt-\- f [ [z{t),iy]w{t) dH^~^dt, 

Jo Jo JdQ 



that is. 



f {z,Dw)-{- ( {^{t),w{t)) dt = f [ \z{t),i']w{t) dH^ ^dt. (7.60) 
Jqt Jo Jo JdQ 



As a consequence of the boundedness of (7.52) and the above statement, 

we have 

< ^ e G (Li(0,T;RV(f^)2))* weakly*. (7.61) 

Step 5. Convergence of the energy. 

Multiplying (7.48) by u; — p{un{t)) and integrating in fi, using (7.49) and 
(7.50), we have that 
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- i {W - p{Un{t)))u'^{t) dx = [ {Zn{t),Dw) 

Jn Jn 

- [ h{x,Dp{un{t))) - f [Zn{t),u]{w - p{(f)) (7.62) 

Jq Jaa 

- [ \p{Un{t)) - P{<p)\f{x,p{x)) dn^~'^ 

Jdn 

for every w G BV{Q,) fl L^{Q) and all p eV. 

First, we observe that setting rt; = 0 in (7.62), and integrating in (0,T), we 
obtain 



/ Jp{un{T))dx I I h(x^Dp(un{t))) dxdt 

In Jo Jn 



\p{(fi)-p{un{t))\f{x,iy{x))dn‘^ ^dt 



[Zn{t),v]p{ip) dTt’^ ^dt+ [ Jp{uo^ri) dx, 

I Jn 



where J'{r) — p{r). In particular, we have 



Jp{Un{t)) dxdt < C, 



h{x, Dp{un{t))) dxdt 



+ f [ \p{<f)-p{un{t))\f{x,iy{x)) dn^ ^dt<C 

Jo JdQ 

where C is a constant depending on ||uo||i 5 llv^lli and Hp||oo- Hence 

[ \\Dp{un{t))\\ dt f [ \p{(p)-p{un{t))\f°{x,i^{x)) dn^~^dt<C {7M) 
Jo Jo Jan 

where C is a constant depending on ||uo||i, ||^||i, IbHoo and the constants in (6.19). 
Since the functional : L^{Q) — oo, +oo], defined by 



%{w) = 



( ||F)^^;|| H- f \w - p{(p)\f^{x,u{x)) if weBV{Q,), 
Jn Jan 



if w e L\n)\BV{n), 



is lower semi-continuous in L^(Q), we have that 

^p{p{u{t))) < limM ^p{p{un{t)) 



= liminf / \\Dp{un{t ))\\ / \p{un{t)) - p{(p)\f{x,i^{x)) dW 

\Jn Jan 
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On the other hand, by Lemma 5.19, the map 1 |b(^n(0)llBV(O) is measurable, 
then by Patou’s lemma and (7.64), it follows that 

[ liminf ( [ \\Dp{un{t))\\ + [ [ \p{un{t)) - p{ip)\f{x,i/{x)) dt 

< liminf /" ( [ \\Dp{un{t))\\ + [ \p{un(t))-p{(p)\fix,i/{x))]dt<C. 

Jo \J(i Jdn J 

(7.66) 

As a consequence of (7.66), we obtain that p{u{t)) G BV{Q) for almost all t G 
[0,T], 

From Lemma 5.19, if 0 < ry G P(]0,T[), the map 1 1 -> p{u{t))rj{t), from [0,T] 
into BV{ft) is weakly measurable. 

Using the same technique as in the proofs of Lemmas 5.20 and 5.21, we obtain 
the following two results. 

Lemma 7.10. For any r > 0, we define the function , as the Dunford integral 
(see [98]) 

1 

'Ip^'it) '= - p{s)p{u{s)) ds G BV{fty*, 

^ Jt-T 

that is, 

1 y 

(ip'^{t),w) = - {t]{s)p{u{s)),w) ds 

T Jt-T 

for any w G BV{Q)*. Then tp'^ € C([0,T]; 51/(0)). Moreover, € L^(0), 

and, thus, ip'^{t) G BV{fl) 2 , andtp'^ admitsaweak derivative in Ll^{0,T, BV{Q,))n 
L°°{Qt). 

Lemma 7.11. For r > 0 small enough, we have 

[ dt<- ( [ ~ ~ ^^^b p(u(t)) dxdt. (7.67) 

Jo Jo Jn 

We need the following result. 



Lemma 7.12. Let 

An ‘= [ [ h{x,Dp{un)) dt F [ [ \p{(f) -p{un)\f{x,iy{x)) dH^~'^dt, 

Jo Jn Jo Jdn 

p G V{0, T), and 



1 r 

{r]p{u)Y{t) = - / T]{s)p{u{s))ds. 

‘T Jt-T 
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Then /* 

limsupA^ < / / z{t) ' Vp{u{t)) dxdt 

n-^oo Jo Jq 

+ liminf^^i liminfr- ,0 fo{z{t),D^{rip{u)y{t)) dt 

+ / [ [z{t),i']{pip) -p{u{t))) 

Jo J 90 

Proof. Let w G VL^’^((0, T) x fi) be such that w{t)\dQ = (f. We use as test function 
in (7.62) {rjp{w{t))y and integrate in (0,T) to obtain 



- [ [ {pp{w{t))Yu'^{t) dxdt [ f p{un{t))u'^{t) dxdt 

Jo Jn Jo Jn 

+ [ f h{x,Dp{un{t))) dt+ [ f \p{ip) - p{u„{t))\p{x,u{x)) dH^~'^dt 

Jo Jn Jo Jdn 

= f j {Zn{t),D{pp{w{t))Y) dt- [ f [Zn{t),I/]{p^{t)-l)p{(f) dn^~'^dt, 

Jo Jn Jo JdQ 

where p^{t) = ^ p{s)ds. Our purpose is to take limits in the above expression 
as n ^ 00 , 19 in L^((0,T) x fi), r 0 and p | Xq. We take r > 0 small 
enough. Let us analyze the first term 

- [ [ (VPi'^ityV'^nY) dxdt = [ [ {pp{w{t))Yun{t) dxdt 

Jo Jn Jo Jn 

^ [ [ (w(^(0))I^(^) dxdt 

Jo Jn 

Now, using (5.63) and Lemma 7.11, 



as n ^ oo. 



r [{pp{wmiu= f j 

Jo Jn Jo Jn 

rT 



p{t)p{w{t)) - p{t - r)p{w{t - r)) 



u{t) dxdt 



Jo Jn 

= - j {^{t),{VP{u{t))Y)dt> [ [— — — — ^Jp{u{t))dxdt 

Jo Jo Ja -T 

— > / / ptJpiuy)) dxdt^ as r — » 0 

Jo J n 

-> [ {Jp{u{0)) - Jp{u{T))) dx asp "I X^. 

Jn 



The analysis of the second term is easy. Letting n ^ oo we have 
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[ [ P{Un{t))u'^{t) dxdt = [ ^ ( Jp{Un{t)) dx 

Jo Jn Jo Jn 

= / (JpK)(T) - JpK(O))) dx^ [ {Jp{u{T)) - Jp{u{0))) dx. 

Jn Jn 

Let us analyze the fifth term. Having in mind Steps 3 and 4, and (7.61), taking 
limits as n — > 00 , It; ^ u in and r — > 0, we get: 

[ [ {zn{t),D{r]p{w)Y)dt 

Jo Jn 

[ {^{t)AvP{'w)V)dt+ f f [z{t),v]r]^p{(p)d'H’^~'^dt 
Jo Jo Jon 

= / f u{t){rjp{w)Y dxdt + ( f [z{t)^u]p'^p{(f) d'H^~^dt 
Jo Jfi Jo JdQ 

= r f “ T-)p{w){t - t) 

Jo Jn 



- dxdt 



T 

/AT -1 



^ f f [z{t),^]v''p{p)d'H‘^ ^dt 
Jo JdQ 

r f ~ - '^) 

Jo Jn 

rT 



dxdt 



T 

/iV- 1 , 



I dn^-^dt 
)d-H^-^dt 
’ dt 



+ /* f [z{t),jy]p'^p{p)d?i^ ^dt 
Jo Jdn 

= [ [ u(t){rip{u))J dxdt + [ [ [z{t),v]r)^p{(p) 

Jo Jn Jo Jdn 

= - [ {^it),{pp{u)y)dt+ f f [z{t),u]p^p{(p) 

Jo Jo Jdn 

= [ f z{t) ■V{pp{u)Y dxdt+ [ [ z{t) ■ Dypp{u)Y 

Jo Jn Jo Jn 

+ [ f [z{t),>^]{v''p{p) - iVP{'U')V)dn'^^^dt 

Jo Jdn 

I I z{t) • V(t7p(u)) dxdt + liminf [ [ z{t) • DYpp{u)Y dt 

Jo J^7 ^^0 Jq J^ 

Jo Jan 

/ >2; (t) • Vp(u(^)) + liminf liminf / / z{t) ‘ D^{pp{u)Y 

Jo Jn ^Ti ^-0 Jq Jj^ 

+ / / as 

Jo Jan 



dt 
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Finally let us analyze the last term. Using Step 3, we have 



[ f [Zn{t),i']{v"'{t) - l)p{ip)dn^ ^dt 

Jo JdQ 




-^ [ / [z{t),i']{'n"'{t) - l)p{ip)d'H^~'^dt, 

Jo JdQ 


as n ^ oo 


f [z{t),i']iv{t) -l)p{ip)dn‘^~'^dt, 
Jo Jan 


as T ^ 0 


-^ 0 , 


as 7] t 



The lemma follows by collecting all these facts. 

Lemma 7.13. Let 

^p^ipHt))) = [ f{x,Dp{u{t))) + ( \p{p) -p{u{t))\f{x,v{x)) 

Jft Jdn 

Then ^ ^ 

I = lim / 

Jo n^oG Jq 

As a consequence, we also have that 

^p(v)(p(^i(*))) = J■j^^p(.p)(p(wn(^))) a.e. in t. 

Proof. Prom the convexity of /, we have 



□ 



dH 



N-\ 



(7.68) 



(7.69) 



[ '^p(if){p{Un{t))dt= ( [ f(x,\/p{Un)) dxdt 

Jo Jo Jn 

+ [ [ f{x,D^p{Un)) dt+ [ f \p{(f) - p{Un)\f°{x,l/{x)) d'H’^^'^dt 

Jo Jq Jo Jdn 

< / f{x,Vp{u))dxdt-\- / / a{x,Vun) ‘ '^piun) dxdt 

Jo Jn Jo Jq 

- / a{x,Vp{un))"^p{u) dxdt / / a{x,Vun)D^p{un) dt 

Jo Jq Jo Jq 

+ / / \p{p) - p{un)\fi^,K3:)) dH^~'^dt 

Jo Jan 

n f{x,Vp{u))dxdt+ f [ {a{x,Vun),Dp{Un)) dt 

I Jo Jq 

-[ [ a{x,'^p{un)) -Vp{u) dxdt+ [ f \p{ip) - p{u„)\f°{x,i'{x)) dJi’^^^dt. 

Jo Jn Jo Jan 
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dxdt 



Taking limits as n oo and using Lemma 7.12, we obtain 
limsup / dt 

n—^oo Jo 

< [ [ f{x,Vp{u)) dxdt limsup An - f ( z{t) ’ Vp{u{t)) 

Jo Jn n-^oo Jo Jq 

< [ [ /(x, Vp(u)) dxdt + lim inf lim inf [ z(t) ' {r}p{u)Y dt 

Jo Jfi VU r^O 7(3 

+ [ [ [z{t),v]{p{ip) - p{u)) dn^~'^dt. 

Jo Jaa 

Now, having in mind that is positively homogeneous in and applying 

Jensen’s inequality, 

[ f{x,D%pp{u)y) < - f p{r) f f{x,D^p{u{r))) dr. (7.70) 

Jn Jt-r Jn 

Since f^{x^ D^{pp{u)Y) is a measure, by (7.70), using we have that 

liminf [ [ z{t) • {rjp{u)y (t) dt 

^^0 Jo Jn 

■ ( f f{x,Dypp{u)y) dt 
Jo Jn 

r'T I ft r (7-71) 

inf / - rj{r) / f^{x,D^p{u{r))) drdt 

"0 Jo r J^ 

= f [ f{x,D^p{u{t))) dt. 

Jo Jn 



lim inf lim inf 

77T1 



< lim inf lim inf 

77tl T—*0 

< liminf liminf 

r^Tl r- 



Hence 



lim sup 

n^oo 
rT 



> f ^ p(^^pYp(^Un{t)) dt 
Jo 

< [ f f{x,Vp{u)) dxdt-\- [ f f{x,D^p{u{t)))dt 
Jo Jn Jo Jn 

+ / [ [z{t),iy]{p{(f) -p{u)) dH^~^dt. 

Jo Jan 

Since [2:, = lim,^ [2^^ , z/] , we have that |[2:,z/]| < /®(x,z^(x)); from the above in- 
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equalities, we conclude that 

rT 



lim sup 

n-^oo JQ 
rT 



[ ^p(<p){p{Un{t))dt 

Jo 

< [ [ f{x,Dp(u{t))) dt+ [ [ \p{ip)-p{u{t))\f{x,u{x)) 

Jo Jq. Jo Jan 

= [ ^p(^){u)dt. 

Jo 

Now, from the lower semi-continuity of we obtain 

[ p(^){p{u{t))) dt [ ^'p(^)(p(u„(i))) 

Jo ^ Jo 



dn^-^dt 



dt 



^limsup/ -<ip(^){p{un{t)))dt< f ^'p(^)(p(u(i)))di. 
n Jo Jo 

The proof of (7.68) is concluded. To prove (7.69) we observe that, since Un{t) 
u{t) in for all t e [0,T], we have that 

^p(^){p{u{t))) < liminf ’I^p(^)(p(un(t)) for all t G [0,T]. 



Using Patou’s lemma and (7.68), we have 



< lim inf 

n 

and, therefore, (7.69) holds. 



f ^pi^^){p{u{t)))dt < [ \immi'^p^^){p{un{t))dt 
Jo Jo ^ 

[ '^p(v){p{'Un{t))dt= [ «'p(^)(p(w(i)))di, 

Jo Jo 



□ 



Remark 7.14. Let r]{t,x) = (j){t)'ip{x) with > 0, (/) G P(]0,T[), -0 G C^(fi). 
Multiplying (7.48) by w — p{un{t))rj and integrating in using (7.49) and (7.50), 
we have that 



■ / {w - p{Un{t))ri)Up{t) dx = / {Zn{t),Dw)~ / h{x,Dp{Un{t)))p 

Jq Jn Jq 

- f p{un{t))zn{t) -V^ridx- [ [Zn{t),l']{w -p{if)p) dn^~'^ (7.72) 

Jn JdQ 

- f b(wn(i)) - pip)\f{x, tz{x))ri dn^~^ 

JdQ 



for every w G BV{Q) fl L^{Ct) and all p E V. Now, let w G VP^’^((0,T) x Q) be 
such that w{t)\dQ = (p. Using {rjp{w{t))Y as test function in (7.72), integrating 
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in (0,T), and proceeding as in the proof of Lemma 7.12 (this time we do not let 
^ T we obtain that 

limsupA^(?7) < f f z{t) • Vp{u{t))rj dxdt 



H-liminf [ [ z{t) • D\rjp{u)y {t) dt 

^^0 Jo Jn 



[z{t), - p{u{t)))r] dU^ ^dt, 



where 



■^niv) ■= / / h{x,Dp{un))r] 

Jo Jn 



\p{<p) - p{un)\f{x, v{x))p dH^ ^dt. 



Now, proceeding as in Lemma 7.13, we prove that 



[ f{x,Dp{u{t)))r] dxdt+ ( [ \p{ip)-p{u{t))\f{x,i’{x))r]dH^ ^dt 

) Jo Jdn 

lim / / f{x^Dp(un{t)))p dxdt 

^ Jo Jq 



\p{(p) -p{un{t))\f{x,u{x))p dn^ ^dt, 



/ f{x,Dp{u{t)))r] dx+ / \p{ip)-p{u{t))\f{x,u{x))r](rH^ ^ 

Jq Jan 

= lira [ f{x,Dp{un{t)))r) dx+ [ \p{(p)-p{un{t))\f{x,u{x))r)dn^~^, 

^ Jn Jan 

for almost all t G (0, T). 

From Lemma 7.13, and arguing as in the proof of Theorem 7.8, it follows 



/ h{x,Dp{u{t))) 4- / \p{(f) -p{u{t))\f{x,u{x)) dn^ 

Jq Jan 

= lim f h{x,Dp{un{t))) + lim [ \p{(p) - p{un{t))\f{x,u{x)) dH^ 

n-^oo n^oo 

a.e. in t G (0,T). 
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Let us now prove that 



z{t) • Vp{u{t)) dxdt < f f a{x,Vu{t)) • Vp{u{t)) dxdt. (7.74) 
! Jo Jq 



In fact, from the convexity of / in we have 



a{x,Vp{un{t))) • \/p{u{t)) dxdt < / a{x,Vp{un{t))) • 'Vp{un{t)) dxdt 



i / f{x,Vp{u{t))) dxdt- / 

0 Jn Jo Jn 



f{x,Vp{un{t))) dxdt 



f f h{x,Vp{un{t)))dxdt+ [ f f^{x,D^p{un{t))) dt 

Jo Jn Jo Jn 

+ / f \p{v>) -piun{t))\P{x,i^{x)) dn^~^dt- f [ f{x,D^p{un{t))) dt 

Jo Jdn Jo Jn 

- / / \p(p) ~ p{un{t))\f°{x,i'{x)) d7i^~'^dt+ [ ( f{x,Vp{u{t))) dxdt 

Jo Jdn Jo Jn 

- [ [ f{x,'^p{un{t))) dxdt 

Jo Jn 

■■ f [ h{x,Dp{u„{t))) dt 
Jo Jn 

+ [ [ Ipip) - p{un{t))\f°{x,v{x)) d7i^~'^dt - f ( f{x,Dp{un{t))) dt 

Jo Jdn Jo Jn 

-f f \p{¥>) -P{un{t))\f°{x,iy{x)) d'H^~^dt+ [ [ f{x,Vp{u{t))) dxdt. 

Jo Jdn Jo Jn 



Now, since 



we have 



{x, Vun{t)) — a(x, Vp{un{t))) • Vp{u{t)) dxdt = 0, 



lim [ f 3.{x,Vp{un{t))) 'Vp{u{t)) dxdt = [ [ z{t) ^ Vp{u{t)) dxdt. 

^^^Jo Jn Jo Jn 

Then, letting n oc, and using Lemma 7.13 and (7.73), we deduce that 

f j z(t) • Vp{u{t)) dxdt < f f h{x,Dp{u(t))) dt 
Jo Jn Jo Jn 



\p{if) - p{u{t))\f{x, y{x)) dH^ ^dt 



f{x,Dp{u{t))) dt 
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-[ [ \p{v>) -P{u{t))\f{x,n{x)) dn^ ^dt+ [ [ f{x,Vp{u{t))) 

Jo Jdn Jo Jn 

= f [ a{x,Vu{t)) ‘Vp{u{t)) dxdt, 

Jo Jq 



dt 



and (7.74) holds. 

Lemma 7.15. We have 



dt 



f j [z{t),iy{x)]{p{ip) -p{u{t))) 

Jo Jan 

= / [ \P{<P)-P{u{t))\f{x,u{x))dt. 

Jo Jan 

In particular, since \[z,i']\ < f^{x,iy{x)), (7.75) implies that 
[z,^] e sign(p{ip) - p{u))f{x,p{x)). 



(7.75) 



(7.76) 



Proof. Using (7.73), Fatou’s lemma, Lemma 7.12, (7.71) and (7.74), we have 



dn^-^dt 



[ [ h{x,Dp{u{t))) dt+ [ [ \p{if) -p{u{t))\f{x,o{x)) 

Jo Jn Jo Jan 

< liminf [ [ h{x , Dp{un{t))) dt-\- [ [ \p{(p) - p{un{t))\f{x,i/{x)) dH^~^dt 

Jo Jq Jo Jan 

^ / / z(t) ' Vp(u(t)) dxdt + \im ini lim ini / / z(t) • {r]p{u{t))y dt 

Jo Jq Jq 

+ / f - P{u{t))) dn^-^dt 

Jo JaQ 

< ( f z{t) • Vp{u{t)) dxdt f ( f^{x,D^p{u{t))) dt 

Jo Jq Jo Jq 

pT 



dW^-^ dt 



+ / [ [^{i)^H^)]{p{p) - pH^))) 

Jo JaQ 

< / a{x,\/u{t)) • Vp{u{t)) dxdt 

Jo Jq 

+ / [ f{x,D^p{u{t)))dt+[ ( [z{t),iy{x)]{p{if) -p{u{t))) 

Jo Jq Jo JaQ 

= [ f h{x,Dp{u{t))) dt+ [ [ [z{t),i^{x)]{p{(f) -p{u{t))) 

Jo Jq Jo JaQ 

< [ ( h{x,Dp{u{t))) dt+ [ [ \p{(p) - p{u{t))\f°{x,u{x)) dH^~^dt. 

Jo Jq Jo Joq 

Prom this series of inequalities, the identity (7.75) follows. 



dJi^-^dt 
dn^-^dt 



□ 
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Remark 7.16. From the last series of inequalities, we also have the following iden- 
tities: 



[ [ h{x,Dp{u{t))) dt+ f [ \p{ip)-p{u[t))\f{x,v{x)) 

Jo Jn Jo Jan 






— lim 



[ [ h{x,Dp{Un{t))) dt+ [ [ \p{(p)-p{Ur,{t))\f{x,u{x)) 

Jo Jn Jo Jan 



(7.77) 

/ / z{t) • Vp{u{t)) dxdt = / a{x,Vu{t)) • Vp{u{t)) dxdt, (7.78) 

Jo Jn Jo Jn 

liminfliminf [ [ z{t) • (pp(u)y dt = [ [ f^(x,D^p(u(t))) dt. (7.79) 

vn T-.0 Jq Jq 

Step 6 . Identification of the limit. Let us now prove that 

z{t,x) = a(x, Vu(t,x)) a.e. (t,x) G (0,T) x fi. (7.80) 

Let 0 < (f) e Co((0,T) X fi) and g G C^([0, T] x f)). We observe that 

[ [ 0[(a(x, Vun(t)), Dp{un{t) - g)) - a(x, Vg)Dp{un{t) - g)] dt 

Jo Jn 

= / (^[a(x, Vun{t)) - a(x, V^)] • S/p{un{t) - g) dxdt 

Jo Jn 

+ [ [ 0[a(x, Vun{t)) - a(x, V^r)] . D^p{un{t) - g) dt. 

Jo Jn 

Since both terms at the right hand side of the above expression are positive, we 
have 

[ [ 4>[{a{x, Vw„(i)), Dp{un{t) - g)) - a{x, Vg)Dp{un{t) - 3 )] dt > 0. (7.81) 

Jo Jn 

Our purpose is to take limits as n ^ oo in the above inequality. We assume that 
(j){t,x) = r/(t)^(x), where g G D(0,T), '0 G V{^), ?? > 0, ^ > 0. First, integrating 
by parts in the first term, we have 

f [ 4>{a{x, Vun{t)), Dp{un{t) - g)) dt 
Jo Jn 

= - / / p{Un{t) - g)Vx4>- Si{x,VUn{t)) dxdt 

Jo J n 

- / (j) div{a{x, Un{t)))p{u„{t) - g) dxdt 

Jo Jn 
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dxdt 



= - f [ v{Un{t)-g)Vx(t)'^{x,VUn(t)) 

Jo 

- / (t)u'^{t)p{un{t) - g) dxdt 

Jo Jn 

/•T I* i*T /* ^ 

= - / p{un{t) - g)Vx(t> • a(x, Vun) dxdt - / (f)—Jp{un{t) - g) dxdt 

Jo Jn Jo Jn dt 

- / (l>gtp{un{t) -g) dxdt 

Jo Jo. 

= - / p{un{t) - g)Vx(t) • a(x, Vun{t)) dxdt + / / (j)tJp{un{t) - g) 

Jo Jn Jo Jq 

- / (l>gtp{un{t) -g) dxdt. 

Jo Jn 

Letting n-^oc in (7.81), taking into account the above equalities, we obtain 



dxdt 



■ [ [ p{u{t) - g)Vx(l) • ^ dxdt + /* [ (j)tJp{u{t) - g) 

Jo Jn Jo Jn 

/ / 4>gtP{u{t) - g) dxdt - / / 4>{a{x,Vg),Dp{ 

Jo Jn Jo Jn 



— q) dxdt 



u{t) — g)) dt > 0. 



Now, 



(7.82) 



n (j)tJp{u{t) - g) dxdt 

i 

= lim [ [ — — — — ^^Jp{u{t) — g) dxdt 

— lim [ [ xp^x)^^ — — ^^^Jp(u(t) — g) dxdt. 

Jn 



(7.83) 



For simplicity, let us write v = u — g. Since Jp{v{t)) — Jp{v{t r)) < {v{t) 
v{t + r))p{v{t)), for r small enough, we have 



/7 



v{t + r) — v{t) 



n ^ 

T 



g{t)'ip{x)p{v{t)) dxdt 



II 

Jo Jn 

f I 



Jpjvjt + t)) - Jp{v{t)) 



r){t)ip{x) dxdt 



(7.84) 



g{t - r) - ri{t) 



%p{x)Jp{v{t)) dxdt. 
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By Lemma 7.9, we have 



/7 



v{t + t) - v{t) 



/o JQ 

rT 



T]{t)'ip{x)p{v{t)) dxdt 






- 9t){t){vpiv)y{t)i’{x) dxdt. 



0 Jn 



Collecting these inequalities, we obtain 



fl 



ri{t - r) - 7]{t) 



Q -T 

T 



'i})Jp{v{t)) dxdt 



= — lim 



Since 



and 



/ [ 9t){t){vp{v)Y{t)ij{x)dxdt 

Jo Jn 

im [ MO - 9u {VP{v)Y {t)i’)dt 

" Jo 

= -lim/ -[ r]{s){diy{zn{t)) - gt{t),p{v{s))'ip) dsdt 
" Jo T 

= \im [ -[ ri{s) [ {zn{t),D{p{v{s))ip)) + {gt,p{v{s))ij) 
^ Jo T Jt-T Un J 

= lim / - [ p{s) [ {zn{t),Dp{v{s)))ip dsdt 

^ Jo r J^_^ Jq 

im / - / rj{s)p{v{s)) [ Zn{t) ■ Vip dsdt 

^ Jo ^ Jt-T Jfi 

I - I V{s){9t,p{v{s))tp) dsdt. 

Jo ^ J t — T 

Dp{v{s)) = Vp{u{s) - g{s)) + D^p{u{s) - g{s)) 



dsdt 



+ lim 



Zn{t) ■ D^p{u{s) - g{s)) = a{x, Vu„(t,x)) ■ D^p(u(s) - g(s)) 
< h°(x,D^p(u(s) - g(s))), 



(7.85) 
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from the above inequality, it follows that 



Jo Jn 

<[ - [ T]{s) [ z{t) ' \7p{u{s) - g{s))'ip dxdsdt 

Jo J t—T J Q 

-f f - [ v{s) [ D^p{u{s) — g{s))) dsdt 

Jo 'T Jt-r Jn 

+ / - / p{s) [ p{u{s) - g{s))z{t) • Vip dxdsdt 

Jo ^ J t — T J O 



fT J .t 



g{s) / gt{t)p{u{s) — g{s))^lJ{x) dxdsdt. 



fo ‘ Jt-r JQ 



Hence, letting r ^ 0 in (7.86), we obtain 



[ [ (ptJp{u{t) - g) < [ f v{t)z{t) • Vp{u{t) - ^(O)'0 dxdt 

Jo Jn Jo Jn 

+ [ viO f '>ph^ix,D^p{u(t) ~ g(t))) dt 
Jo Jn 

+ f ( g(t)p{u{t) — g{t))z(t) • Vip dxdt 

Jo Jo. 



+ / / V{^)9t{t)p{u{t) - g{t))'ip{x) dxds dt. 

Jo Jq 

Taking into account (7.82) and (7.87), we obtain 



(f) {[z{t) - a(x, V^)] • Vp{u{t) - g)) dtdx 



+ / [ (j) (/i°(x, D^p{u{t) - g)) - a(x, Vg) • D^p{u{t) - g)) dt>0 

Jo Jn 

for all (p{t,x) = g{t)ip{x), p G P(0,T), -0 G D{Q), 77,-0 > 0. Thus, the measure 
{[z - a(x, V^)] • Vp{u -g) + h°(x, D^p{u - g)) - a(x, Vg) • D^p{u - ^)) > 0. 
Then its absolutely continuous part 

[z{t) - a(x, V^)] • Vp{u{t) - g) >0 a.e. in Q. 

Hence 

[z{t) — a(:r, V^)] • V{u{t) — g) >0 a.e. in Q. 
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Since we may take a countable set dense in C^([0, T] x f]), we have that the above 
inequality holds for all (t,x) G S where 5 C (0,T) x H is such that £^((0,T) x 
Q \ 5) =0, and all g G C^([0,T] x Now, fix {t,x) G 5, and, given y G 
there is ^ G C^([0,T] x Q) such that Vg{t^x) — y. Then 



{z{t,x) -a{x,y)) • (Vu{t,x) -y)>0 Vy G R^, 



and we get that 



z{t, x) = a(rr, Vu{t, x)) a.e. {t, x) G Qt- 



Then, we have 



and, since 



we also get 



div( 2 :(^)) == div(a(x, Vu(t)) in P'(0), a.e. t G [0,T], 



^ ~ a.e. on 



|[a(o:, Vii(t)), i^]| < /^(x,i/(x)) ^-a.e. on 9Q, a.e. in t G (0, T). 

Finally, from (7.88) and (7.76), we obtain that 

[a(x, Vw(0),i^] € sign{p{(fi) - p{u(t)))f{x,i/{x)) 
on 9Q, a.e. in i G (0,T), and all p ^V. 

Step 7. Conclusion. Finally, we are going to prove that u verifies: 

~ [ [ j{u{t) - l)ptdxdt ( f p{t)h{x, Dp{u{t) - 1)) dt 

Jo Jn Jo Jn 

+ /* [ z{t) • \/g{t)p{u{t) - 1) dxdt 

Jo Jq 



^ / / [z{t) , iy]p{t)p{u{t) - 1) dH^ ^dt, 

Jo Jan 



for all 7/ G C^{Qt), with r/ > 0, p{t,x) = 0(^)^(x), being that (j) G P(]0,T[), 
'll; G C^(n), and p eT, where j{r) = / p{s) ds. 

Jo _ 

Let ry G C^{Qr), with r/ > 0, p{t,x) = (j){t)'il;{x), 0 G P(]0, T[), 'll; G C'^(ft), 

p e V and a G R. Let Gp(r) = / p(s) ds. Since 7i^(^ = div(zn(^)), multiplying 

J a 

by p{'^n{t))p{t) and integrating, we obtain that 
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) dxdt 



= f [ div{zn{t))piun{t))r]{t) dxdt 

Jo Jn 

= -/ f {Zn{t),D{p{u„{t))p{t))) dt+ [ [ [Zn{t),u]p{Un{t))p{t) 

Jo Jn Jo JdQ. 

~~ f f ’niOH^^Dp{u„{t)))dt- [ [ Zn{t) -Vp{t) p{u„{t))dxdt 

Jo Jq, Jo Jn 

+ [ f [Znit),l^]p{Un{t))p{t)dn^~'^dt 

Jo Jan 

= - [ [ p{t)h{x,Dp{Un{t)))dt- [ [ Zn{t) ■Vrj{t) p{un{t))dxdt 

Jo Jn Jo Jn 

-[ [ \p{Un{t)) -p{p)\f{x,u{x))p{t) 

Jo Jan 

+ [ [ 

Jo Jan 



dH^-^dt 



)dn^-'^dt 



)dn^-^dt. 



Hence, having in mind that 7/(0) = t/(T) = 0, we get 



I dn^-'^dt 



\dW''-^dt 



f [ v{t)h{x,Dp{un{t)))dt+ [ [ \p{un{t)) -p{(f)\f{x,i'{x))p{t)dn^ ^ 

Jo Jn Jo Jdn 

= - / / Zn{t) ■ Vr/(t) p{Un{t))dxdt + f [ [Zn{t),l']p{(p)ri{t) 

Jo Jn Jo Jen 

- ( [ ^Gp{un{t))p{t) dxdt 

Jo Jn <tt 

= - / [ Zn(t)-Vp{t) p{Un{t))dxdt+ f [ [Zn{t),v]p{(p)p{t) 

Jo Jn Jo Jdn 

“h / / G p{uni^J) 'Ht dxdt. 

Jo Jn 

Now, observe that, by Remark 7.14, we have that 

[ v{t, x)f{x, Dp{un)) + [ \p{(f) - p{un)\f{x, i^ix))r]{t, x) 

Jn Jdn 

[ ri{t,x)f{x,Dp{u))+ [ \p{<p) - p{u)\f{x,iy{x))r]{t, 

Jn Jdn 



,x) dH 



a.e. in ^ G (0,T), and, therefore. 
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/ ri{t,x)h{x,Dp{un)) + / \p{<fi) -p{un)\f{x,i^{x))r]{t,x) 

JQ J dfi 

-> [ r]{t,x)h{x,Dp{u)) + [ \p{p) - p{u)\f{x,u{x))r]{t,x) 
Ja Jdn 



dn^-^ 

dn^-\ 



a.e. in t E (0,T). Hence, integrating in (0,T) and using Fatou’s lemma, it follows 
that 

[ [ r]{t)h{x,Dp{u{t)))dt+ f [ \p{u{t)) - p{(p)\f{x,i/{x))r]{t)dn^~^dt 

Jo Jn Jo Jon 

[ f v{t)h{x,Dp{un{t)))dt 

.Jo Jq 

+ [ [ \p{un{t)) -p{^)\f°{x,iy{x))r]{t)dn^~'^dt 

Jo Jdn 

- f f Zn{t) ■S/T]{t) p{un{t))dxdt+ f / [zn{t),u]p{p)r]{t) dTi‘^~'^dt 

. Jo Jq Jo Jan 



< lim 

n^oo 



= lim 

n—^oo 



4- 






G p{^Un(t^^ T]t 



dn^-^dt 



- - / [ z{t) • Vr]{t) p{u{t)) dxdt + / [ [z{t), iy]p{ip)rj{t) 

Jo Jn Jo Jdn 

+ / f Gp{u(t)) rjtdxdt. 

Jo Jn 

Now, using that \p{u{t)) — p{(p)\f^{x,iy{x)) = [z{t)^i/]{p{(p) — p{u{t))), we have 

— f f Gp{u{t))rjtdxdt f f p{t)h{x, Dp{u{t))) dt 
Jo Jn Jo Jn 

rT 



+ 



f ( z{t) ' S/r]{t) p{u{t)) dxdt < f ( [z{t),u]p{u{t))p{t) dH^ ^dt. 

Jo Jn Jo Jdn 



(7.90) 

Finally, given I G M and p since q{r) := p{r — l) is an element of P, and taking 
a = /, we obtain (7.89) as a consequence of (7.90). The proof of the existence is 
finished. 



7.4.2 Proof of Theorem 7.3: Uniqueness 

To prove uniqueness of entropy solutions, we shall use the doubling variables 
technique introduced by Kruzhkov [143] (see also [61] and [115]) to prove the 
-contraction property for entropy solutions of scalar conservation laws. 

Since the operator A^p is m-completely accretive in I/^(f7), if we prove 
that the entropy solution coincides with the semigroup solution, then, by Propo- 




7.4. Existence and Uniqueness for Data in 



253 



sition A.44, (7.9) holds. So we only need to prove that any entropy solution is a 
semigroup solution. 

Let u(t) be an entropy solution with initial datum uq G L^(D) and u(t) = 
T(t)uo the semigroup solution with initial datum uq G Then, there exist 

G [L^{0,T,BV{Q)2)Y such that, letting z{t) a.{x,'Vu{t)) and z{t) := 
a(x, Vli(t)), we have (z{t),^{t)), (z{t),^{t)) G Z{Q) for almost all t G [0,T], 



[z{t),v] e sign (Tjl {(f) -T^{u{t))) f°{x,i/{x)) a.e. in i € [0,T], (7.91) 

[z(^), v] e sign (T^+ {(f) - {u{t))) f{x, i^{x)) a.e. in t e [0, T], (7.92) 

and such that, if r,r G and l\,l 2 £ R, then 

- r f j+{u(t)-h)rit+ r [ vmx,DT+{u{t)-h)) 

Jo Jn Jo Jn 



+ [ [ im - r) ■ Vr?(t) T+{u{t) - h) + [ fr- Vrj{t) T+{u{t) - k) 

Jo Jn Jo Jn 

< [ [ [z{t)>>^Ht)T^{u{t) -h) 

Jo JdQ 



and 



(7.93) 



+ 



< 



/ [ jk(u{t)-l2)vt+ f [ r]{t)h{x,DTi^{u{t)-l2)) 

Jo Jn Jo Jn 

f [ {z{t) - f) • Vr/(t) T^{u{t) -l^) + r [ f- Vr,{t) T^{u{t) - h) 
Jo Jn Jo Jn 

[ [ mt)>t^]v{t)T;:{u{t) -h), 

Jo Jdn 



(7.94) 

for all Tf G with 77 > 0, r}(t,x) — (p{t)il;{x), being that (j) G P(]0,T[), 

^ G C-(fi), and j+{r) = f T+{s) ds, jj;{r) = f T^{s) ds. 

Jo Jo 

We choose two different pairs of variables (t,x), ( 5 , 7 /) and consider z os 
functions in (^,x); tZ, z in (s,t/). Let 0 < 0 G D(]0, T[), 0 < ^0 G V(Q), pn a 
classical sequence of mollifiers in and pn a sequence of mollifiers in R. Define 



7]n{t, X, s, y) := pn{x - y)pn{t - s)(/) 



t s 






x + y 



Note that, for n sufficiently large. 



{t, x) ^ T]n{t, X, s, y) G T>{]0, r[xfi) V (s, y) G Qt, 

{s, y) 7]n{t, X, s, y) G P(]0, T[xf2) V {t, x) G Qt- 
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Hence, for {s^y) fixed, if we take li — u{s^y) and r z{s,y) in (7.93), we get 



- [ f ife - w(s, 2 /))(? 7 „)t rfxde 

JO Jn 



T]nh{x, D^Tj^ {u{t, x) - u{s, y))) dt 



/o Jn 

rT 



+ 



4- 



n {z{t, x) - z{s, y)) • Va;r7n T^ {u{t, x) - u{s, y)) dxdt 

i 

n z{s, y) • VxVn TjI { u{t, x) - u{s, y)) dxdt < 0. 

i 



(7.95) 



Similarly, for {t,x) fixed, if we take I 2 = u{t,x) and r = z{t,x) in (7.94), we get 



jfc {u{s,y) -u{t,x)){r]n)s dyds 

/o Jn 

+ / r)nh{y,DyT^{u{s,y) -u{t,x))) dyds 

Jo Jq 

+ f f (^(s> y) - a:)) • Vyr)„ {u{s, y) - u{t, x)) dyds 

Jo Jn 

+ / z{t, x) ■ Vy? 7 „ {u{s, y) - u{t, x)) dyds < 0. 

Jo Jn 



Now, since Tf. (r) = -T^(-r), (r) = j'^{-r) and h{x,-^) = h{x,^), we can 

rewrite the last inequality as 



/ / Jk (^(^> a:) - u{s, y)){rin)s dyds 

Jo Jn 

n ynh{y,DyT^{u{t,x) -u{s,y))) ds 

i 

n {z{t, x) - z{s, y)) ■ VyTin {u{t, x) - u{s, y)) dyds 

I 

- / z{t, x) • "^yrinTj^ {u(t, x) ~ u{s, y)) dyds < 0. 

Jo Jn 



+ 



+ 



(7.96) 




7.4. Existence and Uniqueness for Data in L^(Q) 



255 



Integrating (7.95) in (s,y), (7.96) in (t,x) and taking their sum yields 



/ QtxQt 



(u(t, x) - u{s, y)) {{r)„)t + (? 7 „)s) 



+ / T]nh{x,D^T,^{u{t,x)-u{s,y))) 

J QtxQt 

+ / Vnh{y, DyT^ {u{t, x) - u{s, y))) 

J Qt X Qr 



+ / {z{t, x) - z{s, y)) • {Va:Vn + ^ yVn) Tj^ {u{t, x) - u{s, y)) 



' QtxQt 



'QtxQt 



z{s, y) ■ '^xVnT^ {u{t, x) - u{s, y)) 



f z{t, x) ■ Vj;77„T^ {u{t, x) - u(s, y)) < 0. 
J Qt X Qt 



Now, by Green’s formula (C.IO) and the identities z{t,x) = a{x,Vu{t,x)), 
z{s,y) = a{y,Vu{s,y)), we have 



Jn ■■= / z{s,y)-Vx‘nnT^{u{t,x)-u{s,y)) 

J Qt xQt 

+ rinh{x,D^T^{u{t,x) -u{s,y))) 

J Qt xQt 

- / z{t, x) ■ VyTJn {u{t, x) - u{s, y)) 

J Qt X Qt 

+ / Vnh{y, DyT^ {u{t, x) - u{s, y))) 

J Qt X Qt 



- Vn [z{s,y),DxT^{u{t,x) - u{s,y))) 

J Qt X Qt 

+ / r]nh{x, (u{t, x) - u{s, y))) 

J Qt X Qt 

+ / r)n{z{t,x),DyT^[u{t,x) -u{s,y))) 

J Qt X Qt 



' QtxQt 



r)nh{y, DyT^ {u{t, x) - u(s, y))) 



> QtxQt 



Vn{Tk)'{u{t,x) - u(s,y))[ 2 ;(t,x) - 2 ( 5 , y)] • {V^u{t,x) - '^yu{s,y)) 



'QtxQt 



r}nz{s, y) ■ DIT^ {u{t, a;) - u(s, y)) 



+ [ VnhP(x, £>“T+ {u{t, x) - u{s, y))) 
J Qt X Qt 
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+ f rinz{t, x) ■ D^T^ (u{t, x) - u{s, y)) 

J Qt X Qt 

+ [ Vnh^iy, (u{t, x) - u{s, y))). 

J Qt X Qt 

We claim that 

Jn > 0(1), (7.98) 

where o(l) is an expression that tends to 0 as n ^ oo. Indeed, let us analyze the 
term 

- [ Vnz{s, y) ■ DIT^ {u{t, x) - u{s, y)) 

J Qt X Qt 

+ f Vnh°{x, D^T^ {u{t, x) - u{s, y))). 

J Qt X Qt 

By assumption (H^) we have 



'QtxQt 



' Qt^Qt 



f Qt'xQt 



' Qt>^Qt 



r]nz{s, y) ■ DIT^ {u{t, x) - u{s, y)) 
77„/i°(x, (u(t, x) - u{s, y))) 

rjnb°(x, DIT^ {u{t, x) - u(s, y))) 
T]nh°(y, D^T^ (u(t, x) - u(s, y))). 



Let us prove that the term in the right-hand side tends to 0 as n oo. Indeed, 
let I = k -h ||l7||cx), using (7.8), and having in mind that 

f \\DlT+iu{t,x)-u{s,y))\\= [ \\DlT+iTiiuit,x))-u{s,y))\\ 

JQ Jn 

< [ ll■0x(^;(^i(^,x)) -u(s,y))|| = [ \\DlTi{u{t,x))\\, 

Jn Jn 



we have 



QtxQt 



rjnhP{x, DIT^ {u{t, x) - u{s, y))) 



- / Vnh^iy, DIT^ {u{t, x) - u{s, y))) 
J Qt X Qt 

< f rinUj{\\x -y\\)\\DlTjl{u{t,x) -u{s, 
J Qt X Qt 

< [ dy f rj„u>{\\x-y\\)\\D^^Ti{u{t,x))\\ 

'J Qt j Qt 

= f ll'Dx^/Mi>a;))|| f rjnU){\\x - y\\) dy. 

J Qt ^ Qt 
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Now, we observe that 



dyrinOj{\\x - y\\) 



Pn{t - S)(f) j ij ~ (~^) ~ 



r Pn{x - y)ip(^^-^juj{\\x - y\\)dy 

= llt^lloo / Pn{x - y)aj{\\x - y\\)dy 

JR^ 

oo / /9n(2:)a;(||2;||)dz ^ 0, as n ^ oo. 



Hence 



' Qt'xQt 



q„h°{x, {u{t, x) - u{s, y))) 



/ Vnh°{y,D^T;^{u{t,x)-u{s,y)))^0, as n -> oo. 

«/ Qt X Qt 



In a similar way, we prove that 



'QtxQt 



Pnz{t, x) ■ DiT^ {u(t, x) - u(s, y)) 



+ [ PnhPiy, DyT,^{u{t,x)-u{s,y)))>o{l). 
J Qt X Qt 



Let US prove that 



'Qt'xQt 



Pn{T^ )'{u{t, x)-u{s, y))[z{t, x) - z{s, y)] ■ {Vxu{t, x)-Vyu{s, y))>o{l). 



Indeed, let z{s,x,y) = a{x,Vyu{s,y)), then 



' QtxQt 



yin{T^)'{u{t,x) - u{s,y))[z{t,x) - z{s,y)] ■ (V^u(t,a;) - Vyu{s,y)) 



' QtxQt 



Pn{Tk )'{u{t, x)-u{s, y))[z{t, x) -z{s, X, y)] • (Vxw(t, a;) - Vyu(s, y)) 



+ / Vn{Tj^ y{u(t, x)-u{s, y))[ 2 (s, X, y)-z{s, y)] ■ {Vo,u{t, x)-Vyu{s, y)) 
J Qt X Qt 
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' Qt'xQt 



r]n{T^y{u{t,x) - u{s,y))\z{s,x,y) - z{s,y)] ■ {V^u(t,x) - Vyu{s,y)) 



! Qt^Qt 



T]n[zis, X, y) - z{s, y)] ■ {u{t, x) - u{s, y)) 



+ / r}n[z{s,x,y)- z{s,y)]-VyTy;{u{t,x) -u{s,y)). 

J Qt X Qt 



Now, we observe that using the same argument as above, both terms in the right- 
hand side in the last inequality tend to zero as n ^ oo. With this we finish the 
proof of (7.98). 

Prom (7.98) and (7.97), it follows that 

- / Jk (w(i- y)) iiVn)t + iVn)s) 

J Qt X Qt 

+ f (z{t,x) -z{s,y)) ■ {V^r]„ + Vyr]n)Ty'{u{t,x) -u{s,y)) 

J Qt X Qt 



<o(l). 



“1“ (^n)s — Pn{p^ y)Pn{t ^)0 






( t-hs\ / X -\- y\ 



passing to the limit in (7.99), it yields 
- / Jk 



-h f {z{t, x) — z{t, x)) • V-0(x) (t){t)Tjl {u{t, x) - u(t, x)) < 0. 

J Qr' 



We have to prove that 



lim [ {z{t^ x) — z{t, x)) • (^(^? ^) ~ '^(^? ^)) ^ 0 

^ Jqt 

for any sequence -0^ | Since ^ = div(z), ^ = div(z) in (L^(0,T, BF(fi) 2 ))'* 
the following integration by parts formula holds: 

[ {z-z,Dw)+ [ {^{t) -^{t),w{t))dt 
J Qt d 0 

— [ [ [z{t,x) -z{t,x),u]w{t,x)dH^~^dt^ 

Jo JdQ. 
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for all w G L^(0, T, BV{D)) n L°°{Qt). Set 

w{t) = {{'tp-l)<l)T,^{u-u)y{t,x) = (V’(x) - l){(l)Ty{u-u)Y{t,x), 
where -0 e 0 < ^ < 1 and 



1 

((/)T^ (u - u)y{t, x) = - / 0(s)T^ (u(s, x) - u{s, x))ds, 

^ Jt 



in the above formula to obtain 



Since 



/ (z(t,x) — z(^,x)) • V('0(x) — 1 ) {(j)Ty {u — u)y{t,x)dxdt 

j Qrp 

= - I / (V' - 1) {z{t) - z{t), D{4>T+ {u - u)Y{t)) dt 

JO Jn 

- [ {^(t) - litMi’ix) - i){<i>tY {u - u)Y{t, x) 

JQt 

+ / f [z{t,x) -^t,x),u]{'il;{x) -l){(l)Ty{u-u)y{t,x)dTi^~^ 

Jo Jan 

/ (2 - ^) • V(^ - l)(t>Ty {u - u)dxdt 

J Qrjp 

= lim f {z-z)-V{'ip-l) {<j)TY {u - u)Y 



^dxdt. 



and, using that '(l^\dn = 0, also 



0 Jan 



[z{t) - z{t), i^](t)Ty {u{t) — u{t))dH^ ^dt 



= lim 

r-^0+ 

we may write 



[ [ [z{t) - 2(f), ’^]{Y - Oi<PTY {u - u)Y{t)d'H^ ^dt, 

Jo Jan 



[ {z~z)Vip4>T+{u-u)= [ {z-z)V{iP-l)4>T+{u-u) 

J Qrp J 

(1 - Ip) {z{t) - ^t),D{(pTY {u - u))^(t)) dt 

[ {i-Ui-Y){4>TYiu-u))n 

J Qt j 



— lim 

T-^0 + 




0 Jn 



0 Jan 



[z{t) — z{t), (u{t) — u{t))dH^ ^dt. 
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Now, since ^ are the time derivatives in (L^(0, T, BV ($ 1 ) 2 ))* of u and u, respec- 
tively, we have that 







Jo Jn 

= / ( 0-i^)4'TY{u-u)-/S,-{u-u), 

Jo Jn 



where (u — u) = (u — u){t) - {u — u){t — r). Let v = u — u. Since 

Tk -v{t-T))> {v(t)) - {v{t - t)) 

{j^ being the primitive of T^), and (/>, (1 — -0) > 0, we have for r small enough 
that 

r [ 

Jo Jn 

Jo Jn ^ 

Jo Jn ^ 

Thus, we have 



/ {z — 2 ) {u — u) dxdt 

J Qt 

- / / 0-i’){z{t) -z{t),D{4>TY{u-u)Y{t))dt 

•^^0+ \Jo Jn 

- / f — ^(1 - i;)j+ {u{t) - u{t)) dxd?\ 

Jo Jn ^ J 

- f [ [z{t) ~ z{t),i/](j)Tjl {u{t) - u{t))dH^~^dt. 

Jo Jon 

Finally, we observe that 

/ /(!“'*/') ^{4>TY {u - u)Y(t)) dt 

•^^0+ Jo Jn 

<2M [ (1 - Y)4>\\DT+{u{t) - u(t))l| dt, 

J Qt 
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which enables us to write that 



) dxdt > -2M 



[ {l-m\DT+{u{t)-u{t))\\ 
J Qt 



dt 



I [z - z)V'>p(j>T^ {u ~ u) 

- [ [ - ^)jk (“(^) - ^(^)) dxdt 

Jo Jq 

- ( f [z{t)-z{t),i/](l)Tjl{u{t)-u{t))d'H^~^dt. 

Jo Jan 

Let 'ip = 'ipn where ipn T the last expression. Using that \\DTj^{u{t) — 1^(^))|| 
is a Radon measure a.e. in t with \\DTj^{u{t) — u(t))|| G L^(0,T), which follows 
from Lemma 5.19, and letting n oo, we obtain 

lim / {z — z)V {u — u) dxdt 
^ Jqt 

> - / f [z{t) - z{t),u](j)Tj^ {u{t) - u{t))d'H^~^dt. 

Jo Jdfi 

Thus, using (7.100), we get 

/ Jk ~ 

J Qt 

> — /* f [z{t) -z{t),iy](j)Ti^{u{t) -u{t))dH^~^dt > 0. 

Jo Jan 



Since this is true for all 0 < 0 G T>(]0,T[), we have 
d 

dt jQ 

Hence 



< 0 . 



/ j'lp{u{t,x) - u{t,x))dx 

Jn 

/ j^{u{t,x) -u{t,x))dx < / j^{uo -uo)dx. 
Jq Jo. 



Then, dividing by k the last inequality and letting /c 0, we obtain 
/ (u{t,x) — u{t,x))^ dx < / {uo — uo)^dx. 

Jn Jrt 

From this, we deduce that 

||u(^) - u(^)|li < ||tio -^olli, V t > 0. 

Hence, taking Un{t) = T[t)uQ^n^ ^o,n ^ L°^{D) and wo,n have 

\\u{t) - Un{t)\\i < 11^0 - ^0,n||l, V ^ > 0. 

Letting rz ^ oo, we obtain that u{t) = T{t)uQ. We have that entropy solutions 
coincide with semigroup solutions. Thus, entropy solutions are unique, and the 
proof is concluded. □ 
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Remark 7.17. Let us sketch the proof of uniqueness of the Dirichlet problem for 
the total variation flow. Let u{t) be an entropy solution of (5.1) with initial datum 
uo G L^{Q) and u{t) = S{t)uo the semigroup solution with initial datum uq G 
Z/^(Q). Then, there exist z{t),z{t) G Z{fl) with ||2:(^)||oo < 1, ||^(^)||oo < 1, 



[z(t),i/] e sign{T^{(f) - T^{u{t))) a.e. in t € [0,T], (7.101) 

[z(t), n] € sign (T^+ {(f) - {u{t))) a.e. in t e [0, T], (7.102) 

and such that, if r,f G R^, with ||r|| < 1, ||f|| < 1 and I 1 J 2 ^ R, then 

- [ [ ife + / / V{t) d\\DTil {u{t) - h)\\ 

Jo Jn Jo Jn 

f f {z{t) - r) ■ Drjit) T+{u{t) -l,) + T [r- Dr,{t) T+{u{t) - h) 

Jo Jn Jo Jn 

[ [ -h), 

Jo Jon 



+ 



< 



(7.103) 



and 



+ 



/ [ Jk (“W - + [ [ v(t) d\\DT^ (u(t) - /2)|| 

Jo Jn Jo Jn 

[ f {z{t) - f) • Dr]{t) {u(t) - 12 )+ [ [ r- Dr]{t) iu(t) - h) 

Jo Jn Jo Jn 



<( [ [z{t),i 2 ]ri{t)T^{u{t)-l 2 ), 

Jo Jdn 

(7.104) 

for all 7] G C^{Qt), with rj > 0, rj{t,x) = (j){t)'ip{x), being that (f) G I>(]0,T[), 

V’ e C°°(n), and (r) = f T+ (s) ds, j~ (r) = f (s) ds. 

Jo Jo 

As before, we choose two different pairs of variables (t, x), (s, y) and consider 
z as functions in (t,x), u, z in (s,y). Let 0 < (/) G P(]0,T[), 0 < G D(f^), Pn? 
p„, and rjn{t,x, s^y) be as in the previous proof. Hence, for ( 5 , 2 /) fixed, if we take 
in (7.103) h = u{s,y) and r = z{s,y), we get 



4- 



4- 



f [ jki^i't^^)-u{s,y)){ri„)t+ f f ’nn\\D:„T^{u{t,x) -u{s,y))\\ 
Jo Jn Jo Jn 

n {z{t, x) - z{s, y)) ■ (w(t, x) - w(s, y)) 

I 

[ [ ^s,y) ■V^r]nT^{u{t,x) -u{s,y)) <0. 

Jo Ja 



(7.105) 
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Similarly, for (t,x) fixed, if we take in (7.104) I 2 — u{t,x) and r — z{t,x)^ we get 

n Jk + [ [ T]nd\\DyT- {u{s,y) - u{t,x))\\ 

! Jo Jn 

+ / [ (^( 5 . y) - ^)) • T~ (tz(5, y) - u{t, x)) 

Jo Jn 

+ [ [ z{t, x) • VyT]n {u{s, y) - u{t, x)) < 0. 

Jo Jo. 

(7.106) 

Now, since (r) = —T^ (— r) and j^(r) = j'^ (~r), we can rewrite (7.106) as 

- f f -m(s, 2 /))(? 7 „)s + f [ 7]nd\\DyT^{u{t,x) -u{s,y))\\ 

Jo Jn Jo Jn 

+ [ [ (z(t, x) - z{s, y)) ■ Vy? 7 „ {u{t, x) - u{s, y)) 

Jo Jn 

-f f z{s,y) ■'Vyr)nT^{u{t,x) -u{s,y)) < 0 . 

Jo Jn 

(7.107) 

Integrating (7.105) in (s,y), (7.107) in {t,x) and taking their sum yields 

- / Jk (^(^> - «(«> y)){(Vn)t + iVn)s) 

J Qt X Qt 

+ f rj„d\\D^T+{u{t,x) -u{s,y))\\ 

J Qt X Qt 

■ f r^n d\\DyT^ {u{t, x) - u{s, ?/))|| 

(7.108) 

■ / {z{t, x) - z{s, y)) ■ (VxJ?„ + Vy7?„)T^+ {u{t, x) - u{s, y)) 

J Qt X Qt 






+ 



i 

L 



QtX-Qt 



z{s, y) ■ '^xVTk {u{t, x) - u{s, y)) 



z{t, x) ■ VyTjnT,^ {u{t, x) - u{s, y)) <0. 



f Qt'xQt 

Now, by Green’s formula (C.IO) we have 



/ 2 :(s, y) ■ Vx7?„ 7 ;+ [u{t, x) - u{s, y)) 

J Qt X Qt 

f r]nd\\D:,T+{u{t,x) -u{s,y))\\ 
J Qt X Qt 



'Qt'xQt 
+ 
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and 



= - Vnz{s,y)- {u{t, x) - u{s, y)) 

J Qt X Qt 

+ [ 'rjnd\\D^Tj^{u{t,x) -u{s,y))\\>0, 

J Qt xQt 

- z{t,x)- WyTIn T;^ {u{t, x) - u(s, y)) 

J Qt X Qt 

+ f T]nd\\DyT+{u{t,x) -u{s,y))\\ 

J Qt X Qt 

= / r)nz{t, x) ■ DyT^ (u(t, x) - u{s, y)) 

J Qt X Qt 

I r]nd\\DyT;^{u{t,x) -u{s,y))\\>0. 

J Qt X Qt 



“h 

f QtxQt 

Hence, from (7.108), it follows that 



/ 3t{u{t,x) ~ u{s,y)){{yn)t + (r?n),s) 

J Qt xQt 



+ 



/ {z{t,x) - z{s,y)) ■ (Va;? 7 „ + W yrjn)T^ {u(t,x) -u{s,y)) < 0. 

J Qt xQt 



'QtxQt 

Now, passing to the limit in (7.109), we obtain 

-f - u(f,x))</>'(<)?/)(x) 

J Qt 



+ 



j [z{t, x) - z{t, x)) • V'ijj{x) (l>{t)Tjl {u{t, x) - u{t, x)) <0. 

J Qt 



(7.109) 



(7.110) 



The last steps of the proof are similar to the ones in the general case and we shall 
omit the details. 



7.5 A Remcirk for Strictly Convex Lagrangians 



As it is well known, if Un,u G BV{n) and Un ^ um 1/^(0), HT^rtnll 
and Vun ^ F a.e in 0, then F does not coincide with Vit, in general, as the 
following example shows. Consider Q =]0, 1[ and Un G jBF(fi), defined by 







Then, w„(x) — » u{x) = x for almost all x € O, but Vun = 0 for all n € N, and 
Vu = 1. 
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Now, in the proof of Theorem 7.8, we have seen that if (un, Vn) ^ is such 
that {un^Vn) (^5 y) in L^{Q) x L^(n), then (n, v) € A^. Thus, a natural question 
is when Vun Vu a.e. in fl. We are going to prove that, if we assume that the 
Lagrangian / is strictly convex, then the answer to this question is positive. 

First, observe that from the strict convexity of /, we deduce the following 
strict monotonicity condition on a: 



(a(a;,77) -a(a;,0) • (r?-0 > 0 if ^ 7^ »?. (7-lH) 

Let us prove that {Vr^n} is a Cauchy sequence in measure. To do that, we 
follow the same technique as in [54] . Let t,e > 0. For a > 1, we set 

: ||^|| < o, ||r?|| < a, ||^ - t/|| > f} • 

Having in mind that the function ^ a(x,^) is continuous for almost all x E 

and the set : ||(^|| < a, Hryjl < a, ||^ — r]\\ > i} is compact, the infimum in 

the definition of C{x,a,t) is a minimum. Hence, from (7.111) it follows that 

C{x,a,t) > 0 for almost all x e 

For n, m G N, and any fc > 0, we have 

{||Vu„ - Vwmil >t} C {||VTaU„|| > a^} U {||VTaWm|| > a^} 

U{|u„l > a} U {|um| > a} U {!«„ - Um| > U {C{x,a^,t) < k} 

u{lu„ -Um\ < k^,\un\ < a,\um\ < a,C{x,o^,t) > k, 

||VTaW„|| < a^, lIVTatiTOll < a^, l|Vu„ - Vm^H > t}. 

Since {«„} is bounded in L^(Q) we can choose a large enough in order to have 

({|m„| > a} U {|mto| > n}) < T for all n, ttigN. (7.114) 

5 

Similarly, by (7.31), we can choose a large enough in order to have 

({II VTaUn II > a^} U { II II > a^}) < for all n,mGN. (7.115) 

D 



(7.112) 



(7.113) 



Fixing a satisfying (7.114) and (7.115), by (7.112), taking k small enough, we have 

{{C{x,a^,t)<k}) <^. (7.116) 

o 

On the other hand, since Vn = — diva(x, Vun), using Green’s formula (C.IO), we 
have 



/ {a{x, \/Un) -3i{x, VUm),DTr{Un-Um)) 

Jn 

~ I '^ra)'^r{^n "^m) dxT / [a(2^, VU-,2) ^(^: ^m) dki 

JQ Jdn 



< 2Qr V n,m G N. 
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Now, 



/ ^(^5 j ('^n '^m)) 

Jq 

— I (^(^5 ^^m)) * ^T-pi^U^i '^ra) 

Jq 

+ / ( 3 -(x, Vl^TT,) — 3.(3;^, V Um)) ' D Tr{Ufi UfYi^. 

Jq 

Moreover, by the chain rule, there exists a positive function p such that 

/ (^(^5 ^ ^n) ^(^7 ^ ^m)) ■ T) T-p {Ufi 'l^m) 

Jq 

~ I ^[(^(^7 3 (x, Vu-^TT,)) • D {Ufi 

Jq 

= / T?[/°(a;,£>^Un) - a(x, Vu„) • D^w„ + /°(a;,D*Um) -a(x, Vum) • D^Um] 

JQ 



> 0 , 



by (H 5 ). Therefore, we obtain 

/ (a(x, Vt^n) - a(x, Vum)) • yTr{un ~ Um) dx < 2 Qt. (7.117) 

Jq 

If 

5 := { \Un — Um\ < ^^7 \Un\ < CLi \Um\ < Cii C{x, a^,t) > k, 

l|VTaU„|| < a?, lIVTatimll < O^, ||Vu„ - VUmll > t} , 
since VTaUn = Vun a.e. in 5, by (7.117), we get 

£^^(5) < ({|w„ - Um| < {a{x, Vun) - a{x, Vu^)) • (Vtt„ - Vum) > k}) 

< \ f (a(a;, Vm„) - a{x, '7um)) • (Vm„ - Vit^) dx < 2Qk. 

k> J\un—Um\<k‘^ 

Hence, for k small enough, we have 

C^{S) < 7 - (7.118) 

5 

Since a and k have already been chosen, if no is large enough, we have for n, m > no 
the estimate {{\un — > ^^}) < f . Now, using (7.113), (7.114), (7.115), 

(7.116) and (7.118), it follows that 

({||Vnn — Vurnll > t}) < ^ for n,m> uq. 
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Hence, {Vitn} is a Cauchy sequence in measure. Then, up to extraction of a sub- 
sequence, we have convergence a.e., and we can say that there exists a measurable 
function F, such that 

Vun F a.e. in fl. (7.119) 

Now, a(a:, Vu^) ^ a(a:, Vu) in the weak* topology of and, by (7.119), 

a(x,Vun) a(x,F) a.e. in fl. Hence, a(x,F) = a(x,Vu) a.e. in fi. Therefore, 
by (7.111), we deduce that 



Vun Vu a.e. in Q. 



Remark 7.18. Coming back to the observation made at the beginning of this 
section, the only thing we can expect is that there exists A : 1) M, 0 < A(a:) < 1 
a.e., such that F = A(a:)Vu(x) a.e.. Indeed, we have: if ^^e vector measures 
in Q. (with values in R^) such that fik ^ |/^| weakly* as measures in fi, 

and /j,f^ F in measure in Q, then there is A : ^ R, 0 < \{x) < 1 a.e., such 

that F = \{x)fi^^{x) a.e.. This can be proved using Reshetnyak’s theorem ([119], 
Thm. 19). Indeed, Reshetnyak’s theorem implies that 

/ Nu{x,fik)(t ) / Nu{x,^i)(j) 

Jn Jq 

for any (j) G Co(r^), where Co(f^) denotes the space of continuous functions with 
compact support in fi, and N^{x^v) — ((u,u))"^, u G R^. Now, for any fc > 0 we 
have 



Since 



/ iNu{x,fj.) Ak)<j) = / Nu{x,fj,)(f) - I [Nu{x,ii) -k)^4> 

Jq Jq Jn 

> lim / Nu(x^ /jLn)(f> — lirn ini / (Nu(x^Un) — k)'^(l) 

^ JQ ^ JQ 

> lim inf / (A^^(x, /in) A A:) (/> = lim inf / {Nu{x,ii^) f\k)(j) 

^ Jq ^ Jq 

= [ Nu{x,F)(j>. 

Jq 

[ {Nu{x,/J,) Ak)(j) = [ Ak)(j) 

Jq Jq 



and the previous inequality holds for any A: G R, any u G R^, and any (j) G Co(fi), 
and all these spaces are separable we obtain that 



Nu{x,F{x))<Nu{x,fi^%x)) 

for all X e Q, where {ft \Q) = 0, and all u G R^. Now, we observe that if 
v,w G R^ are such that 



(( u , d ))+ < {{u,w))+ 



(7.120) 
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for all u G then there is A G [0,1] such that v — Xw. If we fix a; G Q, 
applying the last observation, we conclude that there is \{x) G [0, 1] such that 
F{x) = A(x)/i"^(x). These observations can be used to prove that there exists 
A : 0 M, 0 < \{x) < 1 a.e., such that F = X{x)X/u{x) a.e., once we know 
that Vun{x) F{x) in measure. Then, we need structural assumptions on a(a:,^) 
to obtain either that a(a:,F) = a(x, Vu), or F{x) = Vu{x). Since, to prove that 
Wun{x) F{x) in measure, we need to use the strict convexity of /, and this also 
gives that F = Vit, we do not need the more involved approach of this remark. 



7.6 The Cauchy Problem 



The Cauchy problem 



du 

— ^ div a(x, Du) 
u{0,x) = uo{x) 



in Q = (0,oo) X 

in X G 



(7.121) 



where uq G and a(x,^) = V^/(x,^), / : x R^ R being a function 

with linear growth as ||^|| ^ oo satisfying the assumptions (Hi-He) was studied 
in [18]. 

The concept of solution for the Cauchy problem (7.121) is the following. 

Definition 7.19. A measurable function u : (0, T) x R^ ^ M is an entropy solution 
of (7.121) in Qt u e C([0,T]; L^^^^(R^)), u{t) converges to uq in Ll^^{R^) 
as t 0+, p{u{')) G L^(0,T;FVioc(R^)) for all p G F, and there exists ^ G 
(Li(0,T; W(M^) 2 ))* such that: 

(i) (a(x,Vu(t)),^(t)) G Z(E^) a.e. tG[0,T], 

(ii) ^ is the time derivative of u in (L^(0,T; FF(M^) 2 ))* in the sense of Defini- 
tion 5.3, 

(iii) ^ = div(a(x, Vii(t))) in (L^(0, T; BF(M^) 2 ))* in the sense of Definition 5.4, 

(iv) the following inequality is satisfied. 



+ 



[ [ ~ + / [ ^( 0^(^5 Dp{u{t) - 1)) dt 

Jo Jrn Jo Jrn 

f [ a(x, Vu{t)) • Vri{t)p{u{t) - 1) dxdt < 0 

Jo Jr^ 



for all / G R, all p G C^(]0, T[xR^), with p > 0, pit^x) = (j){t)xlj{x)^ being 

^gC^(] 0,T[), ^ G C^(R^), and all p G F, where j(r) := [ p{s) ds. 

Jo 
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We have the following existence and uniqueness result. 

Theorem 7.20. ([18]) Assume we are under assumptions (Hi-He). Let uq G 
l^hen there exists a unique entropy solution of (7.121) in [0,T] x 
for all T > 0. 



The proof of uniqueness is similar to the one given in subsection 7.4.2 for 
the Dirichlet problem. To prove the existence part of Theorem 7.20 we can not 
apply the method used for the Dirichlet problem since in this case the energy 
functional can be infinity for functions in To overcome this difficulty, 

one can approximate (7.121) by problems of the form 



du 

dt 



— div {(pai{Xj Du)) 



u(0,x) = Uq{x) 



in Q = (0, oo) X 

in X e 



(7.122) 



where i^o G L^(M^), (p G 5(M^) and <S(M^) denotes the space of rapidly decreasing 
functions in The techniques used in Chapter 6 can be used to prove the 
well-posedness of problem (7.122). We have: 

Theorem 7.21. ([18]) Assume we are under assumptions (Hi-He); (p G S{R^), 
(p{x) > 0 for all X G , and satisfies the property 



\ip{x) - p){y)\ < Cp){y)\\x - y\\ (7.123) 

for all x,y e such that \\x — y\\ < 1, for some constant C > 0. Given uq G 
L^(R^), there exists a unique solution u of (7.122) in Qt for every T > 0 such 
that u{0) = Uq. 

Using the above result, the existence part of Theorem 7.20 is proved in the 
following way. Given uq G we take uon G L^(R^) fl L^{R^) such that 

uon Uq in LJq^(R^). Let (pn G S{R^) satisfying (7.123), 0 < (/9n < 1 and 
V^n(^) = 1 for all X G B{0^n). By Theorem 7.21, for every n G N there exists 
a solution Un of (7.122) for p> = corresponding to the initial condition uon- 
Then one proves that {un} is a Cauchy sequence in C([0, T]; LJq^(R^)), and, thus, 
Un ^ um C([0,T]; LJq^(R^)). Finally, one proves that u is a solution of problem 
(7.121). 




Appendix A 

Nonlinear Semigroups 



A.l Introduction 



In this appendix we outline some of the main points of the theory of nonlinear 
semigroups and evolution equations governed by accretive operators. We refer the 
reader to: [32], [40], [45], [58], [83], [84], [85]. 

The linear part of this theory started in the 1930s with the works of E. Hille, 
Y. Yosida and R. Phillips on semigroups of linear operators in Banach spaces. 
Now, one of the first ideas came from a paper of G. Peano from 1887 where he 
wrote the system of differential equations 



dui 

dt 



— a\\Ui + • • • + aijiUji + /i(^), 



< : 
dUji 
< dt 



“t“ • * ' “h dfin'^n + fn{t) 



(A.l) 



in a matrix form as 

u' {t) = Au{t) + f(^) (A. 2) 

where u(^) = {ui{t),U 2 {t), . . . ,Un{t)), f{t) = (/i(0, / 2 W, • • • , /n(0) and A = 
{dij), and solved it by means of the explicit formula 



u{t) = e'^u(O) + 




ds. 



where 




So, he transformed a complicated problem in one dimension to a formally simpler 
one in higher dimension. That is the essence of the nonlinear semigroups theory. 
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Now, since we want to apply this abstract theory to solve partial differential equa- 
tions, we must work in infinite dimensions. So our main object will be the study 
of evolution problems of the form: 

[ u'{t) + Au{t) = fit) on (0,T), 

S (A.3) 

[ u(0) = uo, 

where X is a Banaeh space, / : (0, T) — > X and A : D{A) — > X is an operator. 

Let us give one example about how to write a PDE problem as a problem in 
the form (A.3). 

Example A.l. Let be a bounded domain in with smooth boundary 
Consider the classical initial-boundary problem for the heat equation, that is the 
problem 

{ 3vo 

= Aw for (t,x) € [0, oo[xn, 

w{t,x) =0 for X G dQ, t > 0, 
w{0^ x) = f{x) for X eQ. 

Write u{t) = regarded as a function of x, and take X to be a space of 

functions on fi, for example, X = L^(f2) for some p > 1 or X = C{Cl). Suppose 
we are in this last case. Let A be the operator with domain 

D{A) := {v e cm : Au G C{n) and v{x) = 0 V x G 

and defined by Av := —Av, for v G D{A). Then we can write problem (A.4) in the 
form (A.3). Note that the boundary condition of (A.4) is absorbed into the domain 
of the definition of the operator A and into the requirement that u{t) G D{A) for 
all t >0. 

A.2 Abstract Cauchy Problems 

From now on, X will be a real Banach space with norm || || and dual X*. 

We will use multivalued nonlinear operators not only since they permit a 
coherent theory but also because it is often necessary in applications. So let us 
recall some notation and basic facts concerning multivalued operators . 

A mapping A : X 2^ from X into 2^ (the collection of subsets of X) 
will be called an operator in X. For x G X, Ax denotes the value of A at x, 
D{A) {x e X : Ax / 0} will be called the effective domain of A, and 
R{A) := U{Ax : x G D{A)} its range. 

If A is an operator in X, it determines the subset G{A) = {(x, p) G X x X : 
y G Ax}, called the graph of A; conversely, a subset G of X xX determines a unique 
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operator A whose graph is G; the operator A is given by Ax {y : (x, y) G G}. 
Whenever it is convenient we will identify an operator with its graph. 

Given two operators A and B in X and o: G M, we define new operators 
A + a A and A“^, according to: 

(A + B)x := Ax + Bx 

{aA)x := a{Ax) 

A~^x := {y e X : X e Ay}. 

The closure of the operator A, denoted by A, is defined to be the closure of the 
graph of A in X x X, that is: 



y G A iff 3 2/n ^ Axn : x^ ^ x, yn ^ y. 

Before proceeding we fix some notation: By L^(a, 6;X) we denote the vec- 
tor space of all Bochner integrable functions f : [a^b] X with respect to the 

fh 

Lebesgue measure (i.e., the strong measurable functions / such that / \\f{t) || dt < 

J a 

-hoc). If I is an interval in R, X) is the space of those functions f : I ^ X 

which are Bochner integrable on compact subintervals of I. As in the case of real 
functions, if / G 6; X), for almost all t G]a, b[ one has 

-| pt-\-h 

h / II “ •^(^^11 

h Jt_h 

If (A. 5) holds, t is called a Lebesgue point of /. 

The space W^’^(a, 6; X) consists of those functions / which have the form 

f{t) = /(O) -h [ h{s) ds (A.6) 

for some h G L^(a,6;X). It is well known that W^^^{a,b; X) consists of exactly 
those absolutely continuous functions / : [a^b] X which are differentiable a.e. 
on [a, 6] and if (A.6) holds, then f'{t) — h{t) a.e. 

In a general Banach space X, the absolute continuity of a function / : [a, b] 

X does not imply the existence of f'{t) almost everywhere. When this happens it 
is said that the Banach space X has the Radon-Nikodym property. For instance, 
every reflexive Banach space has the Radon-Nikodym property. Now, there are 
important Banach spaces like L"^{Q) or C{ft) without the Radon-Nikodym 

property. 

As we mentioned before, our aim is to study evolution problems of the form: 



u'{t) Au{t) 3 f{t) on tG(0,r), 
u(0) = X, 



(A.7) 
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where f : (0,T) —> X and A is an operator in X. A problem of the form (A. 7) 
is called an abstract Cauchy problem^ and it will be denoted by (CP)^,/. In the 
homogeneous case, that is, for / = 0, we will write (CP)a: instead (CP)a;,o- 

In principle, one natural notion of solution for {CF)xj is the classical one, 
that is, a function u satisfying: 

' iiGC([0,T];A)nCH]0,T[;X), 

< u'{t) + Au{t) 3 f{t) V t g]0,T[, (A. 8) 

u{0) = X. 

In fact, this is a common notion of solution in the classical theory of ordinary 
differential equation (i.e., for X = R^) when A and / are continuous. But as 
soon as discontinuities arise, the notion of classical solution turns out to be too 
restrictive as may be illustrated by the following example. 

Example A.2. Let X = R, f — 0, x = l and A the Heaviside function 

f 1 if r > 0, 

A(r) = \ 

[ 0 if r < 0. 

Then, (CP)^,/ becomes 

u'{t) = -1 if u{t) > 0, 

< u'{t) =0 if u{t) < 0, (A. 9) 

, u(0) = 1. 

The solution of problem (A. 9) is given by 



u{t) = 



1-t if 0 < i < 1, 
0 if f > 1. 



But u is not a classical solution since is not differentiable at t = 1. 



This example motivates the following weaker notion of solution for (CP)^,/. 
Definition A.3. A function u is called a strong solution of (CP)^,/ if 

' uGC{[0,T];X)nWlf^{]0,T[,X), 

< u' + Au{t) ^ f{t) a.e. f€]0,T[, (A.IO) 

u{0) = X. 

Clearly, the previous example is covered by this notion of solution. However, 
it is still not sufficient in general, as the following simple example due to G. Webb 
([206]) shows. 




A.3. Mild Solutions 



275 



Example A.4. Consider the problem 

{ Wt — Wx -h w~^ = 0 on [0, +oc[xM, 
w(0,x) = uo(x) X G M. 



(A.ll) 



We are interested in solving (A.ll) in the space X = Co(M). To this end, we define 
the operator A in X by Au := —u' + u'^ with domain 

D{A) := {u e C\R) : u,u'eCo{R)}. 

We rewrite the problem (A.ll) as an evolution problem in X: 



( u'{t) + Au{t) = 0 in [0, +oo[, 
I u{0) = Uq. 



(A.12) 



Observe that this is a semi-linear problem with A = Aq F, being Aqu = -u' 
and F{u) = u~^. Then, since —Aq is the infinitesimal generator of a Co-semigroup 
{S{t))t>o in X and F is Lipschitz continuous, it is well known that for every uq e X 
there is a unique solution of (A.12) given by the classical Duhamel formula 



u{t) = S{t)uo 



- fs{t- 

Jo 



s)F{u{s)) ds 



Vt>0. 



Nevertheless, u need not be a strong solution of problem (A.12), even if uq E D{A). 
In fact: Let uq E X such that there exists xq G M satisfying: uq{x) > 0 if x > xq 
and uq{x) < 0 if x < xq. Then, using the classical method of the characteristics, 
it is not difficult to see that the solution of (A.ll) is given by 



w{t,x) 



e ^uo{x-\-t) if X + t > Xq, 
uo(x + t) if x + ^<Xq. 



Prom which it follows that if Uq(xo) 7^ 0, this solution is not a strong solution. 



Consequently, we need to introduce a more general concept of solution for 
(CP)a;j. The more adequate notion of solution for (CP)^,/ in general Banach 
spaces is the concept of mild solution, introduced by M.G. Crandall and T.M. 
Liggett in [85] and Ph. Benilan in [40], which is studied in the next section. 



A.3 Mild Solutions 

Let A be an operator in X and / € L^{a,b;X). Roughly speaking a mild 
solution of the problem 



u' + Au B f 



on [a, b] 



(A.13) 
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is a continuous function u G C([a, 6]; X) which is the uniform limit of solutions of 
time-discretized problems, given by the implicit Euler scheme of the form 



v{tj) -v{tj-i) 

i'i — 1 



+ Av{ti) 3 fi, 



where fi are approximations of / when \ti — ti-i\ ^ 0. So the underlying idea 
of the notion of mild solution is simple and from the point of view of numerical 
analysis, even classical. Formally, the definition is as follows. 

Definition A.5. Let e > 0. An e- discretization oiu' Au 3 f on [a, h] consists of a 
partition t^ <t\ < ••• <tf^ and a finite sequence /i, /2, • • ■ , /at of elements of X 
such that 



a <t{) <t\ < • " <tN <b, with 
- U-i < ^ L • • • , X, to - a < e and b -tN < 



(A.14) 




ds < e. 



We will denote this discretization by • • • , /i? • • • ? /tv)- 



(A.15) 



A solution of the discretization DA{to, . . . , ^tv; /i, • • • , /at) is a piecewise con- 
stant function v : [^o^^at] — ^ X whose values u(to) = ^(^) = for t 

2 = 1, . . . , A satisfy 



2 = 1 ,..., a. (A.16) 

A mild solution of u' + Au 3 / on [a, 6] is a continuous function u G 
C([a,6];X) such that, for each e > 0 there is D^(to, . . - , ^at; /i, • • • , /tv), an e- 
discretization of u' + Au 3 / on [a,b] which has a solution v satisfying 

\\u{t) — v{t)\\ < e ioT to <t < tN’ 

It is easy to see that if 22 is a mild solution of u' Au 3 f on [a, b] and 
[c, d] C [a, 6], then u^[c 4 ] is a mild solution of u' + Au 3 / on [c, d]. Therefore, the 
following definition is consistent. 

Definition A.6. Let I an interval of R, and / G L/^^(/;X). A mild solution of 
22 ' H- Au 3 / on / is a function 22 G C{I;X) whose restriction to each compact 
subinterval [a, 6] of / is a mild solution of 22 ' + Au 3 / on [a, b]. 

In the next result we will see that mild solutions generalize the concept of 
the strong solutions. 

Theorem A.7. Let f G Ll^^{I; X) and u be a strong solution ofu'-\-Au3f on I. 
Then u is a mild solution of 22 ' + Au 3 f on I. 
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The heart of the proof of the above theorem is the following result concerning 
the approximation of Bochner integrals by Riemann sums in a strong sense. 

Lemma A.8. Let Y he a Banach space, g G {a, b; Y) and K he a subset of [a, b] 
such that [a, &] \ R" has measure zero. Then, given 5 > 0, there is a partition 
a = to < ti < • " < t^ < b satisfying: 

U e K and U is a Lebesgue point of ^ for all z = 1, . . . , A^. (A. 17) 

b — tM<S and ti-ti-i<d, i = l,...,N. (A. 18) 

\\g{t) - g{ti)\\ dt < 6. (A.19) 

The converse of Theorem A. 7 is false; mild solutions need not be strong 
solutions. One counterexample is given by the equation of Example A. 4. 

The next result collects some of the properties of mild solutions. 

Theorem A.9. Let A be an operator in X and f€LUl;X). Then: 

(i) If u is a mild solution of u' + Au 3 f on I, then u{t) G D{A) for all tel. 

(ii) Let Ii, I 2 be subintervals of I with I C 7i 0 / 2 - 7/ u G C{I\X) is a mild 

solution of u! + Au 3 f on Ii and on I 2 , then u is a mild solution of 
u' -|- Au 3 f on I . 

(hi) Let A be the closure of the operator A. Then, u is a mild solution ofu'-\-Au 3 
f on I if and only if u is a mild solution of u! + Au 3 f on I . 

(iv) Let {un} C C{I;X), {/„} C Lj^^{I;X) and Un be a mild solution of u'^ + 
Aun 3 fn on I. Assume u G C{I\X), f G L\^^{I\X) and for each compact 
subinterval [a^b] of I, 

lim ( [ \\fn{t) - f{t)\\ dt-\- sup ||zzn(^) -^^(^)|| I =0, 
n^oo a<t<b J 

then u is a mild solution of u' + Au 3 f on I . 

Definition A.IO. Let 7) be a subset of X. A family of mappings S{t) : D D, 
{t > 0) satisfying: 

S{t + s)x = S{t)S{s)x for all t,s>0,xeD, (A. 20) 

lirn 5 (^) 0 : = a: for x e D, (A. 21) 

is called a strongly continuous semigroup on D. 
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One may now associate to every operator A in X a strongly continuous 
semigroup {S^{t))t>o by the following definition: 

D (5"^) := {x G X : 3! mild solution Ux of u' + Au 3 0 

on (0, +Oo) with = ^}- 

For t > 0 and x G D{S"^), we set 

S"^{t)x := Ux(t). 



It is an immediate consequence of the properties of mild solutions that, in fact, 
is a strongly continuous semigroup on D{S^). 

In the linear case, that is, if S{t) G £(X), the strongly continuous semi- 
groups are called Co-semigroups. In this situation, each Co-semigroup (5(t))^>Q 
has associated its infinitesimal generator B defined by 

Bx •- lim ~ ^ for x € D{B) 
t^o t 



and 



D{B) := .^x€X 



3 lim 

t — >0 



S{t)x — X 



In the linear case it is well known that 



^—A is the infinitesimal generator of a Co-semigroup of a hounded 

linear operator on X, if and only if A is linear, closed and DiS"^) = X, and then 
S^{t) = S{t) for allt> 0.” 

This motivates the development of a nonlinear semigroup theory analogous 
to the classical linear one. We will see that in the nonlinear case the situation is 
very different from the linear one, and has more difficulties. 



A.4 Accretive Operators 

We are going to introduce now the class of operators for which we could 
obtain existence and uniqueness results of mild solutions. 

The existence of mild solutions requires, as we pointed out before, the exis- 
tence of solutions of discretized equations of the form 

or equivalently 

Xi + {ti - ti-i)Axi 3 {ti - ti-i)fi + Xi_i, i = 1, . . . , W (A.22) 

Then, to solve (A.22) we need that the inverse of the operator (/ + A A) be a 
singlevalued operator. Operators satisfying this property are the following: 
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Definition A.ll. An operator A in X is accretive if 

\\x - x\\ < \\x - X \{y - y)\\, whenever A>0 and (x^y),{x,y) e A. 

Note that A is accretive if and only if for A > 0 and z^X,x-\-\y = z has at 
most one solution (x^y) e A and the relations x Xy = z, (x^y) € A, f + Ay = i, 
(x, y) e A imply 

Ik “ ^li = ||(-^ + - (/ + Ayl)“k|| < \\z - z\\. 

Therefore, we have 

‘A is accretive if and only if (/ + AA)“^ is a singlevalued nonexpansive map 
for A > 0^^ 

In case A is accretive, we denote = (I XA)~^ and we call the 
resolvent of A. Note that D{J^) = R{I + AA). 

It is easy to see that if (3 is an operator in E, then p is accretive if and only 
if (y - y)(x — x) > 0 for all (x,y),(x,y) G p. Thus, if P is univalued, then P 
is accretive if and only if P is nondecreasing. We have the following examples of 
accretive operators in E: 

1 if r > 0, 

signQ(r) := < 0 if r = 0, 

-1 if r < 0, 

and 

{ 1 if r > 0, 

[-1,1] ifr = 0, 

— 1 if r < 0. 

In order to verify accretivity of a given operator, it is useful to take into 
account alternative characterizations of this property. To do that we need to in- 
troduce the bracket and the duality map. 

For each A ^ 0 define [•, *]a : X x X E by 

For fixed (x, y) G X x X, A [x, y]A is nondecreasing for A > 0. Indeed, if 
A > // > 0, then 

\\x + ny\\= (l- j^x + j{x + Xy) < (^1 - llxjj + ^||x + Ayjj, 
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from which it follows that < [x,y]x- Therefore for every (x,y) ^ X x X we 

can define: 

[x,y] :=lim[a;,j/]A = inf [a;, j/] a- 

AJ^U A]>U 

The number [x,y] is the right-hand derivative of the norm of x in the direction 
y. In the next proposition we collect some of the useful properties of the bracket 
[v]. 

Proposition A.12. //x,y, z G A and a,/3 G then 

(i) [•, •] : X X X M upper- semi- continuous, 

(ii) [ax, !5y\ = \P\\x,y\ if a- (3 > 0, 

(iii) [x,ax -\-y]= a\\x\\ + [x,y], 

(iv) [x,y] >Q if and only if \\x -h A^|| > ||a;|| for A > 0, 

(v) |[ar, 2 /]| < \\y\\ and [0,y] = \\y\\, 

(vi) [x,y]>-[x,-y], 

(vii) [x,y + z\ < [x,y] + [x,z]. 

(viii) Let u :]a, 6[— > M and to E]a,b[, such that u is differentiable at to, then t 

||n(t)|| is differentiable at to if and only if [u{to) , u' {to)] = —[u{to),—u'{to)]. 
In this case 

^h{t)W\t=to = [u{to),u'{to)] . 

As a consequence of (iv) of the above proposition we have the following 
characterization of accretive operators. 

Corollary A.13. An operator A in X is accretive if and only if [x — x,y — y] > 0 
whenever {x,y), {x,y) G A. 

In some concrete Banach spaces the bracket [•, •] can be computed explicitly. 
We give some examples. 

Example A.14. Suppose {H, ( | )) is a Hilbert space. Then for x,y e H, 

(Ik + A2/II - Ikll) (||a; + Xy\\ + lk||) = |k + Xyf - |kf = 2A(x|y) + X^\\yf. 
Dividing this equality by A yields 

(Ik + A 2 /II + Ikll)k,2/]A = 2 (x|2/) + A||2/||^, 

and, thus, we find 

lkllk>2/] == kly)- 
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Then, by Corollary A. 13, it follows that: An operator A in H is accretive if and 
only if 

{x -x\y-y)>Q for all {x, y), {x, y) G A. (A.23) 

An operator in a Hilbert space satisfying (A.23) is called monotone and 
therefore in Hilbert spaces monotone and accretive operators coincide. 

Example A. 15. Let X = L^{Q) where 1 < p < oo. By the convexity of the map 
\t\'P, and applying the dominated convergence theorem, it is easy to see that 

[f,g] = ll/llp“^ / signo(/). 

Jn 

In the case p = 1, i.e., for X = we have 

[f^g] = f 9 singo(/) + [ \gl 

The formulas for the bracket given in the above examples are very useful 
to prove that a concrete operator is accretive. Another useful tool to study the 
accretivity of concrete operators is the duality map J : X ^ 2^ , defined as 

J{x):={x^eX* : ||x*||<l, {x,x^) = \\x\\}. 

By the Hahn-Banach theorem, we have J(x) 0 for every x e X. 

Given x* G J{x), since |lx*|| < 1, 

\{x\x-\-Xy)\ < ||x-h Ap|| 

and 

{x*,y) = j {{x*,x + \y) - ||x||) < [x,y]x. 

Hence 

{x\y) < [x,y] V X* G J(x). 

On the other hand, if V" = LIN{x^ y} and we define G V* by 
(^*,o;x + /3p) := a||x|| +^[x,p], 

then, by the Hahn-Banach theorem, there exists x* G X* such that x*\y = so 
(x*,x) = -||x|| and {x\y) = [x,y]. 

Moreover, it is not so difficult to see that ||x*|| < 1, therefore x* G J(x). Conse- 
quently, we have the following result. 

Proposition A.16. For x,p G A, 

[x,y]= max (x*,p). 

x*CiJ{x) 
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As a consequence of the above proposition and Corollary A. 13, we have the 
following characterization of accretive operators. 

Corollary A.17. An operator A in X is accretive if and only if, for {x,y), (x,y) G 
A, there exists x* ^ J{x — x) such that 

{x*,y- y) > 0. 

Example A.18. Let X = L'p{Q) where 1 < p < oo, then by Holder inequality we 
have 

j(/) = signo(/)i/r-i|i/iiy^ 

In we have 

J(/) =sign(/) = {fire L°°(n) : bl < 1, gf=\f\ a.e.} . 

Given it; G M, we define: 

A{w) {A C X X X : A-\-wI is accretive} . 

Proposition A.19. Let A be an operator in X. The following statements are equiv- 
alent: 

(i) A G A{w). 

(ii) (1 - \w)\\x-x\\ < \\x - X \{y - y)\\ V A < 0, {x,y),{x,y) G A. 

(iii) [x - x,y — y] + w\\x — x\\ > 0. 

(iv) For X> 0, Xw < 1, = {I is Lipschitz continuous with Lipschitz 

1 

constant r — . 

1 — Xw 

(v) For {x,y),{x,y) G A, there exists x* e J{x — x) such that 

{x'',y-y)+w\\x-x\\ >0. 



We have that accretivity implies uniqueness of the strong solutions. More 
precisely we have: 

Theorem A.20. Let /, / G L^{0,T; X), A G A{w) and u,u strong solutions of 
u' F Au 3 f , u' + Au 3 f , respectively, on [0,T]. Then 



Ht)-«(0l| <e“'‘lK0)-u(0)||+ \u{s)-u{s)J{s)-f{s) 

Jo L 



ds 



< e 



wt 



|K0)-«(0)||+ f - f{s)\\ ds 

Jo 



for t G [0,T]. 

In particular, the strong solutions of (CP)xj are unique. 
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Proof. For simplicity, we suppose u; = 0, i.e., A is accretive. Since u and u are 
differentiable a.e. in ]0,T[, by (viii) of Proposition A. 12, we have 



dt 



||u(t) - u(i)|| = - [w(i) - 



u(t) - u{t), if{t) - u'{t)) - {f{t) - u'{t)) + if{t) - f{t)) 



for almost all t g]0,T[. 

Moreover, for almost all t g] 0,T[, (u(t),/(t) - u'{t)) G A and {u{t),f{t) - 
u'{t)) G A. Then, by Corollary A. 13 and (vi), (vii) of Proposition A. 12, we get 



u{t) - {fit) - u'{t)) - if{t) - u'{t)) + if{t) - fit)) 

> f«(i) - u{t), if it) - u'it)) - if it) - ti'(i))] - [uit) - u{t), fit) - fit) 

> - - uit),fit) - fit) 



Hence 



d 

Jv 



- u{t)\\ < \u{t) - u(t), f{t) - f{t) 



Prom here, applying Gronwall’s inequality we obtain 

hit) - w(i)ll < ll“(0) - m(0)|| + [ [ti(s) - u(s), /(s) - fis) 

< ||u(0) - u(0)|| + f ||/(s) - /(s)|| ds. 

Jo 



ds 



□ 



We have seen that accretivity of operator A implies uniqueness of the solution 
Xi of the discretized equation 



+ Axi 3 fi, i = l,...,N 

which, if they exist, are given by 

Xi = ^ {ti—ti-i) “I" Xi) i = 1, . . . , N. 

This formula indicates that apart from accretivity one should expect a range con- 
dition (i.e., a condition on R{I -h AA) = D{J^)) to hold in order to get existence 
of a solution as well. This motivates the following definition. 

Definition A.21. An operator A is called m- accretive in X if and only if A is 
accretive and R{I T AA) = X for all A > 0. 
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Applying the Banach fixed point theorem it is not hard to see that if A is 
accretive, then A is m-accretive if there exists A > 0 such that R(I + AA) = X. 

It is easy to see that each m-accretive operator A in X is maximal accretive 
in the sense that every accretive extension of A coincides with A. In general, the 
converse is not true, but it is true in Hilbert spaces due to the following classical 
result of G. Minty [154]: 

Minty Theorem. Let H be a Hilbert space and A an accretive operator in H. 
Then, A is m-accretive if and only if A is maximal monotone. 

One of the most important examples of a maximal monotone operator in 
Hilbert spaces comes from optimization theory; they are the subdifferentials of 
convex functions which we introduce next. 

Let {H, ( I )) be a Hilbert space and cp : H — oo, +oo]. We denote 
D{p) = {x e H : p{x) / +oo} (effective domain). 

We say that p is proper if D{p) / 0. 

p is convexM p{ax-\-{l — a)y) < ap{x)^-{l — a)p{y) for all a G [0, 1] and x,y E H. 
Some of the properties of p are reflected in its epigraph: 

epi{p) {(a:,r) G H xR : r > p{x)}. 

For instance, p is convex if and only if epi((/?) is a convex subset of H\ and p is 
lower-semi-continuous if and only if epi{p) is closed. 

The subdifferential dp of p is the operator defined by 

w G dp{z) p{x) > p{z) + {w\x — z) \/ X G H. 

Observe that 

0 G dp(z) (^(x) > p(z) \/ X G H p(z) = min p(x). 

xeD{ip) 

Therefore, we have that 0 G dp{z) is the Euler equation of the variational problem 

^{z)= min w(a;). 

xeD{(p) 

If {z, w), {z, w) G dp, then p{z) > p{z)-\-{w\z—z) and p{z) > p{z)-\-{w\z — z). 
Adding these inequalities we get 

{w — w\z — z) >0. 

Thus, dp is a monotone operator. Now, if p is convex, lower- semi-co nt inuou s and 
proper, it can be proved that dp is maximal monotone and D{dp) = D{p) (see, 
[58], [32]). 
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As we mentioned in the linear case, the existence and uniqueness of mild 
solutions is equivalent to the requirement that —A be the infinitesimal generator 
of a Co-semigroup. Now, there are classical results connecting this fact with the 
m-accretivity of the operator A, for instance: 

Lumer-Phillips Theorem. —A is the infinitesimal generator of a Co-semigroup 
{S{t))t>o of linear contractions on X if and only if A is linear, m-accretive and 
D{A) = X. Moreover, in this case 



S{t)x = lim A^ X. 

n— ^oo y n J 

A first extension to the nonlinear case of this type of results has been given 
by Y. Komura in [142]. 

Komura Theore m, (i) Let A be a maximal monotone operato r in th e Hilbert space 
H. Then D{A) is a closed convex subset of H and D{S'^) = D{A). 

(ii) Given some closed convex set C C H and a strongly continuous semigroup 
of contractions {S{t))t>o on C, then there exists a unique maximal monotone 
operator A in H such that D{A) = C and S^{t) = S{t) for all t >0. 

This result has been extended to some Banach spaces with good geometri- 
cal properties, but it turns out to be false in general Banach spaces. The good 
extension to nonlinear operators in general Banach spaces was done by Crandall- 
Liggett ([85]) and Ph. Benilan ([40]) at the beginning of the 1970s. In the next 
section we give an outline of this theory. 



A.5 Existence and Uniqueness Theorem 

Suppose A is an operator in X and f G L^(0,T; X). Consider the abstract 
Cauchy problem 



( u' {t) Au{t) 3 f {t) on tG(0,T), 

(CP)xo,f ^ 

[ u(0) = X. 

Definition A.22. An e-approximate solution of (CP)a;o,/ is a solution v of an e- 
discretization Da{0 = to,. . . ,tAr,/i, . . . ,/n) of u' Au 3 f on [0,T] with \\v{0) — 
a;o|| < e. 

It follows from this definition that u is a mild solution of (CP)^;^ j on [0, T] if 
and only if u G C{[0,T]; X) and for each e > 0 there is an e-approximate solution 
v of (CP)xoj such that \\u{t) — t'(^)|| < e on the domain of v. 

Definition A.23. Suppose that for each e > 0 there are e-approximate solutions 
of (CP)xo,/ on [0,T]. We say that the e-approximate solutions converge on [0,T] 
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as e j 0 to G C{[0,T]; X) if there exists a function : [0,+od[^ [0, +oo[ 
with liniejo^(^) = 0 such that \\u{t) — '^’(^)|| < '0(e) whenever e > 0, is an 
e-approximate solution of (CP)xo,/ on [0,T] and t is in the domain of v. 

Theorem A. 24. Suppose that A G A{w), f G L^(0,T;X) and xq G D{A). If the 
problem (CP)xqJ has an e-approximate solution on [0, T] for every e > 0, then 
it has a unique mild solution on [0,T] to which the e-approximate solutions of 
(CP)xqJ converge e j 0. 

This theorem was given by Ph. Benilan in his Thesis ([40]) as an extension 
of the Crandall-Liggett theorem (which corresponds to / = 0). We also have the 
following result. 

Theorem A.25. Let A he an accretive operator in X and let u he a mild solution 
ofu' + Au 3 0 on [0,Tj. Then: 

(i) If V is an e-approximate solution of u' + Au 3 0 on [0, T] with [0, s] in its 
domain, 0 <t <T, and (x,y) G A, then 

\\u{t) — '^^( 5)11 < 2||'u(0) - x\\ -h \\y\\\t — s\ 0 < s,t <T. (A.24) 

(ii) If u is a mild solution of u' + Au 3 0 on [0,T]j then 

\\u{t) - u{t)\\ < ||n(0) - n(0)|| 0 < t < T. (A.25) 

Theorem A.24 tells us that, for accretive operators to have existence and 
uniqueness of mild solutions, it is enough to have existence of e-approximate solu- 
tions for each e > 0. Now, we have seen this is the case for m-accretive operators, 
consequently we have the following result 

Theorem A.26. Let A he an operator in X , f £ L^(0,T; A) and xq G D{A). If 
A -\-w I is m-accretive, then the problem 

u' Au 3 f on [0,T], n(0) = xo 

has a unique mild solution u on [0,T]. 

Recall that 

D{S^) := [x £ X : 3! mild solution Ux of n' + An 3 0 
on (0, + 00 ) with nx(0) = x}, 

and for t > 0 and x £ D{S^), S^{t)x := Ux{t). Prom now on, we denote S^{t) by 
and we call (e“*^)t>o the semigroup generated by —A. 

As a consequence of Theorem A.25, if A is accretive, then (e is a 

contraction semigroup, i.e.. 



e ^"^x - e ^^x\\ <\\x - X 



Vx,xeD(S'^), vt>0. 
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Moreover, by the properties of mild solutions, it is easy to see that D{S^) is closed 
and, by Theorem A. 25, we have that the map 

{t,x) ^ e~^^x is continuous in [0, +oo[xD(5'^). 



As a con sequen ce of Theorem A.26 we have that if A is m- accret ive in A, 
then D{S"^) = D{A) and (e“^^)t>o is a contraction semigroup in D{A). 

Let us see now that in the homogeneous case we can weaken the m-accretivity 
of the operator and get an explicit representation of the mild solution. Suppose 
for the moment that A is m-accretive. Let A > 0 and v be a solution of the 
discretization D^(0, A, 2 A, . . . , NX; 0, . . . , 0) satisfying v{0) = xq. Due to the fact 
that the discretization has a constant step size A, the difference equation for v is 
equivalent to 



i v{t) — xo for - A < t < 0, 

0 forO<l<JVA. 

A 

Moreover, v{kX) = J\v{{k — 1)A) or, iterating 

v{kX) = 4v{0) = J^xo. 



(A.26) 



Then in order to solve (A.26) we only need that D{A) C D{J\) for A > 0 and of 
course the accretivity of the operator A. 

Definition A.27. An accretive operator A satisfies the range condition if D{A) C 
R(I + AA) for all A > 0. 

Theorem A.28. (Crandall-Liggett Theorem) If A is accretive and satisfies the 
range condition, then —A generates a semigroup of contractions {e~^^)t>o on 
D{A) and: 

(i) For Xq e D{A) and 0 <t < oo, 

lim J\Xo = e~^^XQ 
AiO,/cA->t 

holds uniformly for t on compact subintervals o/ [0, oo[. 

(ii) If Xq E D{A), t > 0 and n G N, then 



Jf/r,XQ -e Xq 



<-^|M| + 2||xo 

V ^ 



(A.27) 



for every {x,y) € A. 
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From either (i) or (ii) of the last theorem we deduce 

= lim (i-\--a\ x for x e D{A). (A. 28) 

n-»-oo y n J 

This representation of the semigroup is called the exponential formula 

by analogy with the formula limn^cx)(l + n^)~^ ~ a G C. 

Observe the analogy of (A. 28) with the exponential formula given by the 
Lumer-Phillips theorem for the linear case. Now, there are strong differences be- 
tween the linear and nonlinear cases. For instance, in the linear case, —A is the 
infinitesimal generator of the Co-semigroup and in the nonlinear case 

there are examples of operators A satisfying the assumptions of Crandall-Liggett’s 
theorem, such that the domain of the infinitesimal generator of the semigroup 
(e“‘'^)f>o is empty ([85]). 

Let us give now an example of how to apply Crandall-Liggett’s theorem. 
Example A.29. Consider the nonlinear partial differential equation 

ut{t^x) = A(f{u{t^x)), (t,x) g] 0, oo[xfi, 

< (/?(u(t,x)) = 0 , (t,x) g]0, oo[x5n, (A.29) 

u{0,x) = Uq{x), X G 

where : IR ^ R is a nondecreasing function and ft is a smooth domain in 
R^. This equation is called the Filtration Equation and different elections of 
ip correspond to equations that appear in applications. For instance, if ip{r) = 
|r|"^signo(r), we have, for m > 1, the Porous Medium Equation, which appears 
in the study of a gas flow through a porous medium (see [195]); moreover, this 
equation also appears in models for population dynamics (Curtin and McCamy). 
The case 0 < m < 1 occurs in the theory of plasma, and in this case the equation 
is called the Fast Diffusion Equation. 

To simplify the discussion we will assume that ip G C(R) fl C7^(R \ {0}), 
(/:>( 0 ) = 0 and ip'{s) > 0 for s 7 ^ 0 . 

Associated to the problem (A.29) we consider the operator A in L^(f]) defined 
by 

D{A) := {ueii(Q) : Av?(w)eLi(n)}, 

Au := —Aip{u) for u G D{A). 

We rewrite problem (A.29) as the abstract Cauchy problem 



u'{t) + Au{t) =0 t g]0, +oo[, 
u{0) = Uq. 



(A.30) 
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Since, {u G L^(f2) : (f{u) G D{A)} C D{A)^ where 



Z)(A) = {u € : AuGL'(n)}, 



we have D{A) = Therefore, if we prove that A is m-accretive in for 

each uq G e~^"^uo solves problem (A. 29) in the mild sense, i.e., e~^"^uo is 

the unique mild solution of (A, 30). Let us see that A is m-accretive in L^(fi). To 
see the accretivity of A we need to show that 

0 < [u — u, Au — Au] = / {Au — Au)sigUQ{u -u)-\- \Au — Au\. (A. 31) 

Jq J {u=u} 

To this goal, choose pn G C^(K) with the properties: Pn(0) = 0, |pn(5)| < 1, 

ns 

p'nis) > 0, lim„^ooPn(s) = signo(s) for all s € E (for example, p„(s) = 
s G E). Applying Green’s formula we have 

/ {Au - Au)Pn {(p{u) - (fi{u)) = - / A {ip{u) - (fi{u))p„ {(f{u) - ip{u)) 

Jn Jn 

= / V {ip{u) - ip{u)) ■ V {p„ {if{u) - p{u))) 

Jq 

= I Pn - ¥’(“)) |V (p{u) - p{u))\^ > 0. 

Jq 

Then, letting n — > +oo, we obtain 

/ {Au - Au)signo {p{u) - p{u)) 

Jq 

Now, since p is increasing, 

signo i(p{u) - p{u)) = signo(tt - u). 

Hence, we get 

r 

{Au - Au)signo(u - u) > 0 



> 0 . 






and consequently, (A. 31) holds. 

It remains to prove that for each / G (f]) there exists a (unique) u G D(A), 
such that 

u - Ap{u) = /. (A. 32) 

The proof of (A. 32) is more complicated than the proof of the accretivity and is a 
consequence of a result due to H. Brezis and W. Strauss ([59]). 
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A.6 Regularity of Mild Solutions 

As we have already pointed out, mild solutions may not satisfy any additional 
regularity properties, in general, they can not be interpreted as a solution of the 
Cauchy problem in a pointwise sense, that they are not strong solutions. 

Nevertheless, the question arises naturally whether under certain additional 
assumptions one may obtain more regularity of mild solutions. This will be done 
now. We do emphasize, before this, that even in applications one does not want 
to be limited to strong solutions, since there are important partial differential 
equations which simply do not have strong solutions. 

A basic fact is the following consistence between the accretivity of A and the 
differentiability of mild solutions of u' + Au 3 f. 

Theorem A.30. Let A he an accretive operator in X, f e L^(0,T;X) and u be 

u 

a mild solution of u' + Au 3 f on [0,T]. If u has a right derivative 
T g]0,T[ and 

/ ll/W - 

that is, T is a right Lehesgue point of f, then the operator A given by 

Ax = Ax for X ^ u{r) 

Au{t) = Au{t) U |/(r) - ^ W| 

is accretive. 

Since every m-accretive operator is maximal accretive, as a consequence of 
the above theorem we have the following result. 

Corollary A.31. Suppose A is an m-accretive operator in X, f ^ L^(0,T; A) and 
u is a mild solution of u' + Au 3 f on [0,T]. Then, 

(i) if u is differentiable at t G]0,T[ and t is a right Lebesgue point of f, then 

u'{t) + Au{t) 3 f{t). 

(ii) If u e W^'^{0,T;X), then u is a strong solution of u' Au 3 f on [0, T]. 

Then, the problem is: When is a mild solution in T; A)? 

We denote by BV{0,T\X) the subspace of functions in L^(0,T; A) which 
are of hounded variation, i.e., / € BV{0,T-, X) if / E L^(0,T; A) and 

VM/,r) limsup r" ~ ■^<">11 dr < +c». 

hio Jo h 
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The principal conditions guaranteeing that a mild solution is in T; X) are 

given by the following result. 

Proposition A.32. Let A be an accretive operator in X, f G BV{0^T; X) and 
X G D{A). If u is a mild solution of (CP)xj on [0,T], then u is locally Lipschitz 
continuous on [0,T[. Moreover, if X has the Radon-Nikodym property, then u G 
and consequently u is a strong solution of (CP)xj on [0,T]. 

In the case that the operator is the subdifferential of a convex lower semi- 
continuous function in a Hilbert space, we have good regularity. More precisely, 
we have the following result. 



Theorem A.33. Let H be a Hilbert space and cp : H ^] — oo, -hoc] a proper, convex 
and lower semi- continuous function such that Min ip = 0, and let K := {v G H : 
(p{v) — 0}. Assume f G L^{0,T;H) and uq G D{dip), then the mild solution u{t) 

of 

u' -h dp){u) 3 f on [0, T], u(0) = uq 

is a strong solution and we have the following estimates: 

\W'{t)\\L^s,T-H) ^ \\f\\L^o,T^H) + J \\f{t)\\dt-\--^dist{uo,K) 

for 0 < 5 <T. 



^ T 1 

f \\u'{t)\\Hdt 
Jo j 



< 



/ T \ ^ T 

^ wmftdtj wmfdt (A.34) 



H — ^dist {uq,K) . 
V2 

Moreover, for almost all t G [0,T], we have 
d 



dt 



^p{u{t)) — {h\u'{t)) \f h G d(p{u{t)). 



In the homogeneous case, i.e., / = 0, we have 



(A.35) 



\\J{i)\\L^{6,T-,H) < ^ll^oll for 0 < (J < T. 



(A.36) 



A.7 Completely Accretive Operators 

Many nonlinear semigroups that appear in applications are also order-pre- 
serving and contractions in every L^. Ph. Benilan and M. Crandall introduced 
in [44] a class of operators, named completely accretive, for which the semigroup 
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generated by the Crandall-Ligget exponential formula enjoys these properties. In 
this section we outline some of the main points given in [44]. 

Let /i) be a a-finite measure space and let M($l) denote the space of 
measurable functions from 0 into E. We denote by L{ft) the space 

L{Q) :=L\n) + L^{ny, 

Z/(Q) is exactly the subset of M(Q) on which the functional 

ll^lli+oo — mf{||/||i + ||5f||oo :f,geM{n), f g = u} 

is finite and L{^1) equipped with || ||i+oo is a Banach space. 

Let 



Lo(fi) := {u G L(fJ) : p{{{\u\ > A;}) < oc for fc > 0} 

u G M{Cl) : j (|ii| — k)~^ <00 for A: > 0 
Jn 

Lo(0) is a closed subspace of 1/(0); in fact, it is the closure in L(0) of the linear 
span of the set of characteristic functions of sets of finite measure. Hereafter, Lo(0) 
carries the norm || ||i+oo, it is then a Banach space. With the natural pairing 
{u^v) = JqUv, the dual space of Lo(0) is isometrically isomorphic to 

when in L^'^^(O) is given the norm 

ll^llinoo max{||i/||i, ||^||oo}. 




Given u^v gA^(O), we shall write 

u<^v if and only if / j{u)dx < / j{v)dx (A. 37) 

Jn Jfi 

for all j G Jo, where 



Jo = { j : E — > [0, oo], convex, l.s.c., j(0) = 0} (A. 38) 

(l.s.c. is an abbreviation for lower semi-continuous function). 

Definition A.34. A functional N : M(f]) — >] - oc, -hoo] is normal if N{u) < N{v) 
whenever u <^v. 

A map S : D{S) C M{Cl) — ^ M{Cl) is a complete contraction if it is an N- 
contraction for every normal functional i.e., if 

N{Su - Sv) < N{u - v) for u,v ^ D{S). 
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A Banach space (X, || Hx), with X C M(Q) is a normal Banach space if it has 
the property 

u e V E M(0), V <^u V £ X and ||i;||x < INIIx* (A. 39) 

Simple examples of normal Banach spaces are: I <p < oo and 

Proposition A.35. Let S : D{S) C M(fi) — > M{0) and assume 

u,v £ D{S) and A: > 0 ^ u A {v k) or v V {u - k) £ D{S). (A.40) 

Then S is a complete contraction if and only if it is order-preserving and a con- 
traction for II 111 and || ||oo- 

Definition A.36. Let A be an operator in M(f]). We shall say that A is completely 
accretive if 

u — u<^u-u + \{v - v) for all A > 0 and all {u, v), (u, v) £ A. (A. 41) 
In other words, A is completely accretive if 

N(u — u) < N {u — u-\- \{v — v)) (A.42) 

for all A ^ 0, all ('i/,'^) £ A and every normal functional Af in 
Let 

Po = {p ^ C°°(R) : 0 < p' < 1, supp(p') is compact and 0 ^ supp(p)} . 

The following result, which is a generalization of one due to H. Brezis and W. 
Strauss ( [59] ) , provides a very useful characterization of the complete accretivity. 

Proposition A.37. Let u £ Lq{Q), v £ L{il). Then, 

u <^uy Xv VA>0 / p{u)v >0 V p G Po- 

Jn 

Observe that if p{0) < oo, then Lq{ 0) = L{0) = L^{ft). Consequently, from 
the above proposition we get the following characterization. 

Corollary A.38. Assume that p(f2) < oo. If A C L^(f2) x L^{Q>), then A is com- 
pletely accretive if and only if 

/ p{u — u){v - v) >0 for any p £ Pq, (u, v), (u, v) £ A. (A. 43) 

Jn 

Proposition A.39. Let u £ Lop). Then {v £ Mp) : u <C u} is a weakly sequen- 
tially compact subset of LqP). 
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Definition A.40. Let X be a linear subspace of M{Cl). An operator A in X is 
m- completely accretive in X if A is completely accretive and R{I + A A) = X for 
A>0 

Remark A.41. The above definition does not require X to be a Banach space 
and so does not require A to be m-accretive in any Banach space. However, if 
A is completely accretive, then it is accretive in L{Q) and if A is m-completely 
accretive in a subspace X of L(Q), then the closure A of A in L(f2) is completely 
accretive and m-accretive in the closure X of X in L(fi). We also note that if A 
is completely accretive in a subspace X of M{Cl) and R{I + AA) = X for some 
A > 0, the only completely accretive operator B in X which extends A is A. 

Proposition A.42. Let X be a normal Banach space, X C Lo(0), and A be a 
completely accretive operator in X. Then, if there exists A > 0 for which i?(/+AA) 
is dense in Lq{Q>), then the operator A^ Afl(XxX) is the unique m-completely 
accretive extension of A in X. 

Definition A.43. Let A be an operator in Lq{Q,). Then A° is the restriction of A 
defined by 

V e A°u 4=^ V e Au and v w w e Au. 

In the case X is a normal Banach space and A is m-completely accretive in 
X, by Crandall-Ligget’s theorem, A generates a contraction semigroup in X given 
by the exponential formula 

/ t X 

= X - lim ( I H — A ) uq for any uq G D{A) . 
n— >-oo y n J 

Now, since A is m-completely accretive in X endowed with the norm of L{Q), we 
also may consider the semigroup on D{A). We have the following relation 
between these two semigroups. 

Proposition A.44. Let X be a normal Banach space and A an m-completely ac- 
cretive operator in X. Then, we have 

(i) e~^^ is a complete contraction for t > 0. 

(ii) is the restriction of e~^^ to D{A) and e~^^ is the closure of e~^^ in 

L(n). 

(iii) e-'^(B(A)nX) C B(A)nX. 

As a consequence of (iii) of the above proposition, if we denote by S"^{t) the 
restriction of to Z)(A) fiX, we have S^{t) is given by the exponential formula 

S^{t)u = L{9)- lim (i+-a) u for ueD(]4)nX. 

n— >oo \ n J 
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Theorem A.45. Let X be a normal Banach space with X C Lq{ 0) and A an 
m- completely accretive operator in X. Then, we have 

(i) D{A) = {u G D(I) n X -.3veX s.t. - <C v for small f > o}. 

(ii) S^{t)D{A) c D{A) for t > 0. 

(iii) If u ^ D{A), then 

U - S^{t)u r . n A A 

<^v for f > 0 and v E Au 



and 



i(Si) - lim 

^ ^ t-^0 t 



-A^u. 



Corollary A.46. Assume that p{0) < oo. If A C L^{0)xL^{0), is an m-completely 
accretive operator in then for every uq E D{A), the mild solution u{t) = 

e~^"^uo of the problem 

du 

-— + Aii 3 0, t/(0) == U{) (A. 44) 

dt 

is a strong solution. 

The following result is a variant of the regularizing effect of the homogeneous 
evolution equation obtained in [43] in the m-completely accretive case. 

Theorem A. 47. In addition to the assumptions of Theorem A.45, assume that A 
is positively h omoge neous of degree 0 < m ^ 1, i.e., A{Xu) = X^Au foru E D{A). 
Then for u E D{A) fl X and t > 0, we have S^{t)u E D{A) and 



A^S^{t)u\ 



< 2 



1^1 

m — l\t' 



To finish we summarize the following results about the completely accretive 
subdifferentials. Let X be a linear subspace of M(0) and ^ : X — oo, Too]. We 
define the operator in X by 

V E dx^{u) u E D{^), V E X and 

^{w) — ^{u) > ( (w — u)v for weX with {vu — u)v E L^{Q). 

, Jq 

For example, if X C L‘^{Q) and D{^) / 0, then dx^ coincides with the 
subdifferential in of the extension ^ of $ to L‘^{Q) which is Too on \ 

X. 
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Lemma A.48. Let X C Lq{Q) he a normal Banach space and $ : X ^] — oo, +oo]. 
Assume that 



^{u + p{u — u)) + ^{u — p{u — u)) < ^{u) + $(u) (A. 45) 

holds for u^u e X and p G Pq. Then is completely accretive. 

As one expects from the classical Hilbert space theory, in order to get the 
range condition for the operator one needs lower-semi-continuity of the func- 
tional If $ : X — >] — 00, H-oo] and X is a Banach space, we will denote by 
the functional defined by 

liminf {^{w) : w e X and ||ic - u\\ < r} . 

r|0 

is the Ls.c. envelope of It is clear that is a l.s.c. functional on X, 

< $, D{^^) C D{^) and for 6 X, ^^{u) = ^{u) if and only if $ is l.s.c. 
in X at the point u. 

Lemma A.49. Let X be a normal Banach space with X C LQ{fl), $ : X ^ 
] - 00 , +oo] and be the Ls.c. envelope of ^ in X. If L^{Q.) n L"^{Q,) is dense 
in X and (A. 45) holds, then is an extension of dx(j>- 

Theorem A.50. Let X be a normal Banach space with L^(Q) fl L^(f^) dense in X 
and ^ : X — >] — oo, H-oo]. Assume that (A. 45) holds, 0 € 9x^(0) and $ is l.s.c. 
for the topology of X LP‘{Q). Then the closure in X of dx^ is m-completely 
accretive in X. 




Appendix B 

Functions of Bounded Variation 



Due to the linear growth condition on the Lagrangians associated with the 
problems we study in this monograph, the natural energy space to study them is 
the space of functions of bounded variation. In this appendix we collect some basic 
results of the theory of functions of bounded variation. For more information we 
refer the reader to [10], [25], [110], [122], [209] 



B.l Definitions 



Throughout this chapter, ft denotes an open subset of 

Definition B.l. A function u G whose partial derivatives in the sense of 

distributions are measures with finite total variation in Q. is called a function of 
hounded variation. The vector space of functions of bounded variation in D is 
denoted by BV{Q). Thus u G BV{Q) if and only if u G L^(Q) and there are 
Radon measures /ii, . . . , /iAr with finite total mass in 0 such that 

[ u^^dx = - [ ifdfii \/(f G i = I, . . . ,N. 

Jn JQ 

U u G BV{Q,)^ the total variation of the measure Du is 

\\Du\\ = sup I J udiv{(l)) dx : (f) G \(j){x)\ < 1 for x G . 

The space BV{Q), endowed with the norm 

is a Banach space. If u G BV{il), the total variation \\Du\\ may be regarded as a 
measure, whose value on an open set U CQ. is 

\\Du\\{U) — sup I [ udiv{(j)) dx : (f) G |</>(x)| < 1 tor x G U 
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We also use 

f \\Du\\ 

Ju 

to denote \\Du\\{U). 

For u e BV{fl), the gradient Du is a Radon measure that decomposes into 
its absolutely continuous and singular parts 



Du = D^u + D^u. 



Then D^u = VuC^ where Vu is the Radon-Nikodym derivative of the measure 
Du with respect to the Lebesgue measure . There is also the polar decomposi- 
tion D^u = D^u\D^u\ where \D^u\ is the total variation measure of D^u. 

The total variation is lower semi-continuous. More concretely, we have the 
following result. 

Theorem B.2. Suppose that Ui e BV{Q), i = 1 , 2 ,..., and ui ^ u in LLm- 
Then 

\\Du\\{fl) < liminf ||Du^||(fi). 

i^oo 

We say that u G is locally of bounded variation if <pu G BV{Cl) for 

any ip G We denote by BVioc{^) the space of functions which are locally 

of bounded variation. 

Here and in what follows we shall denote by the Hausdorff measure of 
dimension ol in . In particular, denotes the (A^—1) -dimensional Hausdorff 

measure and , the A^-dimensional Hausdorff measure, coincides with the (outer) 
Lebesgue measure in . Given any Borel set B C R^ with TL^{B) < oo, we 
denote by L B the finite Borel measure xbTL^, i-^-, = H'^[B fi C) 

for any Borel set C C R^ . We recall that 



n^{BnB(x,r)) 

hm ^ ^ 

r^0+ 



for W^-a.e. X G \ B (B.l) 



holds whenever B C R^ is a Borel set with finite A;-dimensional Hausdorff measure 
(see for instance §2.3 of [110]). 



B.2 Approximation by Smooth Functions 

Theorem B.3. Assume that u G BV{D). There exists a sequence of functions 
Ui G C^{D) n BV{D) such that 

(i) Ui u in L^{D); 

(ii) ||D^Xi||(fl) ^ ||Dix||(Q) as i oo. 
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Moreover, 

(iii) ifue BV {Q) n {Q.) , q < oo, we can find functions Ui such thatUi G 

and Ui ^ u in L^(0); 

(iv) ifue BV {ft) n {Q) , we can findui such that ||itiHoo £ Halloo dndui u 

in {ft) -weakly* . 

Finally, 

(v) if dft is Lipschitz continuous one can find U{ such that 

Ui\dn=u\dQ for all i. 

Theorem B.4. Assume that u G BV{ft). There exists a sequence of functions 
Ui G C^{ft) n BV{ft) such that 

(i) Ui u in L^{ft); 

(ii) ifU CC ft is such that \\Du\\{dU) — 0, then 

lim \\Du,\\{U) = \\Du\\{U). 



Moreover, if u E L^{ft), 1 < q < oo or u e L^{ft), one can find Ui satisfying (iii) 
or (iv) , respectively, of the above result. 

Definition B.5. Let Ui,u G BV{ft), i = 1,2, We say that Ui strictly converges 

to u in BV{fl) if both conditions {i), {ii) of Theorem B.3 hold. 

Definition B.6. Let Ui,u ^ BV{ft), i = 1,2, We say that Ui weakly* converges 

to u in BV {ft) iiui ^ u in L]^^{ft) and Dui weakly* converges to Du as measures 
in ft. 

Remark B.7. BV {ft) is the dual of a separable space and, at least for sufficiently 
regular domains, the convergence of Definition B.6 coincides with the weak* con- 
vergence in the usual sense. The predual oi BV {ft) can be described as a quotient 
space ^ where E = Co{ft)^~^^, Co{ft) being the space of functions vanishing at 
the boundary of ft, i.e., the closure of C^{ft) with respect to the uniform norm, 
and F being the closure in E of the space 



{(0o,(/)i,...,07v) : (fi G C^{ft), and 0o = div (</)i, . . . , 07v)} . 



Indeed, if S : BV{ft) E* is the map defined by 




then S{BV{ft)) is isomorphic to {§)*. 
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Proposition B.8. Ifui^u G BV(yt). Then Ui ^ u weakly* in BV(fl) if and only if 
{ui} is bounded in BV{n) and converges to u in Moreover, if 

\\Dui\\{fl) — > ||Dw||(r2) as i oo, 

and we consider the measures 

= [ Dui, ti{B) = [ Du, 

JBnn JBnQ 

for all Borel sets B C , then pi ^ p weakly* as (vector valued) Radon measures 
in 

Theorem B.9. If (uk) C BV{Q.) strictly converges to u and f : R^ R 
continuous and l-positively homogeneous, we have 

for any bounded continuous function (j) : Q R. As a consequence 
/ weakly* converge in to / 

In particular, ||-Dttfc|| — ^ ll^^ll 'weakly* infl. 

B.3 Traces and Extensions 

Assume that fl is open and bounded with dfl Lipschitz. We observe that 
since dfl is Lipschitz, the outer unit normal v exists TL^~^ a.e. on dfl. 

Theorem B.IO. Assume that Q is open and bounded, with dfl Lipschitz. There 
exists a bounded linear mapping 

T: BV{Cl) L\dn,n^-^) 

such that 

/ udiv{(f) dx = — / (f-dDu-\- / (f ■ uTudH^~^ 

Jn Jn Jdn 

for all u e BV{Vt) and ip G C^{R^ ,R^). Moreover, for any u G BV{Ct) and for 
a.e. X G dCl, we have 

lim r~^ / \u - Tu{x)\dy = 0. 

JB{x,r)nQ 

Theorem B.ll. Let Q be an open bounded set, with dft Lipschitz. Then the trace 
operator u Tu is continuous between BV[fl), endowed with the topology induced 
by the strict convergence, and L^{dfl,H^~^ I Sfi). 
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Theorem B.12. Assume that is open and bounded, with dfl Lipschitz. Let u\ G 
BV{n), U2 G BV{R^\n). We define 



v[x) = 



ui{x) if X e 0^, 

U 2 {x) if X e \ n. 



Then v G BV{R^) and 



IID^II(R^) = ||Dui||(n) + pW2||(M^ \^)+ \Tui - Tu2\dH^ 

Jan 



In particular, if 



Eu{x) = 



u{x) if a: G 
0 if a: G R^ \ fi, 



then Eu G BV{R^) provided u e BV{fl). 



B.4 Sets of Finite Perimeter and the Coarea Formula 

Definition B.13. An measurable subset E of has finite perimeter in fl if 
Xe G BV{Q). The perimeter of E in Q is P{E,Q) = ||T)X£;||(0). 

We shall denote the measure ||T^X£;|| by \\dE\\ and P{E,R^) by Per(E). 

Theorem B.14. Let E be a set of finite perimeter in fl and let DXe = 

be the polar decomposition of DXe- Then the generalized Gauss-Green formula 

holds 



^ div{(p)dx = - [ {uE,T)d\\DXE\\ 
E Jn 



for all (f G Cq{Q,1 



Theorem B.15 (Coarea formula for BV-functions). Let u G BV{fl). Then 
(i) Eu^t {x G 0 : u{x) > t} has finite perimeter for a.e. t eR and 



/ oo 

P{Eu,u^)dt. 

-OO 

(hi) Conversely, if u e L^(fi) and 



P{Eu^t,f^)dt < 00 , 



then u G BV{Q.), 
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We need to consider the truncations a < b (see Section 3.6) 

Proposition B.16. If u e BV{fl) and f : R R is a Lipschitz function, then 
f{u) G BV{Q). In particular, Ta^h{u) G BV{Q) and we have 

\\DTaAu)m) = f P{Eu^ufl)dt. 

J a 

The next proposition follows from Theorem B.15 and Proposition B.16. 

Proposition B.17. If u E BV{fl), then Tk{u),Gk{u) G BV{Q.) where Gk{r) = 
r — Tk{r), fc > 0,r G M. Moreover, 

\\Du\m) = pT,(^)||(fi) + \\DG,{u)\m 

for any k>0. 

B.5 Some Isoperimetric Inequalities 

Theorem B.18 (Sobolev inequality). There exists a constant G > 0 such that 

for allueBV{R^). 

If u G T^(f)), the mean value of it in Q is 

Theorem B.19 (Poincare inequality). Let Q be open and bounded with dCl Lips- 
chitz. Suppose that Ll is connected. Then 

[ \u-un\dx<C\\Du\\{Q) \/ueBV{n) 

Jn 

for some constant G depending only on Q. 

Theorem B.20 (Isoperimetric Inequality). Let > 1. For any set E of finite 
perimeter in R^ either E or R^ \ E has finite Lebesgue measure and 

mm{C^{E),C^{R^ \E)} < (7[Per(E)]^ 

for some dimensional constant C. 

Theorem B.21 (Embedding Theorem). Let fl be open and bounded, with dft Lip- 
schitz. Then the embedding BV{Ll) — ^ is continuous and BV{Q) 

L^{Q) is compact for all! <p < 

The continuity of the embedding of Theorem B.21 and Theorem B.19 imply 
the following Sobolev- Poincare inequality 

||«-Wfi||p < (^||£>w||(f^) Vug W(Q), 1 <p< ^ (B.2) 

for some constant G depending only on fl. 
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B.6 The Reduced Boundary 

In this section we assume that is a set of finite perimeter in 
Defiimtion B.22. Let x £ R^. We say that x £ d*E, the reduced boundary of E, if 



(i) ||DX£;||(5(a;, r)) > 0 for all r > 0, 

rNfw.. ^\\ [ i^Ed\\dE\\=nE{x),and 

r- 0 + C^{B{x,r)) Jb{x,t) 

(iii) \ue[x)\ = 1. 

According to the properties of the Radon-Nykodym derivatives, we have 



\\dE\\{R^ \d*E) = 0. 

Definition B.23. For each x G d*E, we define the hyperplane 
H{x) = {y £R^ : ve{x) ■{y-x) = 0} 

and the half-spaces 

= {y e R^ : nsix) ■(y-x)>0}, 



H (x) = {y € R^ : nsix) • (y - x) < O} . 

Proposition B.24. Assume x G d*E. Then 

iim 



(B3) 



lim 

r— > 0 -t- 



£^((S(x,r)\£;)nH-(x)) 



= 0 , 



(B.4) 



and 



r— ^ 0 + ^ 



= 1, 



where uon-i denotes the volume of the unit ball in ^ 



(B.5) 



Definition B.25. A unit vector for which (B.3) and (B.4) hold is called a 

measure theoretic unit outer normal to at x. 



Theorem B.26 (Structure theorem for sets of finite perimeter). Assume that E 
has locally finite perimeter in 
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(i) Then 

oo 

d*E =\jKkUN, 

k=l 

where 

\\dE\m=Q 

and Kk is a compact set of a -hypersurf ace Sk, A: = 1, 2, — 

(ii) Furthermore, i^ElSk normal to Sk, k = 1,2, . . and 

(iii) \\dE\\=H^-^L_d^E. 



For a Lebesgue measurable subset E C and a point x G the upper 
and lower densities of at x are respectively defined by 



D{E, x) := limsup 

r^0+ 



C^{EnB{x,r)) 

C^{B{x,r)) 



DIE, x) liminf 

r— >0+ 



C^{Er\B{x,r)) 



C^{B{x,r)) • 

If the upper and lower densities are equal, their common value will be called 
the density of x at E and it will be denoted by D{x,E). We shall use the word 
measurable to mean Lebesgue measurable. 

Using densities we can define the essential interior K , the essential closure 
E and the essential boundary d^E of a measurable set E as follows: 

E"^ :={x-.D{x,E) = l}, e"^ ■- {x :D{x,E) >0} (B.6) 



d^E := n \ £;“ = {x : D{x, E) > 0, D{x, R^\E)>0}. (B.7) 

Notice also that by the Lebesgue differentiation theorem the symmetric difference 
E AE is Lebesgue negligible, hence the measure theoretic interior of E is E 
(in this sense E is essentially open), and also that 



d^E - \ 



E"" U 



r>N 



\E 



Proposition B.27. We have d*E C d^ E and 

Theorem B.28. Let E C a set of locally finite perimeter. Then 

for each compact set K C R^ . Furthermore, for a.e. x G d^ E, there is a 

unique measure theoretic unit outer normal such that 

f div{(f)dx= f ip-PEdH^~^ 

Je Jd^E 

for allipeC^(R^,R^). 
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B.7 Connected Components of Sets of Finite Perimeter 

This section reviews some results on the decomposition of sets of finite 
perimeter into connected components, and we shall follow [9]. 

To simplify, the Lebesgue measure of a Lebesgue measurable set E C 
will be denoted by \E\. Given A, B C we shall write E\ — E 2 (mod H^) if 
H^{Eil^E 2 ) = 0, where E 1 AE 2 = (^1 \^2) U (E 2 \Ei) is the symmetric difference 
of El and E2. We will use an analogous notation for the inclusion and in some 
cases, in order to simplify the notation, the equivalence or inclusion (mod H^) 
will be tacitly understood. 

Let E C R^ be a set with finite perimeter. We say that E is decomposable 
if there exists a partition (A, B) of E such that Per(£') = Per(A) + Fer{B) and 
both 1^1 and \B\ are strictly positive. We say that E is indecomposable if it is not 
decomposable; notice that the properties of being decomposable or indecompos- 
able are invariant (mod H^) and that, according to our definition, any Lebesgue 
negligible set is indecomposable. It was proved in [9] that any connected open set 
C R^ satisfying < 00 is indecomposable. 

The following decomposition theorem was proved in [9] ; a similar decompo- 
sition result for integer currents is stated in 4.2.25 of [113]. This result has also 
been used in G. Dolzmann and S. Muller ([101]) and B. Kirchheim ([139]) to prove 
Liouville type theorems for a class of partial differential inclusions. 

Theorem B.29 (Decomposition theorem). Let E be a set with finite perimeter in 
R ^ . Then there exists a unique finite or countable family of pairwise disjoint in- 
decomposable sets {Eiji^i such that \Ei\ > 0 and Per(E) = Per(E^). Moreover 

^ y = 0 (B.8) 

and the Ei ’s are maximal indecomposable sets, i.e. any indecomposable set F C E 
is contained (mod 1~L^) in some set Ei. 

Definition B.30 (M-connected components). In view of the previous theorem, we 
call the sets E{ the M-connected components of E and denote this family by CC^ . 

Notice that CC^ (E) = 0 whenever E is Lebesgue negligible and by the results 
in [9] we have 

d^Fcd^E (modn^-^) for any FgCC^(^). (B.9) 

The family CC^ {A) coincides with the family of connected components of 
A for any sufficiently regular open set A] moreover for any Lipschitz function u : 
R^ ^ R almost every upper level set {u > A} has this (weak) regularity property. 
In general an open indecomposable set needs not be connected: for instance a disk 
without a diameter is disconnected but indecomposable. 
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Theorem B.31. Let A C be an open set such that ^{dA) = ^{d^A). 

Then CC^{A) coincides with the family of connected components of A. 

B.7.1 Holes, saturation, simple sets 

The decomposition theorem leads to reasonably good definitions of “hole” 
and “saturation” for a set of finite perimeter. These concepts permit us to recover 
a canonical decomposition of the measure theoretic boundary. 

Definition B.32 (Holes, satmation). Let E be an indecomposable set. We call any 
M-connected component of \ E with finite measure a hole of E. We define the 

saturation of E, denoted by sat(£'), as the union of E and its holes. In the general 
case when E has finite perimeter, we define 

sat{E) := |^sat(£^i), where CC^ (E) = {Ei}i^j. 
i£l 

We call E saturated if sat(E') = E. 

Definition B.33 (Simple sets). Any indecomposable and saturated subset of 
will be called simple. 

Notice that the only simple set with infinite measure is R^ and that the 
saturation of any indecomposable set E is simple (actually, the smallest simple set 
containing E) ([9]). 

B.7.2 Description of sets of finite perimeter in terms of their 
boundary 

In general a decomposition in M-connected components does not lead directly 
to a canonical decomposition of the boundary. This goal can be achieved by looking 
to the saturations and to the holes of all M-connected components of E. 

Definition B.34 (Exterior). If E C R^ has finite perimeter and IE"! < oo, we call 
the unique (mod H^) M-connected component of R^ \ E with infinite measure 
the exterior of E^ denoted by ext{E). 

Notice that the notion of exterior makes sense only if |£^| < cx), due to the 
fact that R^ \ E has finite measure if Fev{E) < oc and \E\ = oc. 

Definition B.35 (Jordan boundary). We say that a set J is a Jordan boundary if 
there is a simple set E such that J = d^E (mod 

According to [9], the simple set E associated to a Jordan boundary J is 
unique. In this sense, J can also be thought as an oriented set, with the orientation 
induced by the generalized inner normal to E. We shall write int(J) = E and 
ext(J) = R^ \ E; notice that ext(J) ext{E). 
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In order to simplify the following statements we enlarge the class of Jordan 
boundaries by introducing a formal Jordan boundary whose interior is and 
a formal Jordan boundary Jo whose interior is empty; we also set = 

= 0 and denote by S this extended class of Jordan boundaries. This 
permits us to consider at the same time sets with finite and infinite measure and 
we can always assume that the list of components (or holes of the components) is 
infinite, possibly adding to it infinitely many int(Jo). 

Proposition B.36. Let E be indecomposable and let be its holes. Then 

E = sat(E) \ IJ = sat(E) n p| ext(ri) (B.IO) 

iei iei 

and 

Per(£;) = Per(sat(£)) + Yi, (B-H) 

i€l 

Conversely, let F be simple and let {Gi}iei be indecomposable sets such that 

£ = F\|jGi (B.12) 

iei 



and 

Per{E) = Per(F) + Y Per(G,). (B.13) 

iei 

Then, F = sat(J^) and {Gi}i^i are the holes of E. 

Theorem B.37 (Decomposition of d^E in Jordan boundaries). Let E C be a 

set of finite perimeter. Then, there is a unique decomposition ofd^E into Jordan 

boundaries : i, /c G N} C S, such that: 

(i) Given int(J+), int(J^); i ^ k, they are either disjoint or one is contained 
in the other; given int(J~), int(J^), i ^ k, they are either disjoint or one is 
contained in the other. Each int(J“) is contained in one of the int(J^). 

(ii) Per(E) = 

(iii ) //int(J+) C int{J^), i ^ j, then there is some Jordan boundary J^ such that 
int(J^^) C int(J^) C int(J^^). Similarly, if int{J~) C int(J~), i ^ j, then 
there is some Jordan boundary J^ such that int(J~) C int(J^) C int(J“). 

(iv) Setting Lj = {i : int(J~) C int(J^^)}, the sets Yj = mt(J^) \ int(J“) 
are pairwise disjoint, indecomposable and 

Theorem B.38. Let {j^ , Jjf : i, k e N] C S satisfy the conditions (i), (iii) of 

Theorem B.37 and assume 
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(ii') each two different Jordan boundaries of the system {J^^, fc > 0} are 

disjoint (mod 

(iv') Per( ) + Efe Per( Jfc ) < oo. 



Let E = IJ^- Yj , where 

Yj :=int(J+)\ |J int(J“). 

ieLj 

Then, E is a set of finite perimeter and d^E = IJ- U IJ^r. (mod 

B.7.3 Indecomposability and Jordan curves in the plane 

We say that F C is a Jordan curve if F = 7 ([a, 6]) for some a, 6 G M 
(with a < b) and some continuous map 7, one-to-one on [a, 6) and such that 
7(a) = 'jib). In a more geometric language, F can be viewed as the image of a 
continuous and one-to-one map defined on the unit circle SF According to the 
celebrated Jordan curve theorem any Jordan curve F splits \ F in exactly two 
connected components, a bounded one and an unbounded one, whose common 
boundary is F. As for Jordan boundaries, these components will be respectively 
denoted by int(F) and ext(F). 

Theorem B.39. Let E be a subset of finite perimeter. Then, there is a unique 
decomposition of d^E into rectifiable Jordan curves 

{C^,C^ :i,ken} cS, 



such that: 

(i) Given int(CF), int(C^), i ^ k, they are either disjoint or one is contained 
in the other; given int(C“), int(C^), i ^ k, they are either disjoint or one 
is contained in the other. Each int(C“) is contained in one of the int(C^). 

(ii) Yev{E) = Y.^n\Ct) + T.k^\C^). 

(iii) //int(C7c int(C^), i 7^ j, then there is some rectifiable Jordan curve 
such that int(C^^) C int((7^) C mt{C^). Similarly, if ini (C~) C int(C~), 
i 7^ j, then there is some rectifiable Jordan curve such that int(C“) C 
int(C^) C int(7-). 

(iv) Setting Lj = {i : int(C“) C int(C^^)}, the sets Yj = int(Cj^)\|J-^^^. int((7“) 
are pairwise disjoint, indecomposable and E = |J^- Yj . 

The next result characterizes the M-connected components (or, better, suit- 
able representatives in the equivalence class (mod by the classical topological 
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property of connectedness by arcs. For that, we need another definition of bound- 
ary which, more than 5^, is suitable for the analysis of connected components. 
For any set E with finite perimeter in let us define 



d^E:= 



\x e E^ : lim sup 

I r-.0+ 



n^-\d^EnB{x,r)) 




Notice that the relative isoperimetric inequality, together with a continuity argu- 
ment, gives that d^E C d^E (see [9]); however (B.l) guarantees that H^~^{d^E\ 
d^E) = 0, hence P{E) - H^-\d^E) still holds. 

Theorem B.40 (Indecomposability and connectedness by arcs). Let E C E^ be a 

set of finite perimeter and let {Ei}i^j = CC'^iE). Then, E"" \d^E is the disjoint 
union ofE^^ \d^E and x^ y e E \d^E belong to the same M -connected component 
Ei of E if and only if there exists a rectifiable curve F joining x to y contained in 
E \d^E. Moreover, for any (5 > 0, F can be chosen so that 

H\r)<\\x-y\\ + Pev{E^) + 6. 

In particular the sets E^ \d^E are connected. 




Appendix C 

Pairings Between Measures and 
Bounded Functions 



In this appendix we give some of the main points of the results about pairing 
between measures and bounded functions given by G. Anzellotti in [25] (see also 
[141]). 



C.l Trace of the Normal Component of Certain Vector 
Fields 



It is well known that summability conditions on the divergence of a vector 
field z in Q. yield trace properties for the normal component of z on dil. In this 
section we define a function [z^u] £ L^{dfl) which is associated to any vector field 
z G such that div(z) is a bounded measure in Q. 

Let Q be an open set in N > 2, and I < p < N, < q < oo. We 
shall consider the following spaces: 



BV{Q)q 


:= BV{Cl)r\L^Q) 


BV(n)c 


:= w(fi)ni°°(0)n 


x{n)p 


:= {zeL°°{n,R^) : 


x{n)^ 


:= {z€L°°{n,m^) : 



c{n) 

div(z) G LP{Q)} 

div(z) is a bounded measure in Q}. 



In the next theorem we define a pairing {z^u)qq^^ for z G and u G 

BV{Q)c^ We need the following result, which can be easily obtained by the same 
technique that Gagliardo uses in [114] in proving his extension theorem L^{dQ) 
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Lemma C.l. Let ^ he a bounded open set in with Lipschitz boundary. Then, 
for any given function u G L^(dQ) and for any given e > 0 there exists a function 
such that 

w\dn = u, 

[ \Vw\dx< [ \u\dn^-^Fe, 

Jq Jan 

w{x) 0 if dist(x, > 6. 

Moreover, for any fixed 1 < g < oo, one can find the function w such that 

lkll<J < €• 

Finally, if one has also u G L^{dQ), one can find w such that 

Halloo ^ ll'^llcXD* 

Theorem C.2. Assume that Q C is an open bounded set with Lipschitz bound- 
ary dQ. Denote by iy{x) the outward unit normal to dVl. Then there exists a bilinear 
map {z,u)dn : x BV{D)c IR such that 



dn 



N-l 



if zeC^{n,] 



dTL^ ^ for all z.u. 



(C.l) 

(C.2) 



{z,u)dQ= / u{x)z{x) • jy{x) 

Jan 

\{z,u)dQ\ < Halloo / 

Jan 

Proof For u G BV{Ft)c H and 2 ; G X{Cl)^, we define 

{z^u)an'= / udW{z)dxF / z-S/udx. 

Jn Jn 

We remark that if u,v e BV{Q)c fl and u = v on dfl, then one has 

{z,u)dn = {z,v)an for all 2 G 

In fact, by standard techniques in Sobolev spaces theory, we can find a sequence 
of functions gi G V{D) such that, for all z G one has 

{z,u — v)dn — / {u — v) div{z) dx F / Z'V{u — v)dx 
Jn Jn 



lim 

i-^00 



/ Qi div(z) dx F / z • Vpi dx ] =0. 

Jn Jn 



Now, we define {z,u)dn for all u G BV{Q)c by setting 



{z,u)dQ = {z,w)dn^ 
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where w is any function in BV{fl)c H such that u — w on dfl. This is a 

valid definition, in view of the preceding remark and because of Lemma C.l. 

To prove (C.2), we take a sequence Un G BV{Q)c H C^{Q) converging to u 
as in Theorem B.3 and we get 



|(z,'u)^q1 — I (-2^5 I ^ 



/ Undiv{z)dx + ll^^lloo / |V 

Jn Jn 



7Un \ dx 



for all 2: and for all n. Hence, taking the limit when n 00 we have 



\{z,u)dn\ < 



/ udiv{z)dx +||z||oo / ll^^ll- 

Jn JQ 



Now, for a fixed 6 > 0 we consider a function if; as in Lemma C.l. Then 

\{^^u)dn\ = \{z,w)oQ\ <\\w\\oo |div(2:)| -h ||2:||oo( / \u\dxFe], 

Jn\n^ \ Jon / 

where = {x e fl : dist(x,(90) > e}. Since div(2:) is a measure of bounded 
total variation in 

lim / |div(2;)| dx = 0. 

Consequently, (C.2) holds. □ 



Theorem C.3. Let Q be as in Theorem C.2. Then there exists a linear operator 
7 : X{Q)^ L^{dQ) such that 

||7(^)lloo < Pllcx), (C.3) 

{z,u)dct = [ ^{z){x)u{x)dTL^~^ for all uEBV{Q)c, (C.4) 

Jon 

7(z)(x) = z{x) • iy{x) for all x G dO, ii z e (7^(0, R^). (C.5) 

The function 7(2:) is a weakly defined trace on dQ of the normal component 
of z. We shall denote 7(2:) by [z^u]. 

Proof. Take a fixed z G Consider the functional F : L"^{dfl) R defined 

by 

F{u) := {z,w)on, 

where w G BV{fl)c is such that w\q^ — u. By estimate (C.2), 

|f(«)|<NloolHli. 

Hence there exists a function 7(2) G L^{dfl) such that 

F(u) = f 'y{z){x)u{x) dH^~^ 

Jan 

and the result follows. □ 



Obviously, X{Tl)p C X(fi)^ for all p > 1 and the trace [z, u] is defined for all 
z G X(fV)p. 
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C.2 The Measure ( 2 , Du) 

Approximating by smooth functions and applying Green’s formula, the fol- 
lowing result can be deduced easily. 

Proposition C.4. Let be as in Theorem C.2 and 1 < p < oo. Then, for all 
z e X{Q,)p and u G fl L^' {Q), one has 



/ udiy{z)dx-\- / Z’Vudx= / [z,z/] 

Jn Jn Jdn 



lAudH 



N-l 



(C.6) 



In the sequel we shall consider pairs {z,u) such that one of the following 
conditions holds 



(" a) u e BV{Q)pf, z G X{Q.)p and 1 < p < N; 
6) u G jBV^(0)oo5 ^ ^ 
c) ue BV{rt)c, Z G X{Q)p. 



(C.7) 



Definition C.5. Let z,u be such that one of the conditions C.7 holds. Then we 
define a functional (z, Du) : T){Q>) ^ M as 

{{z , Du) , cp) := — / u(pdiv{z)dx— / uz-Vipdx. 

Jn Jn 

Theorem C.6. For all open sets U cD and for all functions ip G D{U), one has 
|((2:,Dw),y3)| < sup||y>||oo || 2 ||l~(c/) [ \\Du\\, (C.8) 

JU 

hence (z,Du) is a Radon measure in D. 

Proof Take a sequence G C^{fl) converging to as in Theorem B.4. Take 
(p G D{U) and consider an open set V such that supp((/?) C V CC U. Then 



\{{z,DUn),<p)\ < SUp||v?|| OO 

Jv 



for all n G N. 



From here, taking the limit as n ^ oo, the result follows. □ 

We shall denote by \{z,Du)\ the measure total variation of {z,Du) and by 

/ 1 ( 2 ;, Du)\, / {z, Du) the values of these measures on every Borel set B C 0>. 

J B J B 

As a consequence of the above theorem, the following result holds. 

Corollary C.7. The measures {z,Du), \{z,Du)\ are absolutely continuous with re- 
spect to the measure \\Du\\ and 

f (z,Du) < [ \{z,Du)\ < ||^||l~(c/) [ \\Du\\ 

JB Jb Jb 
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for all Borel sets B and for all open sets U such that B C U C Q. Moreover, by 
the Radon- Nikodym theorem, there exists a \\Du\\-measurahle function 



6{z, Du, •) : R 



such that 



I {z,Du)= f 6{z,Du,: 
J B J B 



\\Du\\ 



for all Borel sets B cD 



and 

||6>(2,Dw,-)||L“=(a,||Du||) < Iklloo- 
Assume u, z satisfy one of the conditions (C.7). By writing 

z-D^u := (2, Dw) - (2 ■ Vtt) dC^, 



we have that z ' D^u is a bounded measure. Furthermore, with an approximation 
argument to the one used in the proof of Theorem C.6, we have that z • D^u is 
absolutely continuous with respect to (and, thus, it is a singular measure 

respect to C^), and 

\z‘D^u\ < ||z||oo|i^"^|. (C.9) 

Lemma C.8. Assume u,z satisfy one of the conditions (C.7). Let Un G fl 

BV{Q) converging to u as in Theorem B.3. Then we have 



/ Z'VUndx^ / {z,Du). 

Jq Jn 

Proof For a given € > 0, we take an open set U CC D such that 

/ \\Du\\ < e. 

Jq\u 

Let (f G V{Q) be such that (p{x) — 1 in U and 0 < (/? < 1 in fl. Then 

/ {z,Dun)~ / {z,Du) 

Jq Jq 

<\{{z,Dun),(p) - {{z,Du),^p)\-\- [ \{z,Dun)\{l-y^)-\- [ \{z,Du)\{l - (f). 

Jn Jn 

Since 

lim {{z,Dun),^) = {{z,Du),ip), 

n— ►oo 

lim sup / 1 ( 2 , £»u„)|(l -(/?)< || 2 ||oolimsup / ||Du„|| < € ||2||oo, 

n — >00 Jn n— »-oo Jn\U 

[ I(2,-Dm)|(1 ~^) < epiloo 

Jn 

and e is arbitrary, the lemma follows. □ 
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We give now the expected Green’s formula relating the function [z, ly] and 
the measure {z^Du). 



Theorem C.9. Let Q be a hounded open set in with Lipschitz boundary and let 
z, u he such that one of the conditions (C.7) holds, then we have 



f udiv{z)dx-\- f {z,Du)= f [z,i']udli^ ^ 
Jn Jn Jon 



(C.IO) 



Proof. Take a sequence of functions Un G fl BV{Q,) converging to u as in 

Theorem B.3. Then, by Lemma C.8 and Proposition C.4, we have 



/ i^div( 2 ;)dx+ / {z,Du) 
Jn Jn 




Remark C.IO. Observe that with a similar proof to that of Theorem C.9, in the 
case n = the following integration by parts formula, for 2 : and w satisfying 
one of the conditions (C.7), holds: 



/ w div( 2 :) dx-\- {z, Dw) = 0. 



(C.ll) 



In particular, if H is bounded and has finite perimeter in E^, from (C.ll) and 
Corollary C.7 it follows: 

[ div{z)dx= [ {z,-DXn)= [ 0{z,-DXn,x) dn^-\ (C.12) 

Jq Jr^ Jd*n 

Notice also that if zi,Z 2 G X(E^)p and zi = Z 2 almost everywhere on Ll, 
then 0{zi, -DXq,x) = 0{z2, —DXq,x) for W^“Calmost every x G d*Q. 

If n is a bounded open set with Lipschitz boundary, then (C.12) has a mean- 
ing also if z is defined only on fl and not on the whole of E^, precisely when 
2 ; G Z/^(f];E^) with div( 2 :) G L^{fl). In this case we mean that 6{z, —DXq, ') 
coincides with [z,iy]. 

Remark C.ll. Let ^2 C E^ be a bounded open set with Lipschitz boundary, and 
let Zinn G L°^(17;E^) with div(zinn) G and Zout G L"^(E^ \ H;E^) with 

div(zout) G L^q^(E^ \ fl). Assume that 

^(-2^inn? BXq, x) — ^(-^^out? ^ ^ ^ dfl. 



Then if we define z := zinn on fl and z := Zout on E^ \ fl, we have z G L"^(E^; E^) 
and div(z) G L^^^(E^). 
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C.3 Representation of the Radon-Nikodym Derivative 

6{z, Du, •) 

This section is devoted to the problem of whether or not one can write 

Du 

0{z,Du,x) = z{x) ■ -r-^{x) (C.13) 

\\Du\\ 

where is the density function of the measure Du with respect to the measure 

||Dn||. 

For the sake of simplicity, we shall assume throughout this section that z G 
X{Q.)n and u G BV{Q)^ but it is clear that analogous results can be obtained 
for pairs (z,u) satisfying any of the conditions (C.7). First we have the following 
continuity result. 



Proposition C.12. Assume that 



Zji ^ z in L^{U) — weak*, 

div(zn) ^ div(z) in (U) — weak 
for all open sets U CC fi. Then, for all u G BV{Q), we have 

{zn, Du) ^ {z, Du) as measures in f] 



and 



(C.14) 

(C.15) 

(C.16) 



9{zn, Du, ■) 9(z, Du, •) in L°°{U) - weak* for all U CC D. (C.17) 

Proof. By (C.14), for all U CC fl, 

sup ||Zn||L~(C/) = C{U) < +00. 
nGN 



Moreover, 



f \{Zn,Du)\ < \\z„\\l<^(^u) [ \\Du\\. 

Ju Ju 



Hence, it is sufficient to check the weak convergence (C.16) on V{Q,) functions. 
Now, if (/9 G D{Q,), we have 

{{Zn,Du),(p) = - / U(pdiv{Zn) dx - / UZn ‘V(fdx {{z,Du),(p) 

Jn Jn 

and (C.16) is proved. 

By Corollary C.7, we have 



\\0{Zn,Du,-)\\Lco(^U,\\DuW) < W^nWl^iU) < c(C/). 

Hence the convergence (C.17) has to be checked only on Cc(fi) functions, now this 
is a consequence of (C.16). □ 




318 



Appendix C. Pairings Between Measures and Bounded Functions 



Using mollifiers it is easy to get the following result. 

Lemma C.13. For every function z e X{Q,)n, there exists a sequence of functions 
Zn G n L^(0, such that 

1 1 1 1 oo — 1 1 1 1 cxD for all 77. G N , 

Zn ^ z in - weak* and in for 1 < p < oo, 

^n{^) z{x) at every Lebesgue point x of 2 , and uniformly in sets 
of uniformly continuity for z, 

div(2„) ^ div(z) in 

Now we give the representation result for 0(z, Du^ •). 

Theorem C.14. Assume that z G X{Q)n cmd u G BV{Q>). Then, we have 

Du 

9{z, Du,x) — z{x) ' II (^); ||D^u|| — a.e. in fJ. (C.18) 

\\Du\\ 

Moreover, if z e C{Q>,R^), we have 



6{z, Du, x) = z{x) • _ (x), ||Du|| - a.e. in D, (C.19) 

\\Du\\ 



and consequently. 



z-D^u = {z‘ D^u)\D^u\. 



(C.20) 



Proof. Suppose first that z G C{Q,R^). (C.19) is equivalent to 



{{z,Du),if) ^ [ ifzDu WipeV{D). (C.21) 

Jn 

Now, (C.21) is true by definition if z G C^{Q,R^). If z G C(0,M^), we take a 
sequence z^ as in Lemma C.13, and by Proposition C.12, for any (p G I^(f^), we 
have 

{{z,Du),(p) — lim {{zn^ Du), (f) — lim / (fZnDu— / (pz Du, 

n^oo n-yoo 

where, in the last step, we have used the fact that z^ converges uniformly to z on 
supp((p). 

Let us see now (C.18). This equality is equivalent to 

/ 6{z,Du,x)\Xu{x)\dx = / z{x) ’ Xu{x) dx (C.22) 

Jb jb 
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for all Borel sets B C D. Let and be two disjoint Borel sets such that 
E^ U E^ = Q and 



f \\D^u\\= [ ||D"u||=0. 
J J 



/ E^ J E^ 

Let € > 0 be fixed. Then, there exists a compact set K C E^ such that 



Je^\k 



< e. 



(C.23) 



Given a compact set Bq C E^, we can find an open set U with regular boundary, 
such that 

BoCUcQ\K, [ \\Du\\<e 

Ju\Bo 

and by (C.23) it follows that 



/ 11^)^ 
Ju 



u\\ < 6. 



Take now a sequence Un G C^{U) H BV{U) approximating u as in Theorem B.3. 
Then, by Lemma C.8, it follows that 

/ 6{z,Du,x)Du— / z{x) ’ \/u{x) dx 
Ju Ju 

= lim / z{x) ' Vun{x) dx — / z{x)-Vu{x)dx 

Ju Ju 

< Halloo lim / |Vu„(a;) - Vu(x)| dx < ||2:||oo / ||I>^m|| < £||2||oo- 

^~^^Ju Ju 

On the other hand, we have 

/ z{x) ’ Vu{x) dx - / z{x)-Vu{x)dx < H2:||oo / ||L>^I1 < ^ll^^lloo 

Ju JBq Ju\Bq 

and by Corollary C.7, we also have 



< z 



I 6{z,Du,x)\\Du\\ - I 0{z, Du,x) \\Du\\ 

Ju Jbo 

Therefore, we obtain that 

/ 0{z, Du,x) \\Du\\ - I z{x)'Vu{x)dx 
J Bn J Bn 



i 



ll^«ll<f||^llc 



U\Bo 



< 3e||2||oo- 



Hence (C.22) is proved for all compact sets Bq c E^. From which it follows, 
having in mind the regularity of the Radon measures, that (C.22) holds for all 
Borel subsets of 11. □ 
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For later use we recall that by the coarea formula (Theorem B.15), if u G 
BV(fl) and Eu^t {x ^ Q : u{x) > t}, we have that 



Du DXe^ , 

\\Du\r> - WDXe^J 



\\DXE^^^\\ — a,.e. in 0 



for a.e. t eR. 

In the next result we link the measure (z, Du) with the measure (z, DXe^ J. 

Theorem C.15. //z G X{Q)n o,nd u G BV{Q), then we have: 

(i) For all functions ip G Cd^), the function t {(z, J, (/?) is C^- 
measurable and 



{{z,Du),p) 



/ + 00 
-oo 



{{z.DXe^^,)^^) dt 



(ii) For all Borel sets B C the function t^^ {z,DXe^ J is -measurable 

Jb 

and 

[ {z,Du)= [ ( [ {z,DXe^A dt. 

JB J-oo \Jb J 

(iii) 9{z,Du,x) = 9{z,DXe^^,x) jjDX^;^ J|-a.e. in Q. for almost all t eR. 

Proof (i) Take a sequence Zn G n converging to z as in 

Lemma C.13. By the coarea formula we have 

(( 2 „, Du), ^) = II ^^11 



(C.24) 



C (L ") ■* 



WDXe^J 

/ + 00 

{{^71') DXE^ di dt' 

-oo 



Since 



K(^ri5 ^ ll'^llooll^lloo / V n G N, 

Jn 



having in mind Proposition C.12, by the dominated convergence theorem, taking 
the limit in (C.24) we get (i). 

We shall prove (ii) after (iii). Let us prove (iii). For a, 6 G M, a < 6, let 
V = Ta^b{u) be. Then, 



DXe^ t DXe^ ^ and 



DX I 



\\DXe,^,\\ \\DXe„ 



.f ^ ^ L 

n a <t <0 




C.3. Representation of the Radon-Nikodym Derivative 0(z, Du^ •) 
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DXe . = 0 if t > 6 or ^ < a, 



from which it follows that 

iiDttii^ ^ wdxe^X ^ \\DXE^jr> 

\\DXE^^i\\-di.e in Q for £^-almost all t eR. Hence, 

Du . . DV , . II 11 . ^ 

From this, taking again the sequence Zn of the first part, we get 
Du 

= >2:^(2;) • 7771— n-(x) = list’ll - a.e. in fi, V n G N. 

\\Du\\ 

Then taking limit as n ^ 00, by the uniqueness of the limit in the L^(f7, ||T)t;||)- 
weak* topology, we get 



0{z,Du,x) = 9{z,Dv,x), ||Du||— a.e. in fi. 

Now, using statement (i) for v, we have, for a fixed (p G 



(C.25) 



/ +00 

{{z,DXE,,J,^)dt. 

-00 



Prom this, using (C.25) and the coarea formula, we obtain that 



0{z,Du,x)(p{x) ||T)X£;^J| dt 






and this implies that 



[ e{z,Du,x)ip{x)\\DXE,J= [ e{z,DXE,,„x)ip{x)\\DXE,J\ 

Jn Jn 

for £^-almost all ^ G M. Then by a density argument, we finish the proof of (iii). 
Finally, (ii) is a consequence of (iii) since 

f{z,du) = ( 9{z,Du,x)\\Du\\ = f ( f 9{z, Du,x) \\DXe^ t\\) dt 
Jb Jb J~oo \Jb ’ / 

^ [ ( [ ^{^^DXe^^,,x)\\DXe^J\] dt= [ ( [ {z,DXe^^,)^ dt. 

J -00 \Jb J J-oo \Jb J n 
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Corollary C.16. Assume that z G X{Q)n and u G BV{Q). // / : R E is a 
Lipschitz continuous increasing function, then 

6{z,D{f o u),x) = 0{z,Du,x), \\Du\\ — a.e. in Q. (C.26) 

Proof. Observe first that 

Eu,t ^ {x eQ : u{x) >t} ^ {x eft : (/ o u){x) > f{t)} = Efouj{t)^ 
Hence, for almost alH G E, we have 

DXE^t = DXEj,^j^,y 



Therefore, 



9{z, Du, x) = e{z, DXe,,_, , x) = 6{z, DXe,,,,^^^ 



x) = 9{z,D{f ou),x), 



II t in ft for -almost all ^ G E, and consequently (C.26) follows. □ 
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